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EDITOR'S PREFACE 


This text reflects the authors’ unique approach to the study of the basic 
types of partial differential equations of mathematical physics. The system- 
atic presentation of the material offers the reader a natural entrée to the 
subject. Each of the basic types of equations which are to be studied is 
motivated by its physical origins. The derivation of an equation from the 
physics to its final mathematical structure is very instructive to the student. 

The authors have gone to great length to make clear the meaning of a 
solution to an initial value or boundary-value problem. Various methods of 
solving such problems are treated in great detail, as are the questions of 
existence and uniqueness of solutions. Thus, the student gains an apprecia- 
tion of the theoretical foundations of the subject and simultaneously acquires 
the manipulative skills for solving such problems. 

The exercises which accompany each chapter have been selected to test 
the student’s ability both to formulate the correct mathematical statement 
of the problem and to apply the appropriate method for its solution. The 
applications treated by the authors are non-trivial and are completely worked 
out in detail. 

The present volume covers the two dimensional class of partial differential 
equations of mathematical physics and is well suited asa basic text for both 
the undergraduate and graduate level at the university. The second volume 
will cover the three dimensional counterparts of the present volume and 
contain an additional chapter on the special functions which arise in mathe- 
matical physics. 

In view of the dearth of texts having the scope and depth of the present 
one, Holden-Day felt the need for a careful and articulate translation of 
Tychonov and Samarski’s valuable contribution to the literature in the field. 
The translator and editor exercised great care in making the English edition 
read smoothly and correctly. Several misprints and other flaws have been 
corrected, and we are pleased to make this excellent text available to the 
English-reading scientific community. 


Julius J. Brandstatter 
Stanford Research Institute 
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CLASSIFICATION OF PARTIAL DIFFERENTIAL EQUATIONS 
OF THE SECOND ORDER 


Many problems of mathematical physics lead to partial differential equa- 
tions. Differential equations of the second order occur most frequently; in this 
chapter we shall consider their classification. 


1-1. DIFFERENTIAL EQUATIONS OF THE SECOND ORDER WITH 
TWO INDEPENDENT VARIABLES 


A relation between an unknown function w(x, y) and its partial derivatives’ 
up to and including the second order derivatives is designated as a partial 
differential equation of the second order in the two independent variables x 
and y: 


Q(x, Hy Ul, Ur, Uy, Wer, Uy, yy) =O. 


The equation has an analogous form for more than two independent variables. 
A partial differential equation of the second order is called linear with 
respect to the highest derivative, if it has the form 


Ayre + 2Qyotlsy + Aooltyy + F(x, y, U, Ur, Uy) =O, (1-1.1) 


where the coefficients @,, @:2, and @:2. are functions of x and y. 
If the coefficients are not only functions of x and y, but also F' is a function 
of x, y, #, u, and w,, then it is called a quasilinear differential equation. 
The equation is called linear if it is linear in the higher derivatives 
llxy, Ulxy, Myy, also in the function w(x, y), and in the first derivatives #,, uy: 


Qyilber + 2Ay2tlry + Agoltyy + Dit, + boty +cou+f=0, (1-1.2) 


where @i1, @Qiz, Q2, 6:, b:, c, and f are functions which depend only on x and 
y. If the coefficients are independent of x and y, then Eq. (1-1.2) is a linear 
differential equation with constant coefficients. Equation (1-1.2) is called 
homogeneous if f(x, vy) = 0. 

With the aid of a unique inverse transformation 


1 For the derivatives we use the symbols 


au du au au au 
acieale » Uy ay’ Unxr ma 2? y axdy’ yy ov? 
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E=o(x%,y), v=) 
we obtain, under certain assumptions on 9 and ¥, a new differential equation 
which is equivalent to the original equation. There now arises the question 
of how the variables & and 7 are to be selected so that the transformed dif- 
ferential equation assumes as simple a form as possible. This question will 
be answered now for a linear equation of the form (1-1.1) with two independent 
variables x and y. 
If we transform the derivatives to the new variables, we obtain 
ly = ues + UnYx 
Uy = Utey + Unny 
ics = eee, + Quen’ x] x + UnnQe + ue xx + UnQrr (1-1.3) 
Mry = UE Sy + ten(Exmy + Eye) + UnngcDy + Ute sy + UnYry 
Uyy = meets + 2uinEyny + Unni; + uty, + Untyy - 
If these expressions are inserted into (1-1.1) an equation results of the form 
QyUte + 201 2UEn + QAoottnn + F= 0 ’ (1-1.4) 


where 


ay, = ay; + 2a2€€y + Anby 
Ay. — Qs: + QE xYy + Urey) + Q22€ yNy 
G2. = a7 + 20129 Ny + Qx20, 


and F is independent of the partial derivatives of the second order of u(€, 7) 
with respect to € and 7. If the initial equation is linear, that is, 


F (4,9, U, Uz, Uy) = bu, + bt, + cu + f(x,y), 
then F has the form 


F¢é, N, Ut, UE, Un) = Byue + Botty + yu + OE, ) ; 


that is, the transformed differential equation is likewise linear.’ 

We now want to choose the transformation such that the coefficient @1 
vanishes. To this end, we examine a partial differential equation of the first 
order of the form 


0112, + 2Qy22.2) + Gsiz, =). (1-1.5) 


Let z = g(x,y) be an arbitrary particular solution of this equation. If we set 
€ = (x, y), then the coefficient @,, is obviously equal to zero. In this manner 
the above-mentioned problem of the selection of the new independent variables 
€ and y is linked with the solution of Eq. (1-1.5). 

First we shall prove the following lemmas. 
Lemma 1. If z= (x,y) is a particular solution of the equation 


2 If the transformation of the variables is linear, then F = F, since the second deri- 
vatives of € and y vanish in formula (1-1.3), and in the expression for F none of the 
transformations of the second derivatives appears in the preceding sums. 
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Gyize + 2aye.2z5 + Guz) S 0; 
then g(x, y) = C is a general integral of the ordinary differential equation 
ay,,dy’ — 2ay.dxdy + dadx* =0. (1-1.6) 


Lemma 2. Conversely, if g(x, yv)=C is a general integral of the ordinary 
differential equation 


a,,dy’ — 2a,,dxdy + andx =0, (1-1.6) 


then z = g(x, y) satisfies Eq. (1-1.5). 
Proof of the first lemma. Since the function z = ¢(x, y) satisfies Eq. (1-1.5), 
the equation 


2 
an(£) = 2an(-=) Par agen (1-1.7) 
Yy Dy 


is valid for all x, y of the region in which z = g(x, y) is defined and ¢,(x, y) # 0. 
The relation g(x, y) =C is a general integral of Eq. (1-1.6) if the function y 
defined implicitly by g(x,y) =C satisfies Eq. (1-1.6). If, namely, y = f(x, C) 
is this function, then it satisfies 


dy _ _f osx, 2] - 
dx ioe PV Ascipeee (1-1.8) 


and hence 


dy \? d ee , 
au( y ) — 2a). a4 + @y2 = [ au(- £ ) = 2an(—*) + ass| =0, 
dx dx Py Py y~=Sf(x.0) 


so that y = f(x, C) satisfies Eq. (1-1.6). The expression in the brackets vanishes, 
not only for y = f(x, C), but for all values of x, y. 

Proof of the second lemma. Let g(x, y) = C be a general integral of Eq. (1-1.6). 
We can show that for each point (x, y) 


AiG: + 2a2¥.%, + Any, = 0 (1-1.7) 


is valid. Let (%.,¥0) be any given point. If it can be shown that Eq. (1-1.7) 
is satisfied at this point, it follows that Eq. (1-1.7) is valid at all points, since 
(%),¥o) is arbitrarily chosen. The function ¢(x, y) then represents a solution 
of Eq. (1-1.7). We now construct through (%,¥o) an integral curve of Eq. 
(1-1.6) in which we set ¢(x%0,.¥) = C, and consider the curve y =/(x, Cy). 
Obviously, yo = f(%., Co). For all points of this curve the following equation 
is valid, 


2 2 
a(S) — bi + dx. = [a.(-*) _— 2ars( -£) + ass| =0. 
dx ax Py Py y=S (x. 0g) 


If we set x = x in this equation, we obtain 


4 PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND ORDER 


Ai193(Xo »¥o) + 201 29;(Xo, Vo) Py(%o » Yo) + AnPy(Xo »¥) =90, 


which was to be proved.* 

Equation (1-1.6) is called the characteristic equation of the differential Eq. 
(1-1.1); its integrals are called characteristics. 

If we set = (x,y), where y(x, vy) = const. is a general integral of Eq. 
(1-1.6), then we find that the coefficient of wee vanishes. Likewise the coefficient 
of ty, equals zero if ¢(x, vy) = const. is an additional general integral of (1-1.6) 
independent of g(x,y) [see footnote 5] and if we set 7 = ¢(x, y). 

Equation (1-1.6) yields two equations 


dy — a2+ Vai, — A122 


1-1. 
dx ay ( ” 


dy Qi2 — V a, — Q11d22 
dx ay , ( ) 


The sign of the expression under the root determines the type of the dif- 
ferential equation 


QyjUrx + 2Ai2Usy + Agellyy + F=O. (1-1.1) 
At the point M we shall say that it is* 


of the hyperbolic type if at this point a@iz2—a,d2.>0, 
of the elliptic type, if at this point a@j2—a,,a2 <0, 
of the parabolic type, if at this point aie — a@i:@.. =0. 


We can easily show the validity of the expression 


—2 - _ 2 2 
Q\2 — G1 G22 = (aiz =. G11 Q22) (€, ny — oy Nx) > 


from which the invariance of the type of equation follows under a trans- 
formation of the variables. At different points of the region of definition, 
the equation can be of changing type. 

For the following considerations we take as basic a region G, at each 
point of which Eq. (1-1.1) is of one and the same type. Through each point 
of the region G two characteristics arise which are real and distinct for a 
differential equation of the hyperbolic type, complex and distinct for a dif- 
ferential equation of the elliptic type, and real and equal for a differential 
equation of the parabolic type. We shall investigate each of these cases 
Separately. 

1. For an equation of the hyperbolic type a@jz — @,,;@2. > 0, the right sides 
of the differential Eqs. (9) and (10) are real and distinct. The general 


5 This relationship between Eqs. (1-1.5) and (1-1.6) is the equivalent of the well-known 
relation between a linear partial differential equation of the first order and a system of 
ordinary differential equations. This can be shown if the left side of Eq. (1-1.5) is 
represented as the product of two linear differential expressions. 

[See V. I. Smirnov: Course in Higher Mathematics, Part II], 2d ed., Berlin, 1958, p. 62, 
and V. V. Stepanov: Textbook of Differential Equations, Berlin, 1956, p. 328 (Translated 
from Russian). 

‘ This terminology is taken from the theory of curves of the second order. 
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integrals g(x, y) = C and ¢(x, y) =C of these equations determine a real set 
of characteristics. We shall set 


F=9(x,y) n= G(x, y) (1-1.11) 
and reduce Eq. (1-1.4) after division by the coefficient of we to the form 
len = DE, 1, U, Ue, Un) with o@=— 7 @. #0. 
2412 


This is the so-called canonical form for an equation of the hyperbolic type.° 
Frequently, a second canonical form is used. If we set 


E=at+B y=a—B 


1.65 
Cia ee San 
ae a 
where a and f are the new variables, then 
1 1 
te = (ta + 1s) ta = ay a 48) Men = (Haw — tae) » 


whereby Eq. (1-1.4) finally assumes the form 
Uwe — Uas = P, 0, = 40 


2. For an equation of the parabolic type, ai: — @1:@22 = 0. Consequently 
Eqs. (1-1.9) and (1-1.10) coincide, and we obtain only a single general integral 
of Eq. (1-1.6): g(x, y)= const. In this case, we set 


E= o(x, y) and n= 7(X,y), 


where 7(x, y) is an arbitrary function independent of gy. By this choice of 
the variables we find 


By = A € + 22 bby + an & = (Vane + Vang) =0, 


5 The introduction of the new variables é and y through the functions g and ¢ is only 
possible when these functions are independent of each other. Thus it is sufficient that 
the corresponding functional determinant obtained from these functions be distinct from 
zero. This is the case here, since if 


Gx yx 
Py Py 
at any point M were zero, then for this point the columns of the determinant would be 
proportional to each other; hence 


Px x 
—. 7 ? 
Yy Vy 
but since 
2 , 2 
Gi. +: V ais — 11022 p diz — V abe — 11022 
AOE fa eee and fe _ ee oats — aan > 0, 
Yy aii by ait 


this is impossible (without loss of generality we assume a;; # 0). Thus, the independence 
of functions g and « is demonstrated. 
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since @1. = (@;)'/" (ax.)'”"; from this it follows that 


Qe = An Er Nx + AilExny + Eye) + G22 Fy Ny 
a G7 Guts + V 22 €)) (V aun. + V a2 N;) = 


After dividing Eq. (1-1.4) by the coefficient of z,,, the canonical form 
Unn = DE, 1, tt, Ne, tn) with Q=— ies Goo #0 
Q22 
results for an equation of the parabolic type. If, in particular, we does not 
appear in this equation, then it is an ordinary differential equation with & as 
a parameter. 

3. For an equation of the elliptic type, @i2 — @i:@2. <0, and the right 
sides of Eqs. (1-1.9) and (1-1.10) are complex conjugates of each other. Thus, 
if 

g(x,y) =C 
is a complex integral of the differential Eq. (1-1.9), then 
y*(x, y =C, 


where y* is a complex function conjugate to y, a general integral of Eq. 
(1-1.10), and a complex conjugate to (1-1.9). We introduce now complex 
variables by setting 


E=y(x,y) n=" (x,y). 


In this way an equation of the elliptic type, as in the case of the hyperbolic 
type, is converted to another form. 

In order to avoid calculations with complex variables we introduce new 
real variables a and 8, through 


such that 


Thus we obtain 


au; + 24126 &y + aise: 
= (ay, a4 + 2012 Qs Hy + Qop 5) _ (ai Be + 2012 Bs By + 22 B)) 
= 21(a11 a Bx cE ala; B, = ay Bx) + Qo My By) = 0 , 


from which it follows that 
Q1; = Ar and Q.2=0. 
After dividing by the coefficient of #22, Eq. (1-1.4) takes the form‘ 


6 Such a transformation is valid only if the coefficients of Eq. (1-1.1) are analytic 
functions. Namely, if aje — aia <0, then Eqs. (1-1.9) and (1-1.10) are complex; con- 
sequently, the function y takes on complex values. We can only speak of the solutions 
of such equations when the coefficients of ays(x, y) are defined for complex values of y. 
For the conversion of the differential equation of the elliptic type to canonical form we 
shall limit ourselves to equations with analytic coefficients. 
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Uae + Upp = D(a, B, U, Ua, Ug) with o= — da. #0. 


Depending on the sign of the discriminant ai, — a,,;@2, the following 
canonical forms of Eq. (1-1.1) result: 


hyperbolic type: Ur, — Uy =O or Ury = D 
elliptic type: Uz, + yy = @ 
parabolic type: Uz, = OD 


1-2. DIFFERENTIAL EQUATIONS OF THE SECOND ORDER WITH 
SEVERAL INDEPENDENT VARIABLES 


We shall consider now the linear differential equation with real coefficients. 


n n n 
2 2 Ajj Usse, + 2 bz, +cu+ f=0 ag = ais (1-2.1) 
jg=liz= a 
where a,b,c, and f are functions of x,,x%2.,°:+,%,. We introduce a new 


variable & by 


Ey = Ex (x1, 2, +°+, Xn) R=l,-++-,n. 
Then 
n 
Uy, = 2%, Men ti 
non n 
Uz;2; = 2 2 UE, €, Mik Aj + 2, Ue (Ex) gx 5 ’ 


where for brevity ai, = 0&,/6x; is introduced. 
If now we substitute the expressions for the partial derivatives into the 
initial equation, we obtain 
2, 2 Qn ene, + x Oe ue, +t cu+f=0 
with 
Qni= XL >> Qij Mik Aj 
t=1 j=l 
by = 2, Di: 5x a >> 2 Gij(Fu)ejx; . 
i= i=l j= 
We now consider the quadratic form 
SY ays (1-2.2) 
t=l5= 


whose coefficients coincide with the coefficient of a;; of the initial equation 
at a point M,(xi,---,x,). Under a linear transformation 


M= > Aik Nk 
k=1 
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we obtain a new expression for the quadratic form 

n n ~0 

DL 2 Garey 

k=1 l=1 
where 


n n 
Gi = Y > atone 
4=1 j=1 
The coefficients of the principal parts of the equation transform like the 
coefficients of a quadratic form under a linear transformation. As is well 
known, with the help of a suitable linear transformation the coefficient matrix 
(a;) of a quadratic form can be transformed into a diagonal matrix in which 


[a%;| =1 or 0 and a; =0 it j;i=1,2,---,n. 


This is called the transformation of the quadratic form to the normal form. 
According to a theorem of Sylvester, the so-called inertia rule for quadratic 


forms, the number of coefficients of a; distinct from zero is equal to the 
rank of the coefficient matrix, and the number of negative coefficients is 
invariant. ro 

We call Eq. (1-2.1) at the point M, of the elliptic type if all m coefficients 
of ai; are different from zero and have equal signs; of the hyperbolic (or of 
normal-hyperbolic) type, if, likewise, all a]; #0, » —1 coefficients of a; have 
the same sign, and one coefficient is different from the other in the signs; 
of the ultrahyperbolic type if m coefficients of @;; are equal and 2 — m have 
opposite signs (m>1, ~—m > 1); and of the parabolic type if at least one 
of the coefficients @;; vanishes. 

We choose the new independent variables é; so that at the point M, 
OE 


Qik =F 


ot; 


0 
= Mik, 
where ai, is the coefficient of the transformation which converts the quadratic 
form (1-2.2) to the canonical form, in which we can set &, = Yat?’ x;. Then 


Eq. (1-2.1) at the point M, can be transformed to one of the following 
canonical forms: 


elliptic type: Usyr, + Uryr, t+ + Urge, +O =0 
hyperbolic type: Use, = S tein +@® 
ultrahyperbolic type: Se: = SMa +@ 

parabolic type: "S (+ Ux;x;) +9 =0 m>d 


11 


The further classification of equations of the parabolic type into equations 
of the elliptical-parabolic type, hyperbolic-parabolic type, etc., will not be 
discussed here. 
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If Eq. (1-2.1) at a given point M belongs to a definite type, it can be 
transformed to the corresponding canonical form. 

We now investigate further whether an equation in a definite neighbor- 
hood of a point M can be transformed into the corresponding canonical form, 
if at all points of this neighborhood it belongs to one and the same type. 
If Eq. (1-2.1) can be transformed to the simplest form in a region in which 
the elements of the coefficient matrix off the principal diagonal vanish, then 
the functions 


EAXi ghey tp dn) t= 1,2, +5, 9 


must satisfy the relation @:=0 for k#1. The number of these relations 
is equal to n(#z—1)/2, and hence for 2 >3 it is larger than the number 
of the functions €; to be determined. For m =3 the nondiagonal elements of 
the coefficient matrix (@,) usually can be made to vanish; then, however, 
the elements of the principal diagonal can be distinct from each other. 

Consequently, for 23 it is impossible in a neighborhood of the point 
M to transform the differential Eq. (1-2.1) to canonical form. For 2= 2, 
it can happen that the single nondiagonal coefficient of the second-order 
matrix vanishes, and the two coefficients on the principal diagonal are equal 
to each other as outlined earlier in this section. 

If the coefficients of Eq. (1-2.1) are constant, then after a transformation 
of (1-2.1) to canonical form at a point M we obtain an equation which has 
the same canonical form in the entire region of definition. 


1-3. THE CANONICAL FORMS OF LINEAR EQUATIONS WITH CON- 
STANT COEFFICIENTS 
In the case of two independent variables, a linear equation of the second 
order with constant coefficients has the form 
yy Ue + 202 Uy + Ao. ttyy + by tts + bouy + cu t+ f(x,y) =O. (1-3.1) 
A characteristic equation with constant coefficients corresponds to it. 


Consequently, the characteristics in this case are the straight lines 


>= => 
= Aye + Vai, — A122 a oe OF y= Qi. Vai — G1; 422 
G1 Qi 


x+C,. 


After a corresponding transformation of the variables, (1-3.1) assumes one of 
the following simple forms: 


elliptic type: tee + tly + byte + Dottr tou + f=O0 (1-3.2) 


‘ ten — by te + Dotty + eu +f =O or 1-3.3 
hyperbole tV Ue: 1 — Un + byte + bot, + cu +f =0 ere) 
parabolic type: tee + Dy, te + botta tout f=O0 (1-3.4) 


For further simplification we introduce 


AEtpy 


u=e v, 
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which yields a new function of » where 4 and p are still undetermined 
constants. Then 


ue = ey, + Qv) 

Un = ety, + pv) 

Ure = 01 ee + 2dv_ + 20) 

en = OHV eg + Avy + pve + Apr) 
Uny = HM Yay + Quy + pv) 


If we substitute these expressions for the derivatives in Eq. (1-3.2), after 
division by e***#"” we obtain 


Vee t+ Unn + (dD, + 2a) ve + (bo + 2p) vn + (V+ w+ bA+ due +chvtf,=0. 


If in this equation the parameters 2 and yw are so chosen that there are two 
coefficients, say in which both of the first derivatives are made to vanish, 
that is, 4 = —(b,/2) and » = —(8,/2), then we obtain 

Vet Um tyutfi=0, 
where y is a constant defined by c, b,, and 5, and f,=f-e “**”, In the 
Same manner we can derive the equations corresponding to (1-3.3) and (1-3.4). 


Thus, we are led to the following canonical forms for differential equations 
with constant coefficients: 


elliptic type: Veet inn trvtsfsi=o0 
{ Ven tyvut+fi,=0 

Vee — Un tut fi = 9 
parabolic type: Vee t+ bod, + f, =O 


hyperbolic type: or 


We have already noted (1-2) that a differential equation with constant co- 
efficients in the case of several independent variables, 


> S ais tszr; + & dite, + out f = oF 


under a suitable linear transformation of the variables, can be transformed 
to a canonical form which is the same for all points in the region of defini- 
tion. If now we set 


a new function of v is introduced, and if 4; is selected appropriately, the 
transformed equation can be further simplified so that in the case n=2, a 
corresponding canonical form obtains. 
Problems 
1. Determine the region in which 

Ure + Vy, = 9 


is hyperbolic, elliptic, or parabolic, and transform the differential equation, 
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in the region in which it is hyperbolic, to canonical form. 
2. Transform the following differential equations to canonical form: 
Aa) ter + XVUyy =O. 
Db) Vers — XUyy + Uy + yy =O. 
C) eu, + 267 Uy + ey, = 0. 
d) ts, + (1+ y)’uy, =0. 
@) Xt + 2 xy tay + Jttyy — Ur = 0. 
f) (x — y)ttrx + (xy — YP —X+ Vy =0. 
Z) VW uss — Cty tu, =0. 
h) sin’ ye, — ety, + 3u, —5u=0. 
1) User + 2ttsy + 4uy, + 2u, + 3u, =0. 
3. Transform the following differential equation to canonical form and sim- 
plify it as much as possible: 


AU, + 2AUzy + Attyy + bu, + cu, tu=O0. 
4. Simplify the following equations with constant coefficients by introducing 
the function v = we*"” and by a suitable selection of the parameters 2 and 
a) tr + yy + at, + Buy tyu=O0. 
b) w= = uy taut Buz. 


1 
Cc) Use — a yy =au,+ Buy tyu. 


d) try =au, + Buy. 


HYPERBOLIC DIFFERENTIAL EQUATIONS 


Partial differential equations of the second order of the hyperbolic type 
occur principally in physical problems connected with vibration processes. 
The simplest hyperbolic differential equation 


Ux, — ty, = 0 


is usually called the differential equation of the vibrating string. In this 
and the following chapters we shall restrict ourselves to the treatment of 
linear differential equations. 


2-1. SIMPLE PROBLEMS WHICH LEAD TO HYPERBOLIC DIFFERENTIAL 
EQUATIONS AND BOUNDARY-VALUE PROBLEMS 


1. The differential equation of small transverse vibrations of a 
string 


Each point of a string of length 7 can be characterized by the value of 
its abscissa x. The vibration of a string can be described by the position 
of the points of the string at different times. In order to characterize 
the position of the string at time ¢, it is sufficient to know the components 
u(x, t), uo(x, t), w(x, t) of the displacement vector u at time ¢ at the point 
x: 

We shall consider now the simplest problem related to the vibrating 
string; we shall assume the displacement of the string takes place in a plane, 
for example, the x,# plane, and the displacement vector uw always lies per- 
pendicular to the x axis. Then the vibration process can be described by a 
single function z(x, ¢) which characterizes the vertical displacement of the 
string. We consider the string to be a flexible-elastic filament. The flexi- 
bility is expressed mathematically by the assumption that the tension in the 
string is always in the direction of the tangent to the existing profile of the 
string (Figure 1). This requirement states that the string offers no resistance 
to bending. 

The magnitude of the tension, which arises in the string because of the 
elasticity, can be calculated using Hooke’s law. We shall consider only small 
vibrations and can therefore neglect the square of #,, since this quantity 
is small compared with unity. In accordance with these requirements, we 
can calculate the elongation which a segment (x,, x2) of the string undergoes. 
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FIG. 1. 


The length of arc belonging to this segment is equal to 
2 
s'=| V1+ (uP? dx nm—x=S. 
*y 


Thus no elongation of a single segment of the string occurs within the scope 
of our required limits of accuracy, whereas according to Hooke’s law it 
follows that at each point, the tension T is independent of x, i.e., 


T = Ty, = const. 


For the projection of the tension on the x and w# axes, indicated by 7, and 
T., we find 


— _ T ina -_ —~ 
T(x) = T(x) cosa = Fe © T(x) 


Tul) = T(x) Sina = T(x) tga = T(x)u, 


where a is the angle between the tangent to the curve w(x, ¢) and the x axis. 

A tensile force, an external force, and an inertial force act on the seg- 
ment (x1, x2). The sum of the projections of all these factors on the x axis 
must be equal to zero (since we consider only transverse vibrations). Since 
the inertial force and the external force act along the zw axis according to 
hypothesis, there results 


T(%2)— Tiles) =9 or T(x) = TU). (2-1.1) 


But since x, and x, were selected arbitrarily, it follows that the tension is 
not dependent on x; i.e., for all x and ¢ values, 


T = To . (2-1.2) 


To derive the equation of a transverse vibrating string, we use Newton’s 
second law. The total momentum of an element (x;, x2) in the direction of 
the # axis is, first of all, equal to 


[me t)olé)dé , 


*1 
where p denotes the linear density of the string. We now set the change 
of momentum during the time Jt =?, — ?¢,, 
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r2 
| pledtenulé, te) — wl, t)1d8 , 
Ad 

equal to the impulse of the acting force which arises from the tension Ty; 
at the points x, and x,, as well as from the external force. The latter we 
assume as continuously distributed with the density p (the load) and denote it 
(per unit of length) by f(x,7). Thus we obtain the equation of a transverse 
vibrating string in integral form 


72 
| [7e.(E, te) — u.(€, ti) Jo(§)dé 
i (2-1.3) 
2 x2 le 

-| Toltes(x2, 7) — u,(x1, t)Jde “| | SE, t)d&dr . 

ty xy ty 

In order to go from this integral equation to a differential equation, we assume 
the existence and continuity of the second derivative of u(x, ¢).'. Equation 
(2-1.3) is then transformed, after a twice-repeated application of the mean- 
value theorem, to 


unlE*, t*)p(E*)dtdx = { Toft. (E**, t**)] + f(e***, t***)} dt dx, 
where .. 


ge eee Exe € (x; ’ X2) ’ ae ee as € (ty ’ 7) . 


If we now divide by AxAt and carry out the limit as x, 4%,, ft; >?¢,, then 
we obtain the differential equation of a transverse vibrating string: 


T ottss = ptr — f(x, ft). (2-1.4) 
In the case of a constant density p, this equation is usually written in the 
form 
te = a'u,, + F(x, 2d) (2 =~) , (2-1.5) 
where 
F(x, t) = eh t) (2-1.6) 


is the force density per unit of mass. If no external force acts, we obtain 
the homogeneous equation 


2 
Hap = Aes or Ur. — Uy, = 0, Par y 


which describes the free vibrations of a string. This equation represents 
the simplest example of a hyperbolic differential equation. 

If a concentrated force f,(f) acts at the point x, where x, < %0 < x2 
(Figure 2), then Iq. (2-1.3) takes the form 


1 By the assumption that the function u(z, t) is twice continuously differentiable, we 
have practically asserted that we shall consider only those functions that possess this 
property. This does not mean, however, that no functions exist which satisfy the vibra- 
tion equation in integral form and have no second derivatives. Such functions exist and 
are, in practice, of extraordinary interest. More details will be discussed later (2-7). 


2-1. SIMPLE PROBLEMS AND BOUNDARY-VALUE PROBLEMS 15 


|" plé){a(é, ts) — wlé, ty)]dé — ("\ "re, )déde 


* ry3ty 
te te 
2 Tolttalsee 52) — tales, alae +| foleddr . 
ty ty 
Since the velocity of a point of a string is bounded, the integral on the left 


side of this equation tends towards zero as x,—%) and x,— x) and (2-1.3) 
assumes the form 


te te 
| Toltte( 9 + 0, 2) — us(9 — 0, 2)Jde =— | fole)de . (2-1.7) 
ty ty 
By using the mean-value theorem after 
u asi dividing both sides of the equation by 
ot 4t and taking the limit as ¢,->7, we 
obtain 
xgto 1 
u,(x, t) — t 
A ee x xq~9 Te 


Hence, we see that the first derivative 
FIG. 2. has a discontinuity at the point at 

which a concentrated force acts. The 

differential equation loses its meaning for x = x). At this point, both conditions 


u(x) + 0, t) = u(x, — 0, t) 
1 (2-1.8) 
itz(Xo + 0, t) oe U(X <i 0, t) am — x Solt) 


must be fulfilled. The first expresses the continuity of the string, while the 
second determines the magnitude of the jump of the derivative at x) in terms 
of fo(t) and the tension TJ). 


2. Differential equations of longitudinally vibrating rods and 
strings 


Longitudinal vibrations of rods, strings, and springs lead to equations of 
the same type. We shall consider a rod which lies in the interval (0,/) of 
the x axis. Then the longitudinal vibration can be described by a single 
function w(x, ?) which represents at time ¢ the displacement of those points 
which had abscissa x in the equilibrium state.” In longitudinal vibrations 


2 The geometric variable x chosen here is called the Lagrange coordinate. In the 
Lagrange coordinates, each physical point of a rod in the course of an entire process is 
characterized by one and the same geometric coordinate x. A physical point, which at 
the initial time (in the equilibrium state) is at the point x, is found after an arbitrary 
time ¢ at the point with the coordinate X =x+u(x,t). If we choose any geometric point 
A with the coordinate X, then at different times different physical points (with different 
Lagrange coordinates x) would be found at this point. Frequently we also use the 
Eulerian variables X,t, where X is the geometric coordinate. If U(X, t) denotes the 
displacement of the point with the Eulerian coordinate X, then the Lagrange coordinate 
is x = X — U(X,t). An example of the use of Eulerian coordinates is found in §2-6. 
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the displacement is along the rod. To derive the vibration equation, we 
shall assume that the tension which causes the vibration is given by Hooke’s 
law. 

First we shall calculate the relative elongation of the elements (x, x + 4x) 
at time ¢. The end points of these elements at time ¢ have the coordinate 
values 


xt+ u(x,t), x+ 4dx+ u(x+ Ax, ?t), 
so that the relative elongation is equal to 


Leh et Pe Nal + 04x, 2), 0<0 
x 


Taking the limit as 4x0, it follows that the relative elongation at the 
point x is defined by u,(x,?). According to Hooke’s law, the tension T(x, ¢) 
satisfies the equation 


IIA 


Ly 


T(x, t) = R(x)u,(x, t), (2-1.9) 


where k(x) denotes Young’s modulus at the point x. 
By applying the law for the change of momentum we then arrive at the 
vibration equation in integral form: 


x2 
| (iE, te) — 18, ty)]ol€)dé 
*1 
te roc le 
-| (R(x2)tt,(x2 , T) = R(x,)t.(x,, t)]dz + | | ie, t)dédz (2-1.10) 
ty ryd ty 
where f(x, 7?) is the density of the external force per unit of length. 
If now the second derivative of the function u(x, 7?) exists and is con- 
tinuous, then by use of the mean-value theorem and after taking the limits’ 
as 4x=x,.—2x,-0 and dt =?t, —t,-0 we obtain 


[k(x)e,]s = Putt —_ I(x, t) (2-1.11) 


as the equation of a longitudinal vibrating rod.‘ 
If the rod is homogeneous, then this equation becomes 


tu = At + Flx,t), a =/= (2-1.12) 
p 


where 


Payee (21.13) 
p 


represents the density of force per unit of mass. 


3 In the following we shall waive the discussion of such details for a transverse 
vibrating string. 

4 The requirement that the vibrations be sufficiently small depends in the present 
case only on the limits of applicability of Hooke’s law. Generally, T = k(x, ux)us; we 
then arrive at the quasilinear equation [k(z, ususl. = pure — f(x, t). 
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3. Energy of vibration of a string 


We now seek an expression for the energy E = K+ U of a transverse 
vibrating string where K is the kinetic and U is the potential energy. An 
element dx of the string moving with velocity u, possesses the amount of 
kinetic energy given by 


1 1 
amv = ol xdx(a)’ : 


so that the kinetic energy K of the entire string is given by 


U 
K = 5\ plaleatx, Idx. (2-1.14) 
0 
The potential energy of a transverse vibrating string which has the form 
u(x, to) = u(x) at time ¢ =f, is equal to the work done in transforming the 
string from the equilibrium state to the state u(x). The profile of the string 
at time ¢ is given by the function u(x, 7). Thus 


u(x,0)=0, u(x, to) = U(x). 
The element dx under the influence of the resultant tension force is related 
to the displacement by 
i pate 


x+dx Ox 


= Tu,,dx , 


x 


whereas the time dt is related by means of w,(x,t)dt. The work done is 
equal to 


l l 
{\ Tasteadxhat = {Tot p= | Tottadshdt 


0 0 


={-F val Toles) dx + Totextts hat . 
2 dt Jo 


By integration over ¢ from 0 to ¢ we obtain 


U to U to 
-+| To(tts)’d x [0° + | T ott ste, \oat =->| To[tex(x, to) "dx + | T ott xtts lod . 
0 0 0 0 


The meaning of the latter terms of this equation is easy to see; indeed, 
Tottx|z=0 iS the magnitude of the tension at the end point x=0; w,(0, ¢) is 
the displacement of the end point while the integral 


to 
| T ott tt, |r-0dt (2-1.15) 
0 


represents the work which must be expended by the displacement of the 
end point x =0. The meaning of the terms corresponding to the case x =/ 
is analogous. If the end points of the string are fixed, then the work done 
at these points is zero; here u(0,t)=0 and u,(0,7) =0. Consequently, by a 
displacement of a string with fixed end points from the equilibrium state 
u =O to a state w(x) the work done does not depend on the manner in which 
the string is brought into this new state; indeed the work equals 
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I 
-+| T otto x) ]’ax , (2-1.16) 
2 So 


i.e., it equals the potential energy of the string at time ¢ =f, but with op- 
posite sign. Therefore we have 


l 
B= 7 [Toltte)® + plx)(et)*]dx (2-1.17) 


as the total energy of the string. We similarly obtain the potential energy 
of a longitudinal vibrating rod. Moreover, we arrive at the potential energy 
of the rod starting from the formula 


meee 
v= "(2 ) be. 


From this it follows directly that 


ie : 
U = —\ k(u,)dx. 
2 So 


4. Derivation of the equation of electrical vibrations in con- 
ductors 


The passage of an electric current through a conductor with distributed 
parameters can be characterized by the current strength 7 and the voltage v, 
which are functions of the position x and the time ¢. From Ohm’s law for 
an element of the conductor of length 4x it follows that the decrease in 
voltage in the element of the conductor dx is equal to the sum of the electro- 
motive forces: 


—v,4x =1R4x+iLd4x, (2-1.18) 


where RF is the resistance and L is the coefficient of self-induction (both are 
expressed per unit of length). 

The amount of electricity flowing through the conducting element 4x 
during the time 4¢t is given by 


[2(x, t) — a(x + dx, t)Jdt =— 1,4xAt (2-1.19) 
and is equal to the sum 
Clvo(x, £ + dt) — v(x, )ldx + Gdx- vdt = (Cu, + Gv)dxdt , (2-1.20) 


which is the amount of electricity necessary for the charging of the element 
4x plus the amount which is lost due to insufficient insulation, where C is 
the capacity and G is the loss coefficient (both are expressed per unit of 
length). We assume that the magnitude of the loss is proportional to the 
voltage at those points of the conductor under consideration. 

From (2-1.18), (2-1.19), and (2-1.20) we then obtain the so-called system of 
telegraphic equations’ 


5 These equations within the structure of the theory of electromagnetic fields have 
only approximate validity, since the electromagnetic vibrations in the material-filled 
space are neglected. 
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1,+Cu.+Gv=0 


2-1.21 
v,+ Li+ Ri=0. ( ) 


In order to obtain only a single equation defining the function i, we dif- 
ferentiate the first of the two equations (2-1.21) with respect to x and the 
second with respect to ¢ after we have multiplied these by C. By subtrac- 
tion of the equations thus obtained we then find, under the assumption that 
the coefficients are constant, 


tes + Gov, oo, Clits al CRi, = 0 . 


If we insert for v, the value given by the second equation of (2-1.21), we 
obtain the differential equation for the current strength in the conductor 


tx, = CLin + (CR+ GL): + GRi. (2-1.22) 
Analogously, the equation for the voltage reads 
vz, = CLvon + (CR+GL)y,+ GRv. (2-1.23) 


The differential Eq. (2-1.22) or (2-1.23) is called the telegraphic equation. 
If the insulation loss can be neglected and the resistance is very small 
(Gx Rx 0), we obtain from (2-1.23), the well-known vibration equation 


a oe 
Vie = a Ds ’ a -/+ 7 (2-1.24) 


5. Transverse vibrations of a membrane 


By a membrane we mean a sufficiently thin elastic film whose boundary 
is stretched firmly into a closed-plane curve C and offers no resistance to 
stretching and distortion. Of interest are the transverse vibrations of the 
membrane by which the stretching occurs perpendicular to the plane of the 
membrane. 

Let ds be the element of arc length of an arbitrary closed curve lying on 
the membrane surface through the point M(x, y). A tension of magnitude 
Tds acts on this element. Based on the above hypothesis about the mem- 
brane, the vector T lies in the tangent plane of the instantaneous membrane 
surface and is perpendicular to the element of arc ds. On the same basis 
the magnitude of the tension is also independent of the direction of the 
element ds. The stress vector T= T(x, y,¢) is therefore a function of x, y, 
and ¢ alone. Obviously this is the mathematical expression for the absence 
of resistance to stretching or distortion. 

In the following, we will investigate the small vibrations of a membrane 
in which the square of the first derivatives u, and u, can be neglected. 
From this assumption it then follows directly that the projection 7T,(x, y, ¢) 
of the tension on the x, y plane is equal to the absolute magnitude of the 
tension. For arbitrary orientation of the arc element ds, namely, the angle 
ry’ between the vector T and the x,¢ plane is not larger than the angle ;y 
which is formed by the normal to the membrane surface at the point (x, y) 
and the z axis. Thus, 
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1 : 
1, i.e., cosy’ = 1, 


/ 
cosy 2 COS 7 Se 
Vlei 


and 


Tilx, y, 2, t) = Tcosy’ = T(x, y, 2, 0). (2-1.25) 


The vertically acting tension is obviously equal to T, = T(éu/dn). Now we 
choose an element on the membrane surface whose projection on the x, y 
plane forms a rectangle ABCD, whose sides are parallel to the coordinate 
axes (Figure 3). On this element acts a tension force of magnitude defined by 


re=$ Tds. (21.26) 
ACD 


Since along the x and y axes no displace- 
ment occurs, the projections of 7* on 
these axes equal zero; thus 


ae 


B 


D 
Tx, y, Ody -| T(x, y, Ody 


A 


¥ 
— 4 T (x2, 4, t)-— T(x vy t)}dy =0 


yt 


FIG. 3. 


or 
T; =| {Ta Me, th — T(x, y.,2}dx =0. 


Hence according to the mean-value theorem, since the surface ABCD is arbi- 
trarily chosen, it follows that 
AX, yi ’ t) = Ts ye, t) 
T(% ’ dy; t) oa T(x2,, t) , 


(2-1.27) 


i.e., the tension 7 does not vary with x and y and therefore can only be a 
function of ¢ alone. 

The surface area of a membrane element at time ¢ in the sense of our 
approximation is equal to 


[et =| \Vinae rs ady = |laray. (2-1.28) 
cos 7 ; 

Consequently, no extension occurs during the vibration process, whereby 
according to Hooke’s law the independence of the tension on time follows. 
Therefore, the independence of the tension on all three variables x, y, and 
t is proved; i.e., 


T(x, v, t) = const. = Ty. (2-1.29) 


We shall now derive the equation of a vibrating membrane. For this 
purpose we proceed from the law for the change of momentum. Let S, 
be the projection of any one membrane element on the x, y plane, and let 
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C, be the boundary of S,. We set the change of momentum equal to the 
impulse of the vertical components of the tension and the externally acting 
force whose density is f(x,y, f). Then we obtain the equation of the vibrat- 
ing membrane in the integral form 


| [lect ¥, be) — e(x, y, Er)o(x, y)dxdy 
Ss 


t t 
Z | {| Tt dsdt + | ‘ | fasdyat (2-1.30) 
fc, on {,J8, 

where p(x, y) is the surface density of the membrane and f(x, ¥y,¢) is the 
density of the external force. 

In order to go from this equation to a differential equation we shall 
assume the function u(x, y,t) to be twice continuously differentiable. First 
we transform the line integral by means of Green’s theorem® into a surface 
integral 


ou 
—ds = - dxdy. 
\, mn Ss \, \w + Uyy)dxdy 


Then the above vibration equaticn is transformed from the integral form into 


te 
| | a — To(ttrr + ityy) — f(x, y, t)}dxdydt =0. 
fy IS) 

If we now apply the mean-value theorem and take into consideration that 
both S, and the time interval (¢,,¢,) are arbitrary, then we see that the ex- 
pression in the brackets must vanish identically. In this manner we arrive 
at the differential equation of a vibrating membrane: 


Outer = To(ttr, + ttyy) + f(x, y, e). (2-1.31) 


For a homogeneous membrane the vibration equation can also be written in 
the form 


Mey = A (thex + yy) + F(x, y,t), a =— (2-1.32) 
where F(x, y, ¢) is the force density per unit of mass of the membrane. 


6. Basic equations of hydrodynamics and acoustics 


In order to describe the motion of a fluid one uses three functions v(x, y,z, ¢t), 
v(x, y,2,t), and v(x, y,z,t), which are the components of the velocity vector v 
at the point (x,v,z) at time ¢. Further quantities for the characterization of 
a fluid motion are the density p(x,4,z,¢), the pressure p(x, y,z,¢), and the 
density of the external force given in units of mass F(x, ¥,z,t), in case such 
forces are present. 

We consider a fixed portion of a fluid occupying a region of space 7, and 
calculate the force acting on it. Moreover we shall negtect the friction forces 


6 See V.I. Smirnov, Textbook of Higher Mathematics, 2d ed., Part II, Berlin, 1958, 
p. 175; in the literature it is also called Gauss’ integral theorem. 
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caused by the viscosity, 1.e., we consider an ideal fluid. For the resultant 
of the pressure forces we obtain the following expression in the form of a 
surface integral 


-| |onas, (2-1.33) 
Ss 

where S is the surface of the region T and nv is the unit vector in the direc- 
tion of the outward directed normal. The formula of Green then yields 


= | | onds =-|\ | grad pdc . (2-1.34) 
Ss ‘4 


For the calculation of the acceleration of any fluid element, naturally the 
displacement of the points themselves are to be considered. If x= x(t), y= 
y(t), and z = z(t) are the paths of the points of this element, then the derivative 
of the velocity with respect to time is 


Bu Re By BM pu BM My By 2 + (op, 
at at Ox oy oz at Ox oy 0z at 
where 
a re) G 
= 
V = J ay F 


This derivative with respect to time, which takes into account the motion of 
a single element of the medium (the substance), is called the substantive 
derivative. The equation of motion of a fluid which describes the connection 
between the acceleration of the element and the forces acting upon it is 
given by 


\| | osha: a \\ | grad Aide \\ | pFas (2-1.35) 
T at T ri 


The last integral represents the resultant of the external forces which act on 
the region of space T. But since T was chosen arbitrarily we obtain the 
equation of motion of an ideal fluid in Eulerian form: 


v, + (vf)v os ad + F. (2-1.36) 
p 


To derive the needed continuity equation, we shall assume that at all points 
of the streaming fluid region T no additional fluid is introduced, i.e., we limit 
ourselves to the study of source-free streams, in which we regard a sink as 
a negative source. Then the change in the amount of fluid contained in T 
per unit of time is equal to the flux through the boundary S of the region 


d 
—— -=— Pe 2-1, 
; \\\oa |. | ponds (2-1.37) 


The transformation of the surface integral to a volume integral yields 


\\ (+ div pv ar = 0. 
T ot 
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Since this relation is valid for an arbitrarily small region, there follows the 
continuity equation 


& + div (pv) = 0 


or 


<4 v grad p + pdivy =0, (2-1.38) 


To Eqs. (2-1.36) and (2-1.38) there is still to be added the thermodynamic 
equation of state which we shall write here in the form 


p=fl(p). 


Thus we obtain a system of five equations for the five unknown functions 
Vz, Vy,Uz,p, and p. If the equation of state also includes the temperature, 
then a heat-conduction equation must be added. The system of equations 


cae (vp)v = | ere 
at p 
20 + div (pv) = 0 (2-1.39) 


p=f(p) 


thus represents the complete system of equations for the motion of an ideal 
fluid. 

To use the hydrodynamic equations for the propagation of sound ina gas, 
we make the following assumptions: (1) no external forces are present; (2) 
the process of sound propagation in a gas proceeds adiabatically, so that 
Poisson’s adiabatic equation 


Pe (2 es 

Po 7 Po , Cy 
can be taken as the equation of state (p, designates the initial density and py 
is the initial pressure, cp and c, are the specific heats at a fixed pressure and 
a fixed volume); and (3) the vibrations of the gas are sufficiently small so 
that the higher powers of the velocity, the gradients of the velocity, and the 
gradients of the density can be neglected. 

For the condensation of the gas we designate the relative change in density 

by the quantity 


s(x, y,2,t) = P= , (2-1.40) 


Po 


Then the condensation is defined by 
p= pl +s). (2-1.41) 


With the above assumptions the hydrodynamic equations take the form 
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wU= mee grad p 
Po 


pc + podivy =0 (2-1.42) 
p = poll +s)” = po(1 + 7s) 
since 


JA thea ed pe ed oe 
p Po Po 


div py = vgradp + pdivvu = p,divu+::: 


where the dots denote the terms which are of second and higher order of 
smallness. With the notation a’ =p /oo we rewrite the system (2-1.42) in 
the form 


v, =— a’ grads 
s, + divv =0 . 


(2-1.42’) 


If we now apply the divergence operator to the first equation of (2-1.42’) and 
interchange the order of differentiation, we obtain 
d 


aE div v =— a’ div (grads) =—.a’p’s =— ads, 


where 


e F @ 
7 —4 a = 
d ax?” ay? 7 a2 


is the Laplace operator. Then the second expression of (2-1.42’) can be used 
to yield the vibration equation 


4s = — Ste (2-1.43) 
a 
or 
(Sex + Syy + S22) = Sue 
From this and from (2-1.40) we obtain the density equation 
2" (Osx + Pyy + Pzz) = pre 


We now introduce the velocity potential and show that it satisfies the 
same vibration Eq. (2-1.43), as does the condensation. From the expression 


v, =— a’ grads 
follows 
t 
v(x, y, z, t) = v(x, y, z, 0) — at grad(| sdt ) ; (2-1.44) 
0 


where v(x, y,z,0) is the initial velocity distribution. If the velocity field at 
the initial time possesses the potential 


Vlt=9 =— grad f(x, y,z), (2-1.45) 
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we can obtain the expression 
t 
v =— grad [se y, 2) + a'| sat| =— grad U. (2-1.46) 
0 


This means that a velocity potential U(x, y,z,?) exists. The knowledge of 
the velocity potential yields for the determination of the complete process 
of motion the following: 


v =— grad U 
1 (2-1.47) 


By inserting these quantities into the continuity equation 
s+ divyv=0, 
we obtain the vibration equation for the potential: 


a’( Osx + Gy + U.2) = Ua 
or 
Un = a@dau. (2-1.48) 


Equations for the pressure p and the velocity v similar to Eq. (2-1.48) can 
be derived. These are usually called the equations of acoustics. 

For the solution of two- and one-dimensional problems the Laplace opera- 
tor is replaced in Eq. (2-1.48) by @/@x’ + @’/dy’ or @’/dx’. 

For the vibrations of a gas in a bounded region of space, specific bound- 
ary conditions must be fulfilled; that is, certain restrictions are imposed which 
are to be applied directly on the sought functions at the boundary of the 
gas-filled region of space. The simplest example is for the case of a gas 
moving in a vessel whose walls are fixed. Since the stream velocity must 
always be directed tangentially on these walls, the normal component of the 
velocity must be equal to zero. This leads to the condition 


au 


On 


as 
=) or = 
zr on 


= 0; (2-1.49) 


The constant 


possesses the dimension of velocity and, as will be shown later, represents 
the velocity of propagation of sound. 

We shall now calculate the velocity of sound in air at normal atmospheric 
pressure. In this case, we have 7 =7/5, po = 1.293-10% gem’, and py = 
1.033 kg cm~*; consequently, 


TPo 
Po 


1 


a=: = 336 m sec 
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7. Boundary and initial conditions 


For the mathematical description of a physical process, a problem must 
first of all be defined; that is, the conditions must be formulated which are 
sufficient for the unique determination of the process. 

Both ordinary and naturally partial differential equations possess, in 
general, infinitely many solutions. Therefore, in those cases in which the 
physical problem to be considered leads to a partial differential equation, for 
a unique characterization of the process it is necessary to add further con- 
ditions on the differential equation. 

For an ordinary differential equation of the second order the solution 
can be determined from the initial conditions, i.e., from the initial value of 
the function itself and its first derivative at the initial value of the argu- 
ment. Also possible are other forms of the conditions of state; for example, 
the function can be prescribed at two distinct points (problem of the catenary). 
For partial differential equations there are, likewise, different forms of the 
conditions of state. 

We shall consider, first, the simple problem of a transverse vibrating 
string fixed at the ends. Here u(x,t) denotes the displacement of the string 
from its equilibrium position (x axis). If the ends of the string OS x</l 
are held fixed, the boundary conditions which must be Satisfied are 


u(0,¢)=0, u(l,t)=0. (2-1.50) 


On the other hand, there are initial conditions to be satisfied, i.e. the dis- 
placement and velocity of the string at the initial time ¢,, say 


u (x, to) = (x) (2-1.51) 
(Xx, to) = f(x) . 


The conditions of state therefore consist of boundary and initial conditions. 
Later we shall show that these conditions completely determine the solution 
of the vibration equation 


ig Sats (2-1.52) 


If the end points of the string move in a prescribed way, then the boundary 
conditions assume another form: 


u(0, t) = p(t) , (2-1.50’) 
u(l, t) => p2(t) , 


where y,(¢) and y(t) are prescribed functions of the time t. The statement 
of problems for longitudinal vibrating rods or springs reads analogously. 

Boundary conditions occur also in other forms. We shall consider, for 
example, a longitudinal vibrating spring which is fastened at one end (sus- 
pended point) while the other is free to move. The motion of the free end 
is not known and is thus the function to be determined. At the point of 
suspension x = 0 there can be no displacement, 


u(0,t) = 0; 
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while at the free-end point x =? the spring tension is given by 


A 


Tl, t) =k— (2-1.53) 


A 


x #21 


and equals zero (no external force), so that the mathematical formulation of the 
conditions for the free end takes the form 


u,(/,t)=0. 


If the fixed end x=0 moves according to a definite law u(t), whereas at x =/ 
the prescribed force i(t) acts, then we write 


u(0, ¢) = p(t), u,(/, t) = v(t) with v(t) = —r(t). 


Typical also is a condition of an elastic constraint, say at x=/: 
ku,(l, t) =—au(!, t) 


or 


ux(l,t)=—hull,t),  h =a (2-1.54) 


about which the end point x =/ can be displaced, while the elastic force of 
the constraint at this point gives rise to a tension which causes the displaced 
point to return to its earlier position. The rigidity of the constraint is 
characterized by the coefficient a. 

If at a point of a system at which an elastic constraint acts, the dis- 
placement and its deviation from the initial position is given by the func- 
tion @(t), then the boundary conditions read 


u,(l, t) =— h[u(l, t) — o(t)) with h= 7 (2-1.55) 


Note that in the case of a rigid constraint (large a), even when small 
displacements cause large tensions, the last boundary condition is transformed 
into the first for p(t) = A(t). For a weak constraint (small a), in which large 
displacements produce only small tensions, the condition for a free-end point 
occurs in place of the last noted boundary condition. 

In the following, we shall speak of three principal types of boundary 
conditions: 

1. The first type «(0, ¢) = p(t), a prescribed motion of the end point x = 0; 
2. The second type z,(0, t) = v(t), a prescribed force; 
3. The third type z,(0, t) = A[u(0, t) — 0(t)], an elastic constraint. 

In an analogous way we formulate the boundary conditions for the second 
end point x=/. If the functions on the right sides— p(t), v(t), or 0(t) —equal 
zero, then one speaks of homogeneous boundary conditions. 

Combinations of these different types of boundary conditions result in 
six types of simple boundary-value problems. Complicated boundary condi- 
tions occur, for example, for an elastic constraint which does not satisfy 
Hooke’s law—that is, if the tension at the end point is a non-linear function 
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of the displacement z(/, ¢), namely, 
u,(l,t) = <-Flull, Dl: (2-1.56) 


This boundary condition is, in contrast with the law stated above, non-linear. 
In addition, the relations between the displacements and the tensions are 
possible at different points of the system; e.g., the boundary conditions for 
problems of the vibrations of a ring, where x =0 and x=/ designate one 
and the same point, read: 


au(Z, f) = (0, ¢), (0, ¢) = u,(/, t) (2-1.57) 


and amount to the requirement that # and #, are continuous. In the boundary 
conditions the derivative with respect to ¢ can also occur. If the end of a spring 
undergoes a resistance from the outside, which is proportional to its velocity 
(perhaps by a disc fastened to the end of the spring, and for which the plane 
of the disc is perpendicular to the spring axis), the boundary conditions read: 


ku,(l, t) =— aae,(l, t). (2-1.58) 
If a mass m™ is suspended at the end of the spring x =/, then the condition 
muen(l, t) =—ku,(1, t) + mg (2-1.59) 


must be fulfilled at x = /. 

In the following discussion we shall limit ourselves to the consideration 
of the three simplest types of boundary conditions, directing attention to an 
example of boundary conditions of the first type, and indicate only incidentally 
the peculiarities which occur in connection with the second and third types. 

To formulate the first boundary-value problem for Eq. (2-1.52), let us seek 
a function w(x, ¢) which satisfies the equation 


i= Ot for O<x<l, t>0 
as well as the boundary and initial conditions 


uw (0, ¢) = p,(t) 
uw (l, t) = po(t) 
uw (x, 0) = v(x) 
1.(x,0) = P(x). 


We speak of the second or third boundary-value problem if boundary 
conditions of the second or third type are imposed at both ends. If the 
boundary conditions for x =0 and x =/ are of different types, then we mean 
mixed boundary-value problems without classifying them more precisely. 

We now turn to the limiting cases of these problems. The influence of 
the boundary conditions at a point M, which is sufficiently far from the 
boundary, first enters the expression at a sufficiently large interval of time. 

Of interest to us is the behavior during a small time interval in which 
the influence of the boundary conditions is still negligible; then instead of 
treating the complete problem, we can consider the problem with initial con- 


(2-1.60) 
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ditions for an unbounded region. Thus we seek a solution of the equation 
uy = Aus, + f(x, t) for —ocx co, t>0, 
with the initial displacement 
[u(x, t)]r-0 = o(x) for —-wo<x<o, (2-1.61) 
and the initial velocity distribution 
[t0.(x, t)jr=0 = P(x) for —-ao<xr<o., 


This problem of the infinite string is ordinarily known as Cauchy’s problem. 

If, however, we wish to study the behavior in the neighborhood of the 
boundary, and if the influence of the boundary condition of one boundary on 
the other in the course of a prescribed time interval remains insignificant, 
we are led to a problem for a semi-infinite line 0 S x < co, where apart from 
the differential equation itself we also have the conditions 


“u(0,t)=pt), #€20 
uw (x,0) = (x) , 
u(x,0) = P(x) . 


The character of the process for a time interval which is sufficiently 
long from the initial time t = 0, is completely defined by the boundary values 
since the influence of the initial conditions, because of the friction which 
occurs in every real system, vanishes with increasing ¢.". Such cases occur 
mostly when the system under consideration is acted on by a periodic bound- 
ary influence which persists for an indefinitely long time. The formulation 
of such problems without initial conditions is as follows: 

Find a solution of the considered equation for 0S x</ and t > —o with 
the boundary conditions 


0OSx<a (22:02) 


u(0, t) = w(t) (2-1.63) 
u(l, t) = pelt). 


This is analogous to the problem without initial conditions for the semi- 
infinite line. 

Besides the fundamental boundary-value problems, we shall also consider 
in what follows the limiting cases: 
1. Problems for an infinite region when one or both boundaries lie at infinity. 
2. Problems without initial conditions when the solutions considered are 
defined in the course of an infinitely large time interval. 


8. Reduction of the general problem 


For the solution of complicated problems one endeavors to trace them 
back to the solution of simpler problems. To this end we shall represent 


7 The vibration equation, taking into consideration the influence of friction which is 
proportional to the velocity, has the form wee = a?us. — au,, where a > 0. For details 
of the above problem without initial conditions for ~ =0, see § 3-7. 
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the solution of the general boundary-value problem as a superposition of the 
solution of specific boundary-value problems. 

The functions z#,(x,?), where 7=1,2,---,, are required to satisfy the 
equations 


2 


Mis filx,t) for O<x<l,t>0 (2-1.64) 
x 


a2 
0u; 2 
—=a 


oceti‘iésC 


and the conditions 
u:(0, t) = pitt) 
ui(l, t) = p(t) 

ui(x,0) = g(x) (2-1.65) 

Ou; 


5p r= F(a). 


Obviously, the solutions can be superposed in such a way that the function 
u(x, t) = 3 ds, t) (2-1.66) 
satisfies the analogous equation with 
fx, = & flab (2-1.67) 
and the conditions with right sides given by 


wi) & wi), k= 1,2 


a: 


g(x) = : y'(x) (2-1.68) 


b' (x) = ~ (x) . 


We see that this superposition principle is valid not only for the aforemen- 
tioned problem, but also for every linear equation with linear auxiliary con- 
ditions. We shall use this property repeatedly in the following. 

The solution of the general boundary-value problem 


Ur=Ousztf(xt), (O<x<l, t>0) 


— ww 


uw (0, t) = w(t) 
u (1, t) = p(t) (2-1.69) 
u (x, 0) = g(x) 
u(x, 0) = $(x) 
can be represented as a sum 
u(x, t) = u,(x, t) + ue(x, t) + s(x, t) + u(x,t), (2-1.70) 


where u,, U2, 3, u, are Solutions of the particular boundary-value problems 
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Tus oe, i= 1/3,3 
, 2 (2-1.71) 
a EH + fll), Oe h PSO, 
u,(0, t) = 0 ui(1, t) =0 u(x, 0) = 9(x) u,,(x, 0) = (x) 
uO, t) = pilt) u(l, t) =0 u(x, 0) = 0 U2, (x, 0) = 0 
u;(0, t) = 90 u3(1, t) = p(t) u;(x, 0) = 0 us,(x, 0) = 0 
u,(0, t) = 0 u,(1, t) =0 u,(x, 0) = 0 u(x, 0) =O. 


We shall limit ourselves for this formal reduction to the characterization 
of those special boundary-value problems which are important intermediate 
ones for the solution of the general problem. An analogous reduction can 
also be obtained for the limiting cases of the general problem. 


9. Formulation of boundary-value problems for several variables 


We have considered above only the formulation of boundary-value problems 
for the case of one independent geometric variable x and the timet. If the 
number z of the geometric variables is larger than one (for example, n= 3), 
then the first boundary-value problem reads: 

We seek a function u(M, t) = u(x, y, z,t) which is defined in the interior 
of a prescribed region T with boundary 23; in the interior of T the function 
must satisfy the equation 


Un =adu+ f(x, y,z,t), M(x, y, 2) € T, t>0 (21-72) 
and on the boundary £ must satisfy the boundary condition 


uls = wx, ¥,2, t), M(x, y, 2) € 5, t> 0; (2-1.73) 


it also must satisfy the initial conditions 


UIE OE MS Rae yer: (2-1.74) 
u(x, yy 2, 0) = Wx, ys z) 
where u(x, y, z,¢t) is a function defined on %. 

The reduction of the general boundary-value problem to a series of simpler 
problems is analogous to that in §2-8. It is to be noted that here also the 
limiting case for an unbounded region, semi-infinite space, etc., can be con- 
sidered. 


10. Uniqueness theorem 


In the solution of boundary-value problems both of the following ques- 

tions arise. 

1. Are auxiliary conditions sufficient for the determination of a unique solu- 
tion? 

2. Will the problem be overdetermined by the auxiliary conditions, i.e., are 
these conditions incompatible? 
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The first question is answered by the uniqueness theorem, the second by 
the existence theorem. The proof for the existence of solutions depends 
strictly on the method that one uses for its determination. In the following 
we shall prove the uniqueness theorem. 

The differential equation 


a2 4 
pat = gel Pge) + Fm, 62227756 (21.75) 
ot Ox Ox 


possesses only one solution which satisfies the initial and boundary condi- 
tions 


u(x, 0) = (x) 
u(x, 0) = d(x) (2-1.76) 
uw (0, t) = w(t) 

w(l,t) = p(t). 


Here it is assumed that the function u(x, ¢) and its first and second deri- 
vatives are continuous in the interval 0S x</ for t20, and p(x) >0, k(x) > 0 
are continuous functions. 

Suppose there are two solutions 


u(x, t) and ato(x, t) 
of the problem under consideration. Their difference 
v(x, t) = u,(x, t) — u(x, t) 
obviously then satisfies the homogeneous equation 
Cn) av ae 
SAEs Aa (ay Sostcc 2-1.77 
Oot ma ee ; 


and the homogeneous auxiliary conditions 
0 
0 
(2-1.78) 
0 
0 


Then we shall prove that the function v(x, t) defined by the conditions (2-1.78) 
is identically zero. 
To this end, we consider the function 


t 
Ei = 5\ {k(v;) +e(v.) }dx (2-1.79) 


and prove that it is independent of ¢t. Physically the function E(t) represents 
the total energy of the string at time ¢t. We differentiate E(t) with respect 
to t; since the second derivatives are continuous we can differentiate under 
the integral sign. This gives 
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t 
aE\t) -| (Rv,V x1 + PU )aX 
dt 5 


An integration by parts of the first term of the sum on the right side gives 
t 


t 
| kvyviedx = (kv.vlt— | vi(Rv,):aX « (2-1.80) 
0 


0 


On the basis of the boundary conditions the expression in brackets vanishes; 
v(0, 4) = 0 follows from v(0, t) = 0, and similarly for x= /. Thus 
dE\t : 
zr t= | [evwe — vlku;)s]dx = | vilpvu — (kv;)s]dx = 0; 


0 0 


this means E(t) = const. By taking into consideration the initial conditions 
we find further that 


l 
E(t) = const. = E(0) = 5| [R(v.)) + pvr) ji-0 dx = 0 (2-1.81) 
0 


because 
v(x, 0) =0 and viix,0)=0. 


Since by hypothesis p(x) and k(x) are always positive, it follows from (2-1.79) 
and (2-1.81) that 


v(x, t) =0 and v(x, t) =0 
and hence the identity 


v(x, t) = const. = Cy. (2-1.82) 
From the corresponding initial conditions we then find 
v(x,0) =C, =0, 
and therefore we prove that 
v(x, t) =0. (2-1.83) 


If, therefore, (x,t) and w,(x,¢) are two functions which satisfy all the con- 
ditions of our theorem, then 2,(x, ¢) = u2(x, ¢). 

For the second boundary-value problem the function v = u, — “ satisfies 
the boundary conditions 


p, (0, f)= 0°, vi, t)=0, (2-1.84) 
so that the brackets in (2-1.80) vanish again. The rest of the proof remains 
unchanged. 

With regard to the third boundary-value problem, the proof of the unique- 
ness theorem requires several changes. If we again consider two solutions 
wm, and uw,, then for their difference, v(x,t) =, —u., the differential Eq. 
(2-1.77) results, while the boundary conditions read: 

v,(0, t) va hv(0, t) aaa 0 , hy 2 0 
v,(L, t) + h,v(l, t) =0 ’ hy 2 QO. 


(2-1.85) 
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Next we shall write the expression in the brackets in (2-1.80) 
(kv,v Jo =— = She'll, t) + hyv°(0, t)). 


If we integrate dE/dt from 0 to ¢, we find 
t 


t 
E(t) — E(0) = | | ddovie = (ev dildxal 


0 


_ £ (n,forl, t) — v°(1,0)] + hilv%(0, £) — 0°, 0))] 


from which, with respect to the equation and the initial conditions, it follows 
that 
E(t) = Zhao", 1) + hyw%(0, )] <0. (2-1.86) 
However, since the integrand is non-negative, then FE(¢#) 20, from which 
necessarily follow 
E(t) =0 (2-1.87) 
and 
v(x, 4) =0. (2-1.88) 


Thus the uniqueness theorem is proved also for the third boundary-value 
problem. 

The method of proof used here, which was based on the use of the expres- 
sion for the total energy, is often used for the proof of uniqueness theorems 
in different branches of mathematical physics (for example, in electrodynamics, 
elasticity theory, and hydrodynamics). 

The proof of existence for these and other boundary-value problems will 
be discussed later when we consider the corresponding questions. 


Problems 


1. Prove that the differential equation for small torsional vibrations of a rod 


has the form 
On = a0... ’ a -(2 ’ 


where 9 is the angle of torsion of the cross section of the rod at the abscissa 
x,G is the modulus of torsion, J is the polar moment of inertia of the cross 
section, and & is the moment of inertia per unit of length of the rod. Give 
a physical interpretation of the first, second, and third boundary conditions 
for this problem. 

2. Let an absolutely flexible homogeneous cable be fastened at one end. 
Under the influence of its weight, it is aligned then with the vertical axis. 
Find the differential equation for small vibrations of the cable. 

Solution: 


2 
oie ase £2 oe | with a =g, 
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where w(x, ?f) is the displacement of the points, / is the length of the cable, 
and g is the acceleration due to gravity. 
3. A heavy homogeneous cable of length 7, which is fastened at its upper 
end (x = 0) of a vertical axis, rotates about this axis with a uniform angular 
velocity w. Derive the differential equation for small vibrations in the neigh- 
borhood of the vertical state of equilibrium. 

Solution: 


au 0 aL ‘ 
. E _— al +uu with a=g. 
Ox 
4. Find the equation of a transverse vibrating string which exists ina medium 
whose resistence is proportional to the velocity. 
Solution: 


2 
Vi = ay — h’y,. 


5. Formulate the boundary conditions for the differential equation of a longi- 
tudinal vibrating elastic spring where the upper end of the spring is rigidly 
fixed and, in contrast, a weight P hangs at the lower end when 

(a) The rod in the equilibrium state under the action of an immovable 
weight P, which is fixed at its lower end, exists in a state of elongation 
(static deformation). 

(b) The rod in the state of equilibrium is unstretched. This arises, for 
example, when at the initial time under the weight, the support on which 
the weight was previously resting, has moved; at first, the weight begins 
to stretch the rod. 

6. Determine the differential equation and the auxiliary conditions for the 
torsional vibrations of a rod, at both ends of which discs are fastened. 
Solution: For x =0 and x =/ the boundary conditions 


0,.(0, t) = ai,(0, t) ) O..(1, t) = «30, (1, t) 


must be satisfied. 
7. At an arbitrary point x = x of a string (0 <x S/) let there be placed a 
weight of mass M. Find the conditions determining the state of the vibration. 
8. A weight of mass M is at the end x =/ of an elastic rod which is elastically 
fixed at the point x =0. Determine the differential equaticn and the condi- 
tions for the longitudinal vibrations of the rod under the assumption that it 
is acted on by an external force. Hence there are two cases to be considered: 
(a) The force is distributed along the rod with the density /(x, ¢). 
(b) The force is concentrated at a point «= x) and equals F*,(t). 
9. Consider small vibrations of an ideal gas in a cylindrical tube. Derive 
first the fundamental differential equations of hydrodynamics and, next, under 
the assumption that the process proceeds adiabatically, [equations] for (a) the 
density p, (b) the pressure p, (c) the velocity potential y of the gas particles, 
(d) the velocity v, and (e) the displacement of particles wu. In addition, con- 
struct an example which realizes the boundary conditions of the first, second, 
and third types for these differential equations. 
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10. What similarities exist between the phenomena of mechanical, accoustical, 
and electrical vibrations? 

11. Construct an example of the boundary conditions of the first, second, 
and third types for telegraphic equations. 

12. Consider the longitudinal vibrations in an inhomogeneous rod (k= hk, 
for «<x, R=k, for x > x9), and derive the conditions which must be satisfied 
at the boundary between segments of inhomogeneous rod (for x = %5). 

13. Give a physical interpretation of the boundary conditions 


au,(0, t) + Bu.(0, ¢) = 0. 


14. Give an example of a mechanical model which can be described by the 
equation 


Ure = Uy, + OU, + CU. 


2-2. WAVE-PROPAGATION METHOD 


1. The D’Alembert method 


The subject of the following investigations is methods for the construc- 
tion of boundary-value problems for hyperbolic differential equations. We 
begin by considering the problem of an infinite string with the initial condi- 


tions 
tu — au, =O0, (2-2.1) 
u(x, 0) = y(x), (22.2) 
u(x, 0) = P(x). 


First we transform this equation to the canonical form in which the mixed 
derivative is obtained. The characteristic equation 


dx’ — a’dt?=0 
reduces to two equations 
dx —adt=0, dx + adt=0. 
Their integrals are the straight lines 
x—at=C,, xtat=C. 
As in the previous chapter, we introduce the new variables 
E=x-+al, n=x—at. 
If we then calculate the derivatives 
Uy=Uet th, Uy = Uee + 2tten + Uy, 
Uy = Atle — Un) , Ur, = (tee — 2ttey + Unda’, 
we see that the equation of a vibrating string can be transformed to the form 


en = 0. (2-2.3) 
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Obviously for each solution of Eq. (2-2.3) 
un(E, 7) = f*(y) 


is valid, where f*(y) is a function of y alone. By integration of this equation 
with respect to 7 for fixed € we get 


més 0) = |POdn + Ale) = ALB) + Al (2-2.4) 


where f, depends only on & and f; only on 7. Conversely, any arbitrary dif- 
ferentiable functions f/, and f/f, which define the function «(é, 7) through (2-2.4) 
represent solutions of Eq. (2-2.3). Since every solution of Eq. (2-2.3) for a 
Suitable choice of f,; and f; can be represented in the form (2-2.4), then (2-2.4) 
yields the general solution of this equation. Consequently, 


u(x, t) = fi(x + at) + fo(x — at) (2-2.5) 


is the general solution of the differential equation (2-2.1). 

Now we assume that a solution of the problem under consideration exists. 
This is then given by (2-2.5). The functions f, and f, are determined so that 
the initial conditions 

u(x,0) = fi(x) + f(x) = v(x) (2-2.6) 


u(x, 0) = afi (x) — afz(x) = p(x) (2-2.7) 


are fulfilled. By integration of the second equation we obtain 


x 


Als) — fils) =) gadda + C, 
af) 
where x) and C are constants. From the equations 


F(x) + fo(x) = 9(x) 


I 


Als) — fs) =) ya\da + C 


*9 


we then find 
filx) = 59x) 4 ol. Wada + + 
Cat (2-2.8) 
a Ase alia aie 
F(x) = 5 g(x) Da \" Hada a 


In this manner, f; and f, are defined by the given functions g and ¢, 
where Eq. (2-2.8) must be satisfied for arbitrary values of the argument.® 
By substitution of the arguments of f; and f/f; as in (2-2.5) we obtain 


xtat x—at 
u(x, t) = og ea +5-{| dada — | Hada 


i) *o 


8 In formula (2-2.5), fi and f2 are not uniquely defined. That is, if we subtract 
from f, any fixed number ¢ and add this to fz, u remains unchanged. In 2-2.8, how- 
ever, the constant C is not determined by g and . It can be omitted or replaced by 
another without changing the value of u. When fi and f/f are added, the sum differs 
by + C/2. 
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or 
= a se : 
ery re cea 2 als AC a 8 + a = | Pada. (2-2.9) 


Formula (2-2.9), the so-called D’Alembert formula, was derived under the 
assumption that a solution of the given problem exists. This formula proves 
the uniqueness of the solution. If there were to exist another solution of 
the differential Eq. (2-2.1) with initial conditions (2-2.2) then it would have 
to be a solution of the form (2-2.9) and hence would coincide with the first 
solution. It can be shown that the function (x, ¢), defined by (2-2.9) under the 
assumption that g be twice differentiable and that @ is only once differenti- 
able, satisfies both Eq. (2-2.1) and also the initial conditions (2-2.2), so that 
the D’Alembert method besides proving uniqueness also proves the existence 
of the solution of the given problem. 


2. Physical interpretation 


The function u(x,t) which appears as a solution of the wave equation 
with initial conditions, is the sum of two functions 


g(x + at) + y(x — at) 


u(x,t) = 5 


(2-2.10) 


xtat 
ur(x, t) = Sa | Pa)da. 
20 Negi 
The first sum z,(x, ¢) represents the path of propagation of the initial dis- 
placement without the initial velocity, ¢(x) =0; the second sum 2,(x, ¢) con- 
tains the initial velocity (the initial impulse) for vanishing initial displace- 
ment. The function w(x, ¢t) can be interpreted geometrically as a surface in 
u,x,t space (Fig. 4a). The intersection of this surface with the plane 


FIG, 4. 
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t=, is analytically given by u = w(x, t,) and yields the profile of the string 
at time ¢,. On the other hand, the intersection of the surface u(x,t) with 
the plane x = x) gives « = u(x,,t), which is the path of motion of the points 
Xo- 

The function u(x,t) given by w= f(x —at) is described in physics as a 
propagating wave.° The displaced profile defined by this function at different 
times ¢ can be easily illustrated in the following manner: We shall assume 
that an observer moves parallel to the x axis with the velocity a (Figure 4b). 
If the observer then is found at the initial time ¢=0 at a position x =0, 
then up to time ¢ he has moved along the path toward the right. If we 
now introduce a new coordinate system through 


x’ =x-at and t'=t 


which moves with the observer, then u = f(x —at) is defined in the new 
coordinate system by 


u(x’, t') = f(x’); 
i.e., the observer during the entire time ¢ sees one and the same profile 
f(x'), which coincides with the profile f(x) at the initial time ¢ = 0. 
Therefore f(x — at) represents a fixed profile f(x’) moving toward the 
right with the velocity a (propagating wave). 
If we consider the x,t phase plane, then the function uw = f(x — at) re- 
mains constant on the straight line 


x — at = const. 


The surface « = f(x — at) is also a cylindrical surface whose generators are 
parallel to the straight lines x = at. Thus the form of the cylindrical surface 
is determined by the profile of the initial displacement. 

In the interval (x,, x2) let the function f(x) now be different from zero 
and outside of this interval equal to zero. The straight lines x —at= x, 
and x — at = x, represent the forward surface and the rear surface of the 
propagating wave f(x —at). These lines divide the x,¢ plane into three 
regions I, II, and III. 

The regions I and III consist of the 
points (x,t) which correspond at the time 
t considered to the point x of the string 
that lies behind the forward propagating 
wave. On the other hand, the points (x, f) 
of region II correspond to those points x 
through which, at time ¢, the forward pro- 
pagating wave travels (Figure 5). 

It is obvious that f(x + at) represents 
a wave propagating toward the left at a 
FIG. 5. velocity a. For this wave a similar inter- 


x *2 


® In physics one uses the form u = s(t — +) : 
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pretation can be given. The function z,(x, ¢) which describes the propagation 
of the initial displacement ¢(x) with vanishing initial velocity, ¢(x) =0, is 
given by formula (2-2.10) as the sum of two waves propagating to the right 
and left at a velocity @. Thus the initial form of both waves is characterized 
by the function y(x)/2, which is equal to one half of the original displacement. 
As a first simple example we shall consider the propagation of an original 
displacement which has the form of an equilateral triangle. The string 
preserves this form if it lengthens in the middle of the interval (x,, x.) while 
the points x, and x, remain fixed. Figure 
6 shows the successive behavior of the 
string after a time interval of amount 


4t= 2. 
8a 


If one wishes to exhibit the behavior of the 
string in the course of a sufficiently small 
time interval, then one can, so to speak, 
group together snapshots of the propaga- 
tion of the original length. 

If we place the characteristics in the 
x,t phase plane through the end points of 
the intervals P(x,,0), QO(x.,0) (Fig. 7), the 
plane is divided into six regions—regions 
I and V at the time ¢ considered in which 
lengthening has yet to occur, region III in 
which maximum lengthening has already 
occurred, and regions II, IV, and VI in 
which lengthening has just occurred. 

As a second example we shall investi- 
gate the case in which there is no initial lengthening, but in which an 
initial velocity exists. Let it be different from zero only in the interval 
(x1, X2) and possess there the constant value ¢. Then we can write 


u(x, 0) = g(x) = do for SxS x, 
= for xX > X2 or x< x. 


Formula (2-2.9) then takes the form 


x+tat 
u(x, t) = u(x, 1) = mal da)da = (V(x + at) — ¥(x« — at)]. 


x-at 


The function (x, t) is given also in this case as the sum of two waves. 
Thus ¥(x) is the integral of ¢(a~) and represents the profile of a wave pro- 
pagating to the left: 


E(x) = oral Y(a)da . 
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FIG. 7. 
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yr(x) 


% X2 


FIG. 8. 


We choose x) = x, appropriately. The auxiliary function ¥(x) so obtained is 
Hence, 


represented in Figure 8. 
Vix) = 0 


2a 


s(n — xi)Po for XZ X. 


x 


for xin, 


(x — x1) Go for «“,SxSn, 


In order to find w(x,t) we must form the 
difference of the left and right waves defined by 
¥ (x). Figure 9 shows the position of these waves 
and their difference after a time interval dt = 
(x, — x,)/8a. For ¢ > (x,—-x,)/2a the profile of 
the displacement is given by a trapezoid which 
expands uniformly with the time. If ¢(x) is not 
a constant, the problem under consideration re- 
mains essentially unchanged. By using the phase 
plane (Figure 7) we can easily show in which 
region the Iengthening has not yet occurred 
(I and V), where the lengthening has already at- 
tained its maximum value (III), and where this 
is not yet the case (II, IV, and VI). 

Consequently, the lengthening of the string 
occurs not only at one but at many places; thus 
we obtain the form of a propagating wave in 
which one adds the lengthenings corresponding 
to the influence of single moving points. The 
two examples consequently illustrate the pro- 
pagation of waves also in the general case. 

As a third example we shall consider the 
vibration of a string under the influence of a 
concentrated acting impulse. By striking the 
string at the point (x,x + dx) with any object 
(for example, with a hammer), we produce an 
impulse / at this position which is equal to the 
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change of the momentum of the object struck during the time of the stroke. 
Let the change in velocity of the point in the interval 4x be equal to », 
where v is the initial velocity. Under the assumption that the initial velocity 
v iS constant in 4x, then we obtain the change of momentum, 


pvdx = I, 


where p is the linear density of the string. Consequently, we must solve 
the wave equation with the initial velocity, 


gion = 9 = x,x+dx, 


Pex, = 0 x,x+ 4x, 


for the initial displacement. 

The lengthening obtained by the action of the impulse can be described 
by a trapezoid whose lower base equals (2at) + Jx and whose upper base 
equals (2at) — dx, for ¢ > 4dx/2a. Obviously, the quantity J/4x = J, can be 
interpreted as the impulse density. As dx-—0 the following results for the 
form of the displacement: the lengthening is equal to zero everywhere out- 
side the interval (x — at, x + at), and inside it is equal to 1/2a-1/o. Loosely 
speaking, one can Say that the displacement is produced by the point im- 
pulse J. 

We consider now the x,? phase plane 
(Figure 10) and place the two characteristics 
through (xo, fo): 


x—at =x) — aly 
xtat=x,+ato. 


They determine two angles a, and a, 
the so-called upper and lower characteristic 
angles at the point (x, fo). 

The action of a point impulse at the 

FIG. 10. point (xo, f)) produces a lengthening which 
in the interior of the above characteristic 
angles equals 1/2a - 1/o and outside the interval equals zero. 

Of interest to us now is the region in which the solution is uniquely 
defined by the initial conditions when these are prescribed in a given interval 
PQ of the lines ¢ = 0. 

Formula (2-2.9) shows that it suffices for the determination of the func- 
tion « at any point M(x, t) of the x,¢ phase plane (Figure 7) when the initial 
conditions in the interval PQ are known. Thus, P, Q are the points of the 
x axis with the coordinates x —at and x + at. The segments MP and MQ 
of the characteristics passing through the point M and the segment PQ of 
the x axis form a triangle MPQ called the characteristic triangle of the 
point M. 

If the initial conditions are not given on the entire line —co <x <0 
but are given only in a fixed interval PQ, then these initial conditions define 
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the solution uniquely within the characteristic triangle which has the interval 
PQ as a base. 


3. Stability of the solution 


The solution of Eq. (2-2.1) is uniquely determined by the initial condi- 
tions (2-2.2). We shall prove that between this solution and the initial condi- 
tions exists a continuous dependence and, in fact, we have the theorem: 

For each time interval 0 < ¢ < ¢, and for arbitrary e there exists a number 
6(e,t.) Such that two solutions u,(x,¢) and u(x,t) of Eq. (2-2.1) differ from 
each other by an amount less than e: 


| w(x, t) — w(x, t)| <e, O=tsly; 


provided that the initial values 


u(x, 0) = —,(x) u(x, 0) = ge(x) 
Gt (¢,0) = glx) = See x, 0) = Galx) 
at at 
differ from each other by an amount less than 3: 
| g(x) — prlx)| <4, I di(x) — drlx)| <6. (2-2.11) 


The proof of this theorem is surprisingly simple. The functions w,(x, ¢) and 
u(x,t) are linked to the initial values by formula (2-2.9), so that 


lite, 2) — wate, | = ee bad — ole +a) 


Z 
_— —_ i x+at 
oh iil Sab) = pile ab) 5, | bila) — heler) | dev, 
2 2a x—at 
whereas on the basis of the inequality (2-2.11), there follows 
Ghia Ne eS aoe Ged: 
2 2 2a 


Hence our assertion is proved if we take 


E 
l1+%t ~ 


Every physically defined process must be capable of description through 
functions which depend continuously on those initial conditions determining 
the process. If the solution of a boundary-value problem depends continuous- 
ly on the initial conditions, then one also says that the boundary-value problem 
is well set or the solution is stable. 

If this continuous dependence did not exist, there could be two essentially 
different processes corresponding to practically the same set of initial con- 
ditions (whose difference lies within the limits of the accuracy of measure- 
ment); that is, the solution would not be stable. It cannot be asserted that 
such processes are determined by the initial conditions (in a physical sense). 
From the above theorem, it follows that the vibrations of a string are deter- 
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mined not only mathematically but also physically by the initial conditions. 
We shall now consider such a problem in which the solution is not 
stable. The functions resulting as solutions of the Laplace equation 


Ux + Uyy =O 
are defined uniquely by its initial conditions” 


u(x, 0) = v(x) , u,(x, 0) = P(x) . 
The functions 


w'(x,y)=0 and u(x, y) -+ sin ax + cosh ay 


satisfy the Laplace equation. In u(x, y), & plays the role of a parameter. 
The initial conditions 


u(x,0)=0, u(x, 0) = v(x) = +. sin ax 


uy (x,0) =0, uy (x, 0) = d(x) =0 


differ arbitrarily little from each other for sufficiently large 24. On the other 
hand the solution u"”’(x, y) for a fixed value of y can become arbitrarily large. 
Therefore, the problem with initial conditions for the Laplace equation is 
not well set. 

We note the following. Obviously, a function u(x,t) defined by 


g(x + at) a g(x — at) n ae dleade 
a 


can only be a Solution of Eq. (2-2.1) provided ¢(x) is once and g(x) is twice 
differentiable. Hence, it follows that the functions represented in Figures 


u(x,t) = 


x-al 


% Xe % x2 


FIG. 11. FIG. 12. 


11 and 12 cannot be solutions of Eq. (2-2.1) because they are not twice dif- 
ferentiable throughout. Beyond this, the assertion holds in that a solution of 
the wave equation does not exist which satisfies the initial conditions (2-2.2) 
when g(x) and ¢(x) do not possess the required derivatives. By repeating 


10 These conditions define uniquely the solution of the Laplace equation mathemati- 
cally. The origin of the function uy(x, 0), is, of course, equivalent to the origin of the 
function v,(x,0), where v(x, y) is the harmonic function conjugate to u(x, y). Hence that 
analytic function of which the function u(x, y) is the real part is defined uniquely up to 
an arbitrary constant. (See §4-1, 4-5.) 
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the reasonings which led us to formula (2-2.9) we can show that from the 
existence of a solution of the wave equation its representation follows ac- 
cording to (2-2.9). If, however, g and ¢ are not a sufficient number of times 
differentiable, then (2-2.9) defines a function which does not satisfy Eq. (2-2.1), 
i.e., no solution to the problem exists. 

If, however, we change the initial conditions a little—replace them by 
differentiable functions g(x) and ¢(x)—then these new initial conditions cor- 
respond to a solution of a (2-2.1). Moreover, it is still to be noted that 
according to the proof of the last theorem we have in fact proved the con- 
tinuous dependence of the functions g and ¢ defined by formula (2-2.9)— 
independent of whether these are or are not differentiable. If, therefore, 
certain functions g, ¢ do not correspond to a solution of the wave equation 
which satisfies the conditions (2-2.2), then the functions defined by (2-2.9) are 
boundary values of the solutions of the wave equation with somewhat smoother 
initial conditions. 


4. Semi-infinite line and the method of continuation 


In the following we shall concern ourselves with the propagation of a 
wave along the semi-infinite line x =0. This problem plays an essential role 
in the investigation of the reflection of a wave at one end. 

Statement of the Problem: Find a solution of the wave equation 


Cus, = hn for O<x<o, ¢>0, 
which satisfies the boundary conditions 
u(O, t) = w(t) or u,(O, t) = v(2) 
and the initial conditions 
u(x,0) = g(x), (x, 0) = P(x). 
Our first concern is the homogeneous boundary conditions 
u(O, 4) =0 or u,(0O,t)=0, 


i.e., the propagation of the initial displacement of a string with a fixed end 

point x = 0 (or a free end point). 

For the solutions of the wave equation which are defined for the infinite 
straight line, the following two lemmas are valid. 

1, If the functions g(x) and ¢(x) occurring in the initial conditions with 
respect to any point x, are odd, the corresponding solution at this point 
is equal to zero. 

2. If the functions g(x) and ¢(x) occurring in the initial conditions are even 
with respect to any point x), then the derivative of the corresponding 
solution with respect to x at this point equals zero. 

Proof of the first lemma. We select x, as the origin of coordinates, 1.e., 

X%,=0. The conditions on the function in question are odd; therefore we have 


g(x) =— o(— x); P(x)=— P(— x) 
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Consequently, for x = 0, the function (x,t) defined by (2-2.9) equals 


(0, 2) = Led tote oval Hada = 0; 
2 2a at 

then the first summand vanishes, since y(x) is odd, whereas the second, the 

integral of an odd function within the limits shown, is symmetrical with 

respect to the origin and likewise is equal to zero. 

Proof of the second lemma. The conditions on the functions in question are 

even; therefore we have 


g(x) = o(— x); $(x) = f(— x). 
Now the derivative of an even function is odd, i.e., 
g(x) =— '(— x). 
Therefore, it follows from (2-2.9) that 


i / 
PACD etn 5 ZL iglat) — (= at) = 0; 
a 
then the first term of the sum vanishes since ¢’(x) 1s odd and the second 
vanishes, since ¢(x) is even." ‘ 
With the help of these two lemmas the following problems can be solved: 
Find a solution of Eq. (2-2.1) which satisfies the inicial conditions 


2t,(0, t) = 


u (x, 0) = (x) 
u(x, )) = (x) ? 


and the boundary condition 


0O<xr< ow (2-2.2) 


(0, t) = 0 


(first boundary-value problem). 
The functions @(x) and ¥(x) defined by the relations 


oe g(x) for eo O 
— ¢(— x) for x <0 
V(x) = d(x) for x>0 
—g(—x) for x<0 


are the odd continuations of g(x) and ¢(x). 
The function 


u(x,t) = Fada 


2 
defined with their help is defined for all x and ¢ > 0. According to the first 


M(x + at) + Ox — at) 1 ae 


z-at 


1t These two lemmas are consequences of the fact that for even (or odd) initial con- 
ditions the function u(z, t), given by the formula of D’Alembert, for ¢ > 0 is likewise 
even (or odd); we leave the proof of this to the reader. Geometrically, one sees im- 
mediately that an odd continuous function, as well as the derivative of an even dif- 
ferentiable function, vanishes at z = 0. 


2-2, WAVE-PROPAGATION METHOD 47 


lemma, there results 
u(0, 7) = 0. 


Moreover, u(x,t) for {=0 satisfies the initial conditions 


Consequently, the function u(x, ¢), which we should consider only for x > 0, 
t > 0, satisfies all the requirements of the given problem. 
With regard to our original functions, we have 


os x+al 
u(x, t) Pap 1c and 3 ah J ea 22 + u | gla)da for t 2 x>0 


2 Qa x-—at a 
ees an peek (2-2.12) 
= feta eens Pada for t>+,x>0. 
2 2a at—x iG 


In the region ¢ < x/a the influence of the boundary conditions does not enter 
into the expression. For these values of ¢, the expression u(x, ¢) coincides 
with the solution of (2-2.9) for the infinite straight line. 
We proceed in a corresponding way when a free end exists at the point 
= 0; 
u,(0, t) = 0, 


and, in fact, we take the even continuations of g(x), and ¢(x) 


oi) = v(x) for x>0 
y(— x) for x <0 

(x) = h(x) for x>0 
f(— x) for x<0O. 


As a Solution of the wave equation we then obtain 


et xtat 
O(x + at) + Ox — at) +H Wada 


t= 
we) D} 2a 


x~-al 


or 


os xrtat 
Wea = (x + at) + w(x — at) 4s al wade for pet 


2 
— plat at) + ylat — x) 


2 

1 x+at at—x x 
ae s{\ d(a)da + | wade} for PS 

2a 0 0 a 


This solution in the region x =O satisfies the initial conditions (2-2.2) 
and the boundary condition 


ux(O,¢t) =0. 


In the following we shall frequently have occasion to use the above ap- 
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plication of the method of continuation, even if the initial conditions are 

defined only for a finite subregion. We shall reiterate the results obtained 

in the two following rules: 

1. For the solution of a problem of a semi-infinite line with the boundary 
conditions u«(0,¢) =0, the initial conditions are continued oddly along 
the entire axis. 

2. For the solution of a problem of a semi-infinite line with the boundary 
condition z,(0, 7) = 0, the initial conditions are continued evenly along the 
entire axis. 

We shall consider two examples. Let the initial conditions be given on 
the semi-infinite line x 20 bounded by x =O and different from 0 only in 
the interval 0<a<x«< 6. In this interval an initial displacement given by 
the function g(x) occurs, which is represented by an isosceles triangle, whereas 
d(x) =0. We arrive at the solution of this problem if we continue the initial 
conditions oddly along the entire straight line. Figure 13 shows the course 
of the wave propagation. First the propagation proceeds as though both sides 
of the straight line were unbounded. The initial displacement is distributed 
on two waves which progress at a constant velocity with respect to the 
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FIG. 13. 
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different sides. This continues as long as the half-wave propagating toward 
the left has not reached the point x=0O (Figure 13). When the half-wave 
reaches the point x = 0, where the corresponding process is taking place, a 
wave with opposite phase arises. Accordingly a reflection of two half-waves 
occurs at the fixed ends. Figure 13 shows the reflection process in its in- 
dividual stages. The resulting profile of the string is shortened, the dis- 
placement vanishes, after which a displacement (with a negative phase) begins 
again, and finally the reflected half-wave moves toward the right following 
the half-wave which likewise is prepagating toward the right. Consequently, 
the phase of the wave due to reflection of the wave changes its sign at the 
boundary point. 

For the investigation of the second example we shall assume that no- 
where on the semi-infinite line x =O bounded by x =O does an initial dis- 
placement occur, and further, that the initial velocity (x) is different from 
0 only in an interval 0 <x, <x < x,. Hence ¢(x) =const. For the solution 
of this problem the initial conditions are continued oddly. Then the displace- 
ment is split into each of the intervals (x,, x2) and (—x,, —x.) which resemble 
the displacements represented in Figure 14. As seen from these figures, the 


227-4 


Ar 8a 


FIG. 14. 


process proceeds for x > 0 as if it were initially on the infinite straight line. 
Accordingly, the reflection occurs at the fixed end, and finally a wave moves, 
whose profile in this case is an isosceles trapezoid with constant velocity 
toward the right. 

The investigation of the reflection at a free end proceeds analogously only 
if the initial conditions are continued evenly, so that the reflection of the 
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wave at the free end does not proceed with a changing phase but with the 
same phase. 

Finally, we shall consider problems with homogeneous boundary conditions 

u(0, t) = p(t) = 0 
or 
u,(O, ?) = v(t) =0. 

In the general case of nonhomogeneous boundary conditions the solution 
can be written as a sum, each of whose terms satisfies only one of the stated 
conditions (either the boundary or the initial condition). 

We turn now to the solutions of differential equations with homogeneous 
initial conditions and prescribed boundary conditions. Let 

u(x,0) =0, i,(x,0) =0, “(0, ¢t) = p(t), t>0. 


Obviously such a boundary condition produces a wave which moves away 
from the string toward the right with the velocity a. This wave has the 
analytical form 


u(x,t) = f(x — at). 
The function f is defined by the boundary’ condition 
(0, t) = f(— at) = ult). 


f(z) = u(-+) : 
a(x, t) = u{ - A—t) aC -=) 


This function is defined, however, only for the region x — at <0 since p(t) 
is defined only for ¢ 20. In Figure 15 this region is shown as the shaded 
part of the phase plane. Now in order to determine (x, ¢) for all the values 


Then 


and therefore 


Lip 


FIG. 15. 


2-2. WAVE-PROPAGATION METHOD 51 


of the argument, we define p(¢) also for negative values of ¢ setting p(t) = 0 
for ¢<0. Then 


u(x,t) = aC -+) 
a 
is defined for all values of the argument and satisfies the homogeneous initial 
conditions. 
The sum of these and function (2-2.12) defined earlier represent the solu- 
tion of the first boundary-value problem for the homogeneous wave equation: 


s me xtat 
u(x, t) = glx + at) + ylx — at) +3, | Pada for t< *. 
2 2a },-at a 
i < xt+at 
= nC - =) sg OU Ey OG Ds, wel dade for t>—. 
a 2 2a at--x a 


(2-2.13) 

Analogously one can construct the solution of the second boundary-value 

problem. For the third boundary-value problem see page 61. We shall 

limit ourselves here to the solution of the boundary-value problem for the 

homogeneous wave equation. For the solution of the nonhomogeneous wave 
equation see page 61. 


5. Problems for a bounded interval 


We shall take now a bounded interval (0,/) as a basis and begin our 
investigation with the search for the solution of 
a ee 


which satisfies the boundary conditions 


(0, t) = plt) 


u(l, t) = pat) ’ 
and the initial conditions 


IV 
ro) 


u(x, 0) = g(x) eee 


U(x, 0) a f(x) ’ 


Moreover, we shall consider introducing the case of homogeneous bound- 
ary conditions 
w(O, 4) = u(l, t) =O. 


For these we shall seek the solution by means of the method of continua- 
tion. Hence we construct the expression (Ansatz) 


P(x + at) + P(x — at) 1 es 


u(x,t) = + —— Viadda, 
t 


2 2a 


where the functions ® and ¥ are still to be defined appropriately. First @ 
and ¥ are determined only for the interval (0, /) by the boundary conditions 


I-a@ 


u (x, 0) = P(x) = v(x) 


Bees 
(x, Q) = Y"(x) = f(x) ; 0 = x<l 
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In order that now @(x) and ¥ (x) satisfy the homogeneous boundary con- 
ditions, we require that ®(x) and ¥(x) be odd with respect to the point x = 0, 
x=1, 1.e., 


P(x) =— O(— x), P(x) =— &(21 — x) 
F(x) =— V(— x), W(x) =—¥(2l— x). 
From these equations it follows that 
O(x') = D(x’ + 21), (x’ =— x). 


A corresponding relation holds for ¥(x), i.e., ® and ¥ are periodic functions 
with a period of 21. 

Obviously the continuations of @(x) and ¥(x) are such that these func- 
tions will be odd and, moreover, periodic with respect to the origin of co- 
ordinates, and are defined on the entire straight line —o <x <oo. By in- 
troducing these continuations into formula (2-2.9) we obtain the solution of 
the problem. 

Figure 16 combines the x,¢ phase plane and the x,w plane, in which the 
initial displacement and its continuations are included. In the phase plane 
the shaded strips represent the regions in which the displacement is different 
from zero (see Figure 7). The plus or minus Signs in the strips indicate the 


signs (the phase) of the displacement (in the form of an isosceles triangle). 
With the aid of this figure one can easily illustrate the profile of the string 
at any arbitrary time ¢. Thus one can recognize at time ¢ = 2//a a displace- 
ment which coincides with the original displacement. The function z(x, ¢) 
is therefore a periodic function of ¢ with period T = 2//a. 

We shall now consider the propagation of the boundary effects. For this 
purpose we shall seek the solution of the equation 


2 
iit = Q@ lbyy 


with the homogeneous initial conditions 
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u(x, 0) = g(x) =0, u(x, 0) = d(x) = 0 


and the boundary conditions 


u(O, t) = p(t) re 
ull, t)=0. 
From the results of Section 4 it was shown that for ¢ < //a the function 
es x : Es w(t), ¢ > 0 
t)= ces a 
u(x, t) at =) with A(t) 0.4<0 


is a solution. This function, however, does not satisfy the boundary condition 


u(l, t) = 0 for tot. 
a 


The reflected wave which propagates to the left and at x =/ has a displace- 
ment of magnitude f(t — //a) is represented analytically by the equation 


a(t— =) = ft -2+4) 
a a a a 
The difference between the two waves, i.e., 
a(t-+)—a(t- 244) , 
a a a 


is then obviously a solution of the equation for ¢t < 2l/a. 
By repeating this process one obtains a solution in the form of the series 


u(x,t) = 5 a(t cies =) es a( in =) (2-2.14) 
n=0 n=1 


a a a a 


This contains only a finite number of terms distinct from zero since the 
argument with each new reflection about 2//a is decreased whereas j(t) = 0 
for t <0. That the boundary conditions are satisfied we prove directly when 
we Set x = 0 in (2-2.14). The summand for n»=0 of the first sum is then 
equal to p(t), whereas the remaining terms of the first and second sums are 
cancelled pairwise for equal x values. Thus x(0, ¢) = p(t). 

If we now replace x by » — l and vary accordingly the summation limits, 
then the first sum reads 


ae ys 21 — 
n-1 a 


a 
If we now set x =/, it can be seen directly that the summands of the first 


and second sums mutually cancel each other.” 
Formula (2-2.14) has a simple physical significance. First 


(2) 


12 The initial conditions can likewise be proven directly, since the arguments of all 
functions for ¢ = 0 are negative. 
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represents a wave caused by the effect of the boundary at x = 0, independent 
of the effect at the point x =/, as though it were an infinitely long string 
(0<x< oo), The remaining summands represent the successive reflections 
at the point x =/ (the second sum) and at the point x =0 (the first sum). 
Correspondingly, 
eae E a(t — (2n + 1) +4) —$ a(t— (2n + 1) +=) 
0 a a nal a 


no a 


is the solution of the homogeneous equation with homogeneous initial con- 
ditions w(x,0) = 0, z,(x,0) =O and the boundary conditions #(0,?) =0, (J, t) 
= p(t). Here we shall not go further into the uniqueness proof and the proof 
of the continuous dependence of the solution on the initial and boundary 
conditions. 


6. Wave dispersion 
We have seen that the equation 
Ue = A trs 


of propagating waves has solutions of arbitrary form. On the basis of the 
class of partial differential equations, we ask which wave solutions are of 
arbitrary form. We shall limit ourselves, therefore, to the consideration of 
linear differential equations of the second order with constant coefficients, 


QyUrxr + 22st + Gootter + bit, + bolte +cu=0. (2-2.15) 


Our problem thus consists of constructing relationships between the coefficients 
which guarantee that the differential equation will be solved by functions of 
the form 


u(x,t) = f(x — at), (2-2.16) 


where f represents an arbitrary function and a is a constant. 
By inserting (2-2.16) into (2-2.15) we obtain the linear differential equation 


f(x — at)[au, — 2ay.a + aya") + f'(x — at)[b, — ba) + cf(x — at) =0, 


that the wave profile must satisfy. For arbitrary f it is obviously solvable 
when all the coefficients are equal to zero: 


@y — 240 + aug =0 
5b, — ba =0 (2-2.17) 
c=0. 


If the differential equation for waves has solutions of arbitrary form then 
we speak of a lack of wave dispersion. For this, it is necessary and sufficient 
that the conditions (2-2.17) be satisfied. 

From the first relationship follows the wave velocity: 


2 
azn Vai, = 1422 
Qr2 
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Two velocities of wave propagation exist for hyperbolic differential 
equations (ai; — @11@.2 > 0); the requirement for the fulfillment of all three 
relations for both values of @ gives 


b,-—-b=c=—0. 


Consequently, a solution in the form of a propagating wave with two possible 
velocities exists only for an equation of the form 


QyUs, + 2G; ots + Mert =O. (2-2.18) 


If @2. #0 then (2-2.18) represents a wave equation in a moving coordinate 
system; that is, if we set 


S =x — rt ’ 7 = t ’ 
we obtain the equation 
(211 — 2Qi27 + Are r’ )utee + (2d,2— 2022 (ten + Q22Unn = 0, 


which for 7 = @,2/a2.. coincides with the equation of the vibrating string. 

In this case we have 

2 
Unn = A Uee 

with 

2 

Qin — Aa 
2 Qie _ 22 >0. 
Qr2 


For elliptic differential equations (ai: — @:;@.. < 0), waves with real velo- 
cities as solutions are not possible. For parabolic differential equations 
(ai2 — Q,; @22 = 0), Solutions in the form of waves with real velocities likewise 
are rejected. There is an exception in the case of Eq. (2-2.15), which de- 
generates into an ordinary differential equation. 

By taking into consideration that @.= VW@iy: Wan, @ = Q2/dn = Va/an, 
and c =0, as well as the relation @ = b,/b, = Va;,/a.., we obtain 


b = 
bux + bow, = ava Qi Us +V arte) : 
22 
The resulting equation can be written in the form 


(Vaz i ae a age sige Set ia (Vang Van a )u=0 


and is reduced to the ordinary differential equation 


du du b 
—=0, b= — 
dé? dé V a» 


when we introduce the new variables 
x=Vané, t=Vané+n. 


There also exists the relation 
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d —o — 6 
— = Q,,;— Qoo— 
d VA il ae + Van— 


at 


Consequently, in this case every arbitrary function of the variables 


V ai x 
— eA a t eres 
Vay a 
is a solution of the equation. Solutions in the form of propagating waves 
are thus possible for the simplest wave equations in a moving or nonmoving 
coordinate system. 
In physics the concept of wave dispersion is usually introduced some- 
what differently. 
Thus, consider a harmonic wave of the form 


nat 


u(x, t) _ geeks ; (*) 


where w is the frequency, k = 2z/2 is the wave number, and 2 is the wave 
length. 
The velocity with which the phase of the wave moves in space, 


a=ot—kx, 


is called the phase velocity and is obviously. equal to 


C= B 

One speaks of wave dispersion if the phase velocity of the harmonic wave 
is dependent on the frequency. 

An impulse or a signal of an arbitrary form can be represented by a 
superposition of harmonic waves of the form (*), that is, by a Fourier in- 
tegral. If the phase velocity depends on the frequency, the harmonic signals 
are displaced relative to each other so that a distorted signal appears. In 
this case the wave dispersion takes place in the sense of the definition on 
page 54. 

If the solution of the equation under consideration, which yields a wave 
of arbitrary form, can be inverted, the phase velocity can be determined from 
the first equation of (2-2.17) and thus does not depend on the frequency. 
The concept of wave dispersion in the sense of our definition therefore 
coincides with the property that the phase velocity depends on the frequency. 

We shall now determine the class of Eq. (2-2.15) which permit solutions 
in the form of damped waves 


u(x,t) = p(t) f(x — at), 


where p(t) is a function of ?¢. 
We shall substitute this expression into Eq. (2.2.15) to obtain 


Seta — 2€,2a+ Gz. ’) + T'((b = b,a)p + 212 — Are a)p"] 
+ f(cu’ + boy’ + any") =0. 


Since f is arbitrary, the coefficients of f’’, f’, and # must be equal to zero. 
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The function p(t) thus satisfies an ordinary differential equation with con- 
stant coefficients and has the form 

us eke. 
If we set the coefficients of the last equation equal to zero, then we obtain 
for the determination of a and & the relations 


Q;,; — 2€;,,€8 + an,a’* =0 
(b, — b,a) — 2R(a,. — ay2a) = 9 (2-2.19) 
Qok —bk+c=0. 


By elimination of a@ and k from (2-2.19) we obtain a condition for the compat- 
ibility of these three relations. The first equation shows that only the 
hyperbolic differential equation allows damped waves as solutions. The 
damping coefficient & is obtained from the second relation. Accordingly if 
we insert & into the third equation, we arrive at the following relation be- 
tween the coefficients: 


A(aie — Qy1Qe2)¢ + (41155 — 20,2b,b2 + Q22bi) =0. (2-2.20) 
If these are satisfied, solutions of the equation exist in the form of damped 


waves. 
Example: The ‘‘telegraphic’’ equation 


tex = CLus +(CR+ LG), + GRu (2-2.21) 


does not permit a propagating wave as a solution if G or R are different 
from zero. We shall investigate whether it has solutions in the form of 
damped waves. The velocity of the damped wave is given by the first equa- 
tion of (2-2.19), namely, 


1-—@CL=0. 
From the second equation, we obtain the damping coefficient 
k= CR+LIG 
2CL 


The condition for the validity of Eq. (2-2.19) reads: 


ACLGR — (CR + LG) =— (CR— LG) =0 
or 
CR=LG. 


If these are satisfied, the damped wave 
2 R G I 
Q=e fix — ea = ve 
u(x,t) =e “f(x—at), k Remarse a 


where f/f is an arbitrary function, is a solution of Eq. (2-2.15). 

That no damping of the wave occurs with propagation in a cable is of 
special importance in telephonic propagation over great distances. If the signal 
can be propagated undamped, then by a corresponding reinforcement an un- 
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distorted reproduction of the acoustical effect can be obtained. The wave 
dispersion which occurs encroaches on the purity of reception independent 
of the quality of the telephonic apparatus. The dispersion phenomenon has 
a corresponding significance for telegraphy over great distances. 


7. The integral equation for waves 


As the starting point for the derivation of the differential equation of 
waves, Eq. (2-1.3) was used as the basis for the conservation of momentum. 
In order to go from this integral equation to a differential equation we 
assume the function w(x,¢) to be twice differentiable. Every limitation on 
the class of functions under consideration naturally requires us to reject those 
functions which do not satisfy these requirements. Thus in going from the 
integral to the differential equation we exclude from consideration all of those 
functions which are not twice differentiable. 

To prove that a theory in the class of piecewise continuous differentiable 
functions can be developed, we start with the integral form of the wave 
equation 


20 / Ou Ou * Ou Ou ate 
ON ef Oe = — |) —( k— d Fdéd 2-2.22 
me at ). ( at ), Joa WIC ax ) ‘ ax ). . ae GSES Neve 


and cast it into the form 


| (oStax ey at) " | Pasar = (2-2.23) 
Cc at Ox a 
where G is the region of the x,t plane bounded by the piecewise smooth 
curve C. For a homogeneous medium this relation assumes the form 
| (Shae + at Star) + \| fdxdt=0, fa=~. (2-2.23") 
Ne\ at Ox G p 

If C is the contour of a rectangle whose sides are parallel to the coordinate 
axes, then formulas (2-2.22) and (2-2.23) coincide. If C consists only of seg- 
ments parallel to the coordinate axes, then G can be written as the sum of 
rectangles. If we sum the boundary integral which corresponds to individual 
summands, we see that the summands belonging to the interior boundaries 
mutually cancel each other, since the sense of integration in each case is 
taken in the opposite sense. The remaining summands yield formula (2-2.23) 
directly. Further, C now contains an arc C which is not parallel to the axes 
on which the integrand has no point of discontinuity. Then in the plane 
we construct a system of squares with parallel axes and consider the set G* 
of squares of the net which have a point in common with G. Let C* be 
the boundary of G*. In G*, formula (2-2.23) is applicable. Finally, if we 
make an unlimited refinement of the net, then formula (2-2.23) holds exactly 
for the boundary curve C. . 

If we apply formula (2-2.23) to G* then the first summand consists of 
summands of the form 
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: Ox, thdx or | Ox, t)dt , 
C, Ch 
where (x, ¢) is a continuous function and C, is the arc of the boundary C™, 
which approximates C (Figure 17). 

Let ¢ =¢,(x) be the equation of C, and ¢ =¢(x) be the equation of C. 
Obviously then ¢,(x) converges uniformly towards ¢t(x) and we can write 


b b 
lim | P[x, t,(x)|dx = | O[x, t(x)]dx , 
whereby passage to the limit is proven.” 

If there exists an arc C on which functions to be integrated have dis- 
continuities, then formula (2-2.23) remains valid when we take for the value 
of the integrand its limit value as we approach the curve C from the interior 
of the region G. With this observation, the representation of (2-2.22) in the 
form of (2-2.23) also has been completely proven for this case. 


t 


rT] sie] 
| LAT | ft 
“HoH 
Hoe EH 
Pe, Aa eas 
“lPrt Cee x, 
a7 aneyeneee 
ae ea 
3 Sr 
hele be belesTede ed: <i A B x 
a b x-of x+of 
FIG. 17. FIG. 18. 


We shall consider now the following problems: 
Find a piecewise smooth function w(x, ¢) defined on —co < x <oo and which 
satisfies the equation 
| (Shas + ae at) a \\ f(x, thdxdt = 0 (2-2.23’) 
fod at Ox Ga 
and the initial conditions 
uw (x, 0) = g(x) 
u(x, 0) = P(x). 


Solution: Let g(x) be piecewise smooth and ¢(x) and f(x, t) be piecewise con- 
tinuous. C is an arbitrary piecewise smooth curve which lies in the region 
t>0. We shall prove that this problem has a single solution which can 
also be determined by the D’Alembert formula. 

Let us assume that the function w(x,t) is a solution of our problem. 
Then we shall consider the triangle ABM, whose base lies on the x axis, 


13 Since dz = 0 at the vertical parts of the polygonal arc Cn, t = tn(z) represents 
in this formula the equation of a horizontal part of the polygonal arc C,. 
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whose upper vertex is the point M(x, t), and whose remaining sides have been 
formed from the corresponding segments of the characteristics « — at = const. 
and x + at=const. (Figure 18). Within this triangle we apply formula 
(2-2.23’). Since along AM the relation dx/dt =a is valid, it follows that 


Ou 20u 4,  —( Ou Ou = 
ry dx +a art = af 1 dt + ax dx) = adu. 
Along MB, by contrast, dx/dt =—a is valid; we obtain, therefore, 
Ou 2 OU ou ou 
— — dt =—a|(— — =—adu. 
ap ok + aaa a (Stat + Har) adu 


Consequently, the integrand along the characteristics is a total differential, 
and by integration along BM and MA we immediately obtain 


( Ot ge a at) = alu(M) = WBN 
B ot Ox 


|" (Spax + at Sat) = a[u(A) — u(M)). 
a\ dt Ox 


Formula (2-2.23’) thus reads 


uM) = 4B) + (A) +52 \ hax +5r\| aede 
ABM 


2 2a }, at Z 
or 
bss rtat t rtal(t—7) 
2 2a x—at 2a So x-a (t-7) 


(2-2.24) 


Consequently, the existence of a solution to our problem proves it is uniquely 
determined by the initial conditions. In the case of a homogeneous equation 
(f = 0), Eq. (2-2.24) coincides with the D’Alembert formula. 

As one easily confirms, every function of the form 


t xta(t-7) 
u(x,t) = filx + at) + folx — at) +{ ae PAG, rid , 
GQ x--a (t—T) 
where /,, f. are piecewise smooth and f; is piecewise continuous, satisfies Eq. 
(2-2.22) and therefore also Eq. (2-2.23). The solutions of the problems con- 
sidered as examples in §2-4 are piecewise 
smooth functions and thus are accounted for ft 
by the above theory. 

We shall now turn to the first boundary- 
value problem for the semi-infinite line and 
seek a solution of Eq. (2-2.23) at a point 
M (x,t) for t > x/a, since in the region ¢t < x/a 
(outside the characteristic x = at) the influ- x 
ence of the boundary conditions still does not 
enter into the phenomenon and the solution FIG. 19. 
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there is defined by formula (2-2.24). First we apply formula (2-2.23) to the 
quadrangle MAA’B. Here MA, MB, and AA’ are segments of the charac- 
teristics (Figure 19). By integration along MA, MB, and AA’ we obtain 


2au(M) = 2au(A) + au(B) — au(A’) + |" cL +\\ fdaxdt. 
A’ at MAA'B 


If we insert the coordinates of M, A,B, and A’ there finally results 


u(x, t) = n(0, = =) pe Cea cian Lead) 


rtat t xtalt—7) 
i a (#) dx +3, ac| fle, o)dé 
t=0 


2a at—x at 2a 0 |x—a (t—r)| 


or 


u(x,t) = p(t =) 4 Pere ern | wee 
a 2a 


2 at—x 
1 t xta(t—-r) Xx 
+ oa ae| T(E, c)dé , t>—., (2-2.25) 
2a 3o |x—a (t—7)] a 


For f=0, this formula, as is easily seen, coincides with formula (2-2.13). 
Similarly, one obtains the solution of the second boundary-value problem, 
as well as the solution of problems for a bounded interval. 

For the investigation of the first boundary-value problem we saw pre- 
scribing both the initial conditions 


w(x,0) = (x), u(x, 0) = P(x) 
and the boundary condition 
u(0, t) = p(t) 


was sufficient for the complete determination of the solution. Hence it follows 
that a relation must exist which connects the functions 9, ¢, p,» with v(t) = 
(0, t). If we differentiate (2-2.25) with respect to x and set x =0, we get 


u(t) = = (gat) —.{2!(t) — ag'(at))} , (2-2.26) 


where for simplicity we have set f=0. With the relation (2-2.26), for ex- 
ample, the third boundary-value problem can be reduced to the first. 


8. Distribution of the points of discontinuity along the charac- 
teristics 

In the following, we will be concerned with the points of discontinuity 

of the first kind in the derivatives of the solution of Eq. (2-2.23). We shall 


prove that the points of discontinuity of a function u(x, ¢), which is a solution 
of (2-2.23), can only lie along the characteristics 


x — at = const. x + at = const. 
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Let us assume that a differentiable curve 
x = x(t) 


exists, on which the derivative of the con- 
tinuous piecewise smooth function  z(x, f) 
possesses a point of discontinuity. For con- 
venience of calculation we shall assume x(?) 
to be a monotone increasing function. Then 
we apply formula (2-2.23’) to the quadrangle 
FIG. 20. ABCD (Figure 20): 


ou 2 Ou ) | (+ 2 m ) _ 
—d —dt —dx+a or =0 
icit at ae Ox = po: cn\ ot 


and also along the curvilinear triangle 4, = BAD and 4, = BDC: 


Ou ou Ou 
ON ae i gt tat) + [, (Str +0 a MY at =0, 
| CG at B ot Ox 


at Ou ou 
Lay Paar tat) — | (= 4g? St) dt = Gj, 
leat ot eas pa\ ot Bese Ox 


where the parentheses ( ), and ( ), will indicate that the corresponding limit 
values are taken from the interior of 4, or 4, respectively. By subtraction 
of the first equation from the sum of the last two equations we obtain 


Ou , 2 Ou ou, 2 Ou 
ee et Pasi =0 
ottae® +45), - (Gre + ap) hat 


or, since DB was chosen arbitrarily, 
[ee ey a| | = 4 (2-2.27) 


The square brackets indicate here, as is usual, the magnitude of the jump 
of the function, i.e., 


Laie six: 


We now form the derivative of the function z(x,t) with respect to t 


d — (OU 7s (ou a 
qttetth, 0 = (Ge) a + (SE), peg 


Therefore, we can choose both the value of the derivatives and the limit 
values corresponding to 4, and 4, (taken from the interior). The difference 
of the right sides for i=1 and 7=2 is 


(]+-(2)- 
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If we equate this equation with (2-2.27) and assume at least one of the jumps 
[du/at}, [du/dx] to be different from zero, we see that both equations are simul- 
taneously satisfied if the determinant of the system vanishes: 


or 
x = tat + const. 


Consequently the points of discontinuity of the derivatives of a function 
u(x,t) which is a solution of the wave equation lie along the characteristics. 


Problems 


1. Construct a profile of a string at different times for the following cases: 
(a) The unbounded string 
7 (1) The initial velocity is equal to zero [¢(x) 
= 0], while the initial profile of the string is 
given as in Figure 21. 
(2) The initial displacement is equal to zero 
x while the initial velocity of an element (x,, x2) 
a *2 of the string possesses a constant value u;(x, 0) 
FIG. 21. and outside of the latter is equal to zero. 
(3) The initial conditions have the form 


g(x) = 0; f(x) =0 forx<c 
= Seale — x) for c <x < 2c 
=0) for x > 2c. 


(b) The one-sided bounded string 
(4) The initial velocity is equal to zero [¢(x) = 0} while the initial dis- 
placement has the form of the triangle given in Figure 21]. One end 
of the string is assumed to be fixed. 
(5) As in (4), but for a free end x =0. 
(6) The initial conditions read 


g(x) =0, p(x) =0 forO<x<e 
= ¢ = const. for ¢c <x < 2c 
= 0 for x > 2c 


and the end x = 0 is assumed to be fixed. 
(7) As in (6), but again fora freeend x =0. The string profile is in- 
dicated for all the problems (1) through (7) at the times 


64 HYPERBOLIC DIFFERENTIAL EQUATIONS 


They are in the x,¢ phase plane, which is interpreted for the zones 

corresponding to the different states. 
2. Find the solution of 1(1) for all values of x and ¢ (thus the formula 
representing z(x,¢) which differs for the different zones of the phase plane). 
3. Determine the displacement ata point (xo, ¢)) by using the x, ¢ phase plane 
and the x, uw plane in which (Figure 21) an initial displacement (¢ = 0) is given 
for an unbounded string and also for a semi-infinite string with a fixed (or 
a free) end. 
4. At one end of a long cylindrical tube filled with gas there is a piston 
which moves according to an arbitrary law x = f(t) with the velocity v= 
f'(t) <a. The initial displacement and the initial velocity of the gas particles 
are equal to zero. Find the displacement of the gas at the plane with co- 
ordinate x. In this case assume that the piston moves with a constant velocity 
c <a. What can be said about the solution of the problem if the piston at 
a certain time has a velocity v > a? 
5. A wave u(x,t) = f(x — at) propagates along an unbounded string. Choose 
the condition of the string at the time ¢ = 0 as the initial condition and then 
solve the wave equation with the corresponding initial conditions; compare 
with problem 1(1). 
6. By joining two elastic rods with the characteristics 


ki, 01, Q= Ra for x <0 
P1 

ko, Po, Q,>= Ro for x >0 
Po 


at point x = 0, an elastic infinitely long rod is obtained. 
(a) In the region x <0 a wave 


u(x,t) = i(: -=) 


a 


is prescribed where f/f is the given function. Find the reflection and trans- 
mission coefficients that are due to the passage of the wave at the boundary 
(x =0). Investigate the conditions under which no reflection of the wave 
occurs. 

(b) Solve the corresponding problem when the local initial displacement 


u(x,0) =0 forx <x, 
= (x) for 2, < 2 <= 4.< 0 
=0 for x > x2 
is given and the initial velocity is equal to zero. 


7. At any point x =x, of a string hangs a weight of mass M, and in the 
region x < 0 the wave 


u(x, t) = s(! = ~) 


a: 


is prescribed. Determine the transmission and the reflection of the wave. 
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8. At one end (x = 0) of a semi-infinite tube (x > 0) filled with an ideal gas, 
there is a freely moving piston of mass M. At time ¢ =0 the piston acquires 
an initial velocity vp by an impulse. Find the path of the wave propagation 
in the gas when it is known that the initial displacement and the initial 
velocity of the gas particles are equal to zero. Consider the solution of the 
wave equation for « > 0. Also use the boundary condition 


Mu,z.(0, t) = Srpou.(0, t) , 


where fp,» is the initial gas pressure, S is the area of the cross section of 
the tube, y= c,/c,, and the initial conditions at the boundary are x(0, 0) = 


0, (0, 0) = 0. 
Solution: 
_ aMvo (ypgS/Ma2)(x—at) 
Me) git . } for x—at <0 
TPo 
u(x,t) =0 for x—at>0O. 


9. An infinite string, which at point x =0 has a concentrated mass M, is 
in a state of equilibrium. At the initial moment ¢ = 0, the center of gravity 
of the mass M acquires by an impulse an initial velocity v,.. Prove that the 
string at time ¢ > 0 has the form shown in Figure 22 where u,(x, ¢) and u(x, ?t) 
are defined by 


Mav, ite g(2P/Mad)(x—at)} 


for x —at <0 


direct wave: 2T 
= 0 for x —at>0 
u(x, t) = Mawes, = g7 (BT / Mal) (x4at)) for x —at <0 
reflected wave: 2T 
= 0 for x -—at>0O. 


Use the conditions 


a2, 


2 : al 
a (0, #) = Mae i276 jS7 


at? Ox Ox. 


M. (0, ¢). 


10. Solve the problem of the propagation of electrical vibrations in an un- 
bounded conductor with the condition 


Learn sS 
C= Ly 
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and with arbitrary initial conditions. 
Solution: 


v(x, t) =e /"To(x — at) + ox + at)] 
it) = Vf Se glx — at) — px + at)]. 
If 
(2,0) =S(e) itz, 0) = p/n), 


then the following holds: 


g(x) = Lea) + Ee) wx) = LOA 


11. Find the solution of the integral wave equation for a Semi-infinite string 
when the boundary conditions prescribed are of the third kind. 

12. A membrane is fastened at the end x = 0 of a semi-infinite spring. It 
is undergoing resistance due to the longitudinal vibrations of the spring and 
is proportional to the velocity u,(0,¢). Investigate the course of vibrations 
if the initial displacement is known and 2,(x, 0) = ¢(x) = 0. 
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1. The free vibrations of a string 


The method of Separation of variables, also called the Fourier method, 
is one of the best-known methods for the solution of partial differential equa- 
tions. We shall investigate this method using as an example the vibrations 
of a string fastened at both ends. We shall discuss the problem in detail 
and then refer to the investigations which follow without repeating the in- 
dividual proofs. 

First, we seek a solution of the equation 


tee = Dix, (2-3.1) 
which satisfies the homogeneous boundary conditions 
u(0,t)=0, “ij =0, (2-3.2) 
and the initial conditions 
u(x, 0) = g(x), u(x, 0) = P(x). (2-3.3) 


The differential Eq. (2-3.1) is linear and homogeneous. Hence the sum of 
individual solutions again is a solution of this equation. Accordingly, when 
we have a sufficient number of individual solutions, the desired solution is 
obtained by summing the individual solutions when each solution is multi- 
plied by a suitable coefficient. : 
For this purpose we shall consider the following fundamental lemma: 
Find a solution of (2-3.1), which does not vanish identically, which satisfies 
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the homogeneous boundary conditions (2-3.2), and which is represented in the 
form of a product 


u(x,t) = X(x)T(t), (2-3.4) 


where X(x) is a function of x alone and T(f) is a function of ¢ alone. 
By inserting expression (2-3.4) into Eq. (2-3.1) we obtain 


X"T = 4T''X (2-3.5) 


or, after dividing by XT, 


X""(x) ay T(t) 


X (x) a T(t) 


Thus, if the function defined by (2-3.4) is a solution of (2-3.1), Eqs. (2-3.5) 
and (2-3.6) must be identical, i.e., for all values of x, such that O< x </,t>0. 
The right side of (2-3.6) is a function of ¢ alone, while the left side is de- 
pendent only on x. If, for example, x is fixed and ¢ changes (or conversely), 
we see that the right and the left sides of (2-3.6), for changes in their argu- 
ments, remain constant: 


(2-3.6) 


X""(x) aw Va es) —_ : 7 
Age a LG) e oa 


where & is a constant which for the following investigations is appropriately 
marked with a minus sign. Nothing will be assumed about the sign of 2. 

From the relation (2-3.7) we then obtain for the determination of X (x) 
and 7(¢) the ordinary differential equations 


X""(x) + AX (x) = 0 (2-3.8) 
T(t) + @AT(t) = 0. (2-3.9) 
The boundary conditions (2-3.2) yield 
u(0, t) = X(0)T(t) = 0 
u(l, t) = X(1)T(t) =0. 
Hence it follows that X(x) must satisfy the auxiliary conditions 
X(0) = X(1) =0 (2-3.10) 
while in particular if 
T(t) =0 and u(x,t) =0 


we could still find a nontrivial solution. For T(t), no auxiliary conditions 
are prescribed. 

Consequently we are led to the relation for the determination of the 
function X(x) for the simplest eigenvalue problem: 

Determine the values of 4 for which a nontrivial solution of the problem 


X"+ax=0, X(0) = X(l) = 0 (2-3.11) 


exists and find the corresponding solutions. The 4 value for which a solution 
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exists is called an eigenvalue, and the corresponding solutions are called 
eigenfunctions. The problem just formulated is a special case of a Sturm- 
Liouville eigenvalue problem. 
In the following considerations we will distinguish between three cases: 
1. For 2 <0, the problem possesses no nontrivial solution. The general 
solution of this equation has the form 


Xe) SC" Cie =, 

while the boundary conditions are 

X(0)=C,+C,=0, 

XD=Ce*+Ce*=0, a=lY—a, 
i.e., 
C,=-C, and C,(e*—e*)=0. 

Since now a@ for 4 < 0 is real and positive, we have e*? —e* #0. Thus 

C,= 0, C, =0 
and 

A(x)=0O0. ; 


2. For 2=0 likewise, no nontrivial solutions exist, since here the general 
solution is 


X(x)=axt+b, 
while the boundary conditions are 
X (0) = [ax + b],-5=5=0, 
X(l)=al=0, 
j.e., @2=0 and 6=0; thus 
X(x)=0. 


3. For 24> 0, the general solution possesses imaginary exponents and 
therefore can be represented in the form 


X (x) = D, cos Vax + D,sin Vax. 
The boundary conditions are 
X(0) = D, =0 
X(1) = D,sin Val =0. 
If X(x) does not vanish identically, then D, # 0 so that 
sin /al = 0 (2-3.12) 


or 
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where # is an arbitrary integer. A nontrivial solution is therefore possible 
only for the values 


These eigenvalues correspond to the eigenfunctions 
Xx) = D,sin ee 


Hence for those values of 2 which equal 
2 
ee (=) (2-3.13) 


there exist only the nontrivial solutions 


X,(x) = sin ape , (2.3.14) 


which, except for arbitrary factors which we have set equal to unity in (2-3.14) 
throughout, are determined uniquely. The solutions of Eq. (2-3.9) corre- 
sponding to these 4 values are 
T(t) = A, cos rat + B, sin “rat ; (2-3.15) 
where A, and B, are coefficients yet to be defined. 
With regard to the three problems above, we know that the functions 


0, b) = AX) = (4. cos “rat + B, sin Fat) sin pe (2-3.16) 


are specific solutions of Eq. (2-3.1) which satisfy the boundary conditions 
(2-3.2). They can be described by (2-3.4) as the product of two functions, of 
which one is dependent only on x and the other only on ¢. These solutions 
must satisfy the initial conditions (2-3.3) of our original problem only for 
prescribed functions g(x) and ¢(x). 

We turn now to the solution of the problem in the general case. Because 
of the linearity and homogeneity of (2-3.1) the sum of the particular solutions 


u(x,t) = 5 u(x,t) = 5 (Ax cos tat + B, sin Fat) sin eae (2-3.17) 
n-1 


n=l l 
if it converges and is twice differentiable with respect to x and ¢, term by 
term, likewise satisfies this equation and the boundary conditions (2-3.2). 
We shall treat this question in greater detail later (See Section 2-3 §3). The 
initial conditions yield 
u(x, 0) = o(x) = ¥ u(x, 0) = ¥ A,sin Mx 
me et (2-3.18) 
a) 


u(x, 0) = $(x) =3 ae (x, 0) = 5 “PaB,sin yet , 
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From the theory of Fourier series it is now known that an arbitrary piece- 
wise continuous and piecewise differentiable function f(x), which is defined 
in an interval 0 < x </, can be developed in a Fourier series 


I(x) =5 b, Sin apt (2-3.19) 
where‘ 
= valu (€) sin reds . (2-3.20) 
If g(x) and ¢(x) can be developed in a Fourier series, we obtain 
g(x) = Dae sin are i Pe = al ¢(&) sin rede ‘ (2-3.21) 
d(x) = par sin ee i p= 2{ d(€) sin ade . (2-3.22) 


Comparison of these series with Eq. (2-3.18) shows that in order to satisfy 
the initial equations we must set 


eae, Rie (2-3.23) 
TNA 


Hence the function (2-3.17) which gives the solution to the problem under 
consideration is defined completely. 

The solution can be determined in the form of an infinite series (2-3.17). 
If, however, series (2-3.17) diverges or the function determined by this series 
is not differentiable, then, of course, it is not the solution of our differential 
equation. 

We shall limit ourselves at this point to the formal construction of the 
solution. The conditions under which the series (2-3.17) converges and rep- 
resents a solution will be investigated in Section (2-3.3). 


14 Usually one considers the periodic functions of period 21 


F(x) = ae + > (a. cos any + bn sin" 2) ; 
2 n=1 l l 


1 ce 1 
an =+| FO cos ede, b= F(é)sin— rates 


If F(x) is odd then a, = 0; thus 
F(x) = y bn sin e, 
n=l 
1 ce ‘ : 2 
ba = al F(é)sin ede -—|. F(é)sin a” ede. 
Ll j-1 l L So l 


If F(x) is defined only in an interval (0,1) then F(x) can be continued oddly and developed 
in the interval from —1 to +l. This then leads to formulas (2-3.19) and (2-3.20). 
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2. Interpretation of the solution 


We shall turn now to the interpretation of the solution obtained. The 
function u,(x, f) can be written in the form 


Un(x,t) = (4, cos “rat + B, sin at) sin ae 


= a, COS arate + 6,) sin Bras (2-3.24) 

with 
EY sor mn a B, 3 
an = V Ae = Bay Seer 7 ts =—arctg ri (2-3.25) 


Each point x, of the string describes a harmonic vibration 


mn 
0 
l 


Un(Xo,t) = An COS att + 6,) Sin 
with the amplitude 
. 71H 
a, SiN ——Xp. 


Each such motion of a string is designated as a standing wave. The point 


x= mi(l/n), where m= 1,2,-:-,n—1, in which sin (xn/l)x = 0, remains fixed 
in the course of the entire process and is called a node of the standing wave. 
By contrast the point x = (2m-+ 1)/2n, where m2 =0,1,-+-,2#2—1, in which 


Sin (xn/l)x = +1, vibrates with the maximum amplitude a,. One designates 
this as the maximum of the standing wave. 
The profile of the standing wave is described for arbitrary ¢ by 


u,(x,t) = C,(t) sin ate ; 


Thus 


C,(t) = acos oy l(t + On) : oO, = a 


When cosa,(?+6,)=+1 at the time ¢, the displacement reaches its maxi- 
mum value when the velocity equals zero. By contrast the displacement for 
those ¢ values for which cosw,(t+6,)=0 is valid equals zero but the 
velocity is maximum. The frequencies of vibration of all points of the string 
coincide and have the values 


Wigs 4 (2-3.26) 


The frequencies w, are called the eigenfrequencies of the vibrating string. 
For a transverse vibrating string a” = T/p, and accordingly 


ie sa /T (2-3.27) 
LY e 
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The energy of the mth standing wave (the mth harmonic) for a transverse 
vibrating string equals 


1 a un \* Otln \” 
E,=— “ T( — x 
Aide a Gal 
t 


2 2 

= al [ sin’ w,(f + 6,) sin” ar + r(**) cos’ w,(t + 5,) cos” he lax 
0 

2 2 

= Fp en sin’ w,(f + 6,) + 7(=#) cos’ w,(t +54) (2-3.28) 
and 
| sine iedx = | cos? xdx = + 
0 l 0 1 2 ; 


By using the expressions for am and w, as well as the relation T = a’p, we 
obtain 


2 2 2 
E, = 28a) = iy. Ast Be (2-3.29) 
4 4 : 
with M = lp, the mass of the string. 

The vibrations of a string can usually be observed acoustically. Without 
going into the process of wave propagation in air and the observation of 
sound vibrations by ear we can say that the acoustical effect of a string is 
composed of simple tones. The splitting into simple tones is not only a 
mathematical operation; it can also be observed with the help of resonators. 

The pitch of a tone depends on the frequency of the vibration corre- 
sponding to this tone. The strength of the tone, by contrast, is dependent 
on itS energy, i.e. on its amplitude. The lowest tone which the string pro- 
duces is determined by the lowest natural frequency, w; = (x/1)\(V Tip), and is 
called the basic tone of the string. The rest of the tones whose frequencies 
are multiples of w, are called overtones of the string. The tone color, finally, 
is obtained from the presence of the overtones in addition to the basic tone 
and the distribution of the energy of the individual overtones. 

The lowest tone of a string and its tone color are dependent on the ex- 
citation of the string. The type of excitation is defined namely by the initial 
conditions 


u(x, 0) = g(x), u(x, 0) = P(x), (2-3.3) 


and these determine in turn the coefficients A, and B,. If A, = B, =0, the 
lowest tone is that one which corresponds to the frequency w, where » is 
the smallest number for which A, or #8, is different from zero. 

Usually a string produces one and the same tone. In order to under- 
stand this, we start a string vibrating by striking it on one side, and neglect 
the initial velocity. Then 


u(x,0)=0, u(x, 0) = g(x) > 0 


and 
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l 
A, =+| o(é) sin Sede > 0 


because 
sin ras > 0. 


The resulting coefficients are generally significantly smaller than A,, 
since the function sin (zm/l)€ for 2 = 2 changes its sign. If g(x) is in parti- 
cular symmetrical with respect to the center of the interval, then A,=0. 

Consequently the lowest tone of a string which is set to vibrating by 
one-sided impulses, g(x) > 0, is just that tone whose energy is in general larger 
than the energies of the other harmonics. 

A string can also execute other types of vibration. For example, if the 
function g(x), occurring in the initial conditions with respect to the center 
of the interval, is odd, then 


A, = 0 ’ 
and the lowest tone corresponding to the frequency 
oO=a,= ci rT 
p 


is obtained. If a tuning string is contacted exactly in the middle, then it 
vibrates an octave higher than its natural tone with changing tone color. 
This type of tone conversion is often used in playing violins, guitars, and 
other string instruments. The tones thus produced are called flageolet tones. 
From the standpoint of the theory of a vibrating string this phenomenon is 
completely understandable. At the moment in which the string touches ex- 
actly in the middle, those standing waves having displacement at this point 
are extinguished, and only those waves remain which possess a node at the 
point of contact. Thus, only the even harmonics remain, so that the lowest 
frequency is 


2x [TT 
“, =— 


p « 

If the string (0, /) is touched at the point x = 21/3, it increases the pitch of 
the basic tones threefold, since here only those harmonics whose nodes lie 
at the point x = 21/3 remain. The formula 


ee a ae eee) jt (2-3.30) 

p p On T 
for the frequency or the period of the basic vibration explains the following 
rules which were first found experimentally. (1) For strings of uniform 
density and uniform tension, the vibration period is proportional to the 
length of the string. (2) In a prescribed length of string, the period is 
inversely proportional to the square root of the tension. (3) For prescribed 
lengths and tension, the period is proportional to the square root of the linear 
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density of the string. These three can be easily demonstrated in a monocord. 

In this section the existence of standing waves by the vibrations of a 
string with fixed ends is demonstrated. It must still be mentioned that the 
existence of solutions of the form 


u(x,t) = X(x)T (t) 


is equivalent to the existence of standing waves, since the profiles of such 
a solution at different times are proportional to each other. 


3. Description of arbitrary vibrations by superposition of stand- 


ing waves 


Earlier, in Section 2-3§1, we treated the free vibrations of a string fixed 
at the ends. There we proved the existence of special solutions in the form 
of standing waves and presented a formal scheme for the representation of 
an arbitrary vibration as an infinite sum of the standing waves. We shall 
prove in this section that such a representation is possible. First of all, a 
generalization of the superposition principle, known for finite sums, will be 
applied to infinite series. 

Let L(t) be a linear differential operator. This means that L(wz), that is, 
L applied to a function uw, is equal to the sum of the corresponding deriva- 
tives of the function « with coefficients which are independent of «. There- 
fore, both ordinary as Well as partial derivatives are admissible. 


Lemma (generalized superposition principal): If the functions #; (i= 1,2, +--+) 
are separately solutions of a linear and homogeneous differential equation 


oo 


L(w) = 0, then the series «= > Cu; is likewise a solution of the differential 
i] 


ass. 


equation, provided the derivatives of # appearing in L(#) can be differentiated 


termwise. 
Thus, if the derivatives of « occurring in L(«#) =0 can be differentiated 


termwise, we have 
ann - . C, Oy tli 
1 


axtale a. Ox Or 
and because of the linearity of the equation we can write 
Lu) = L(S Cas) = 3 CiLtui) = 0, 
tol tol 


since a convergent series can be added termwise. Ilence it is shown that z 
satisfies the differential equation. As a sufficient condition for the termwise 
differentiability, we shall use the uniform convergence of the series’® 


= O"u; 
aaa ; (2-3.31) 


We return now to our boundary-value problem. First we have to prove 
the continuity of the function 


18 See V.I. Smirnov, Textbook of Higher Mathematics, 2d ed., Part II, Berlin, 1958. 
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u(x,t) = Salt, t)= 3 (A. cos <rat + B, sin “at sin a . (2-3.32) 
From this it then follows that u(x, ¢) depends continuously on the correspond- 
ing initial and boundary conditions. Here it is sufficient to prove the uniform 
convergence of the series which represents the function w(x, ?¢), since the 
general term of the series is a continuous function, and a uniformly conver- 
gent series of continuous functions represents a continuous function. There- 
fore we can proceed as follows: From the well-known inequality 


[ttalx, €).| S| Awl +1 Bal 


we conclude that the series 


2 fl A,| +| Bal) (2-3.33) 
is a majorant of the series (2-3.32). If the series (2-3.33) converges, then the 
series (2-3.32) converges uniformly, and u(x, ¢) is continuous. 

Furthermore, in order to see that w,(x,¢) depends continuously on the 
initial conditions, the continuity of this function must be demonstrated; there- 
fore, it is sufficient to prove the uniform convergence of the series 


u(x, t)~ y OUn, = 5 a(- A, Sin La ee B, Cos at) sin at, (2-3.34) 
n=l at n=l I 1 l I 


or the simple convergence of the majorant series 


En) Anl + Bal). (2-3.35) 


Finally, in order to show that the function w(x,?) is an integral of the 
differential equation, it is sufficient to show by the use of the generalized 
superposition principle that the scries representing u(x, ¢) is twice differenti- 
able termwise, which suffices for the proof of the uniform convergence of 
the series 


a2 2 

- OU T - 2 mn . an . an 
mam™ ~ ——({— An Se B, — at )sin — 
u 2 ax (7) zn cos at + B, sin j ) in —* 


o a2 ee 
Un~ > gs --(F) >» n'( An cos 2” at + B,sin = at) sin x | 
; 1 n=l l l l 
This corresponds within constant factors to the common majorant 
Yn (| An| +1 Bal). (2-3.36) 
n=1 


Since 


Ag = Gn B, = Yn s 


where 
t t 
eX +\ g(x) sin TP vdx, Yn = + f(x) sin xdx , 
l jo l L Jo l 
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our problem is solved, as soon as the convergence of the series 


T n'ont, k= 0,1,2 
a (2-3.37) 


Seidls Ke LO- 1 
n=l 


is demonstrated. 

To demonstrate the convergence of (2-3.37) we use some well-known pro- 
perties of Fourier series.’® 

If a periodic function / (x) with period 2/ possesses continuous derivatives 
up to and including the Ath order, while the (k + 1)th derivative is only 
piecewise continuous, then the series 


E n'(| an! + 1 ba) (2-3.38) 


n 


converges, where a, and 6, are the Fourier coefficients. If we are dealing 
with development of a function f(x), which is given only in the interval 
(0,7), in a series with respect to the functions in sin (z/l)x, we require that 
the conditions stated above hold for the odd continuation F(x) of the func- 
tion f(x) in order to guarantee the convergence of this series. Further for 
the continuity of F(x) it is necessary that (0) =0, since otherwise a dis- 
continuity in the odd continuation would appear at the point x = 0; accord- 
ingly, f(/) must also equal zero at the point x =/, since the continued func- 
tion is continuous and has a period equal to 2/. The continuity of the first 
derivative at x =0, x =J, follows automatically for the odd continuation. 
In general, we must require that the even derivatives of the continued func- 
tion satisfy 

FPO =Sf"H=0, k=0,2,4,--+,2n, (2-3.39) 


while for the continuity of the odd derivatives no auxiliary conditions are 
imposed. 
For the convergence of the series 


Tatigal,  &=0,1,2 


it is sufficient to require that the initial displacement g(x) satisfy the follow- 
ing requirements: 

Condition 1. The derivatives of g(x) are continuous up to and including 
the second order, the third derivative is piecewise continuous, and moreover 


g(0) = o(/) = 0, yg (0) = (1) =0. (2-3.40) 


For the convergence of the series 
Tn'ignl, k&=—1,0,1 
n=1 


we require that the initial velocity ¢(x) satisfy: 


16 Jbid., cf. footnote 14, 
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Condition 2. The function (x) is continuously differentiable and possesses 
a piecewise continuous second derivative, and 


g(0) = Yl) = 0. (2-3.41) 


In summary, we have demonstrated that an arbitrary wave u(x, ¢) can be 
represented by the superposition of standing waves if the functions g(x) and 
g(x) occurring in the initial conditions satisfy Conditions 1 and 2. Conditions 
1 and 2 are sufficient for the method of proof used here. 

An analogous problem was solved in Section 2-2§5 with the help of the 
method of wave propagation, and the solution was given by 


Wia)da, (2-3.42) 


Ss, 7 x4at 
ee (x — at) + Ox + at) 5: oe 


Z 


x al 


where # and ¥ are the odd continuations with respect to 0 and 7 of the 
prescribed initial funetions (x) and ¢(x) defined in the interval (0,2). The 
functions % and ¥ are, as shown, periodic functions of period 2/ and there- 
fore can be represented by the series 


P(x) = 2 Yr sin = ; Y(x)= ¥ by sin —x , 


where yg, and ¢, are respectively the [ourter coefficients of the functions 
g(x) and g(x). By insertion of this series in (2-3.42) we obtain, with the aid 
of the corresponding addition theorem for the trigonometric functions, 


u(x,t) = 5 (v. cos al + ae y. sin hat) sin SSL ‘ (2-3.43) 
| l THC l l 


which is exactly the representation given by the method of separation of 
variables. 
Formula (2-3.43) therefore ts valid under the same assumptions as (2-3.42) 
(see Section 2-3§1), which was derived under the conditions that #(x) is twice 
and ¥(x) is once continuously differentiable, 
With regard to the functions g(x) and ¢(x), besides the differentiability 
conditions we still require that the following be satisfied: 


PD =—PpHY=0, ¢CO=P()N=0, eC O=H"(H=0. (2-3.44) 


Thus Conditions 1 and 2 from the method of proof, while sufficient for 
the exact foundation of the method of separation of variables, depend on and 
contain additional conditions, in comparison with conditions which guarantee 
the existence of the solution. 

For the foundation of the representation of the solution by a superposi- 
tion of standing waves, we used the first method for the proof of the con- 
vergence of the series, since it did not depend on the special form of solu- 
tion (2-3.42), which is applicable only for the solution of the simplest vibra- 
tion problems. Furthermore, this method is carried over without difficulty 
to a series of other problems, although more stringent requirements are 
imposed on the initial functions. 
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4. Inhomogeneous equations 


We shall now consider the inhomogeneous wave equation 


iS EIEN. ESE. Cee, (2-3.45) 
p 
with the initial conditions 
u(x, 0) = ¢(x) (ener (2-3.46) 
u(x, 0) = P(x) 
and the homogeneous boundary conditions 
BN sate (2-3.47) 
u(l, f) =0 
We shall represent its solution as a Fourier series with respect to x: 
u(x, f= > u,(t) sin oe ; (2-3.48) 
n=1 


in which ¢ is considered as a parameter. For the determination of (x, t) we 
must determine u,(¢). The function f(x, ¢) and the initial conditions likewise 
can be written as a Fourier series: 


oo t 
fix =Xfldsin™x f(s) = val 16, 8) sin Zede , 
n=l 0 
0° t 
g(x) = X ya sin are Pr = + g(€) sin “be (2-3.49) 
oo t 
g(x) = Y dn sin =e bn = +| (€) sin an Sdé 
n=1 0 


l 
If we insert (2-3.48) into the original Eq. (2-3.45) we obtain 


Ss 2 
E sin xf — a() un(t) — u(t) + sald} =0. 


This relation is satisfied if all the coefficients of the series development 
vanish, i.e., if 


u,(t) + (FV atuste = F,(t) i (2-3.50) 


Therefore, we have obtained for the determination of #,(f) an ordinary dif- 
ferential equation with constant coefficients. The initial conditions read 


u(x, 0) = g(x) = x u,(0) sin ae = > $n Sin rH ; 
n=1 n=1 


ur(x,0) = $(x) = y u,(0) sin ae = = g, sin an 
ae n=] 


Hence it follows that 
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,(0) = Op, 
ttn(0) = dr. 


These auxiliary conditions completely define the solution of Eq. (2-3.50). Now 
u,(t) can be represented in the form 


Un(t) = un (t) + us? (t) , 


(2-3.51) 


where 


¢t 
iS |, sin Ri een ae (2-3.52) 
TNA Jo l 


represents a solution of the inhomogeneous equation with homogeneous initial 
conditions,” and 


My cps gh =" ein A (2-3.53) 
l nna l 
is a solution of the homogeneous equation with the prescribed initial condi- 


tions. Consequently, the solution sought has the form 


S t 
u(x,t) = > : sin a alt —r)sin cae TAt)dt 
n=1 THA jo l l 


. mn l . aH . an 
a 5 (o cos = at + ria , Sin “Teat) sin 7: (2-3.54) 


The second sum solves the problem of a freely vibrating string with pre- 
scribed initial conditions and was completely investigated earlier. The first 
sum by contrast represents the forced vibrations of the string under the 
influence of an external force with homogeneous initial conditions. With 
the use of (2-3.49) for f,(t) we find 


tel eo 
Pay | | {4 Staite r) sin 2x sin mal re, n)déde 


ojo 2 n=1 mna l 1 
= [ | Gu, é,t—c)f(é, c)déde (5-3.55) 
with 
G(x, ¢—1) = =. i sin anal — 7) sin 1x sin eo . (23.56) 


To determine the physical significance of this solution, we first assume 
that the function f(&,7r), in a sufficiently small neighborhood 


&Ss§&sS& 4+ 46, TMStSmy4+4t 


of a point M,(&, 70), is different from zero and vanishes outside this neigh- 
borhood. The function pf(&,t) represents the force density of the acting 
force; the force developed in the interval (&,&) + 4&) is therefore equal to 


eo t4e 
SG, cdg. 
fo 


P(e) = p| 


17 See the comments at the end of this section. 
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Then 
totdr totdr cEgt sé 
fe | rage= | | F(é, e)dédz 
T9 TQ & 
is the impulse of the force during the time 4c. By applying the mean-value 
theorem to the expression 


tel Totdr rigtdé 
u(x, t) = | | CB P= DE dete =| | G(x, &, t — 2) f(é, e)déde 
oJo Tt) &> 
we obtain 
2, totdt clot dé 
u(x,t) = G(x,&,t — a| | T(E, c)dEdz (2-3.57) 

To é 
with ; 


&SES&4+ 4, T%StSsmt+d4. 


If in formula (2-3.57) we take the limit as 4E—0 and 47-0, we obtain 
the function 


u(x,t) =Glx,6o,t— to , (2-3.58) 
p, 
which can be regarded as the effect of an instantaneously concentrated im- 


pulse J. - 

If the function (1/e)G(x, &,t — cr), which represents the effect of a concen- 
trated impulse, is known, then it is immediately clear that the effect of a 
continuously distributed force f(x, tf) can be represented by 


Let 

u(x,t) = | | G(x, &,t —c)f(&, c)dédr . (2-3.59) 
0/70 

This representation coincides with the representation (2-3.55) above. 

The function describing the action of concentrated impulses was investi- 
gated for the case of the infinite straight line in the preceding paragraphs. 
We recall (see Figure 10) that it is piecewise constant, and within the upper 
angle for the point (€,7) this function is equal to (1/2a)(//p); everywhere out- 
side of this angle the function is equal to zero. 
From this the function describing the action of 
concentrated impulses for the bounded string 
(0,7) can be found by the odd continuation with 
respect to the points x =0 and x =/. 

Let ¢ be so near toc that the influence of 
the reflection at x =O and x =/ still does not 
appear. At this time the influence function takes 
the form shown in Figure 23. If we develop it 
in a Fourier series with respect to sin (x/I)x, 
in which we set =p, its Fourier coefficients 
are then equal to 
1 ae 


l 
A= +\ G(a, €,t — 7) sin eda =— 
0 1 al 


+ Tl 
sin ——ada 
€-—a(t—r) 
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1 TH TH 
Par {cos j [Fé — al t)] — cos j [é+ at n} 
2 . TN,» RN 
= sin——é sin —a(t — 7). 
arn 1 I 


From this we obtain the formula 


2 = * 7 * 7 . Tv ‘ 

G(x, &,¢-—7t) = — ¥Y—sin EP alt —t)sin wey. sin ane : (2-3.60) 
TA n=1Hn I l i 

Thus it agrees with the formula (2-3.56) found by the method of separation 

of variables. 

For values ¢ 27, where the influence of the fixed ends has already ap- 
peared, there are difficulties; in the construction of the influence function by 
means of characteristics its description by Fourier series remains to be ob- 
tained, even in this case. 

We shall litnit ourselves here to a formal scheme of solution, without 
going more precisely into the conditions for the applicability of the formulas 
obtained. 

We shall now consider an ordinary inhomogeneous linear differential equa- 
tion with constant coefficients 

Liu) = 0!” + pyle? 4 ove + payee’? + pau = f(t) , W? = a (1*) 
with the initial conditions 
u(0)=0, i=0,1,++-,n—-1. Qy 
Its solution is given by 


t 
uid) = | U(t — c)f(z)dr, (3*) 
0 
where U(t) is the solution of the homogeneous equation 
La y=9); 
with the initial conditions 
U0) =0, 7=-—0,1,+::,2-2 
CPO) 1 3 (4*) 

If we calculate the derivatives of «(¢) by differentiation of the right side 

of (3*) with respect to ¢, we find 


WL) = | Ut — 2) flelde + UO)S(t), U0) =0 
u(t) = [ Ut — 2) f(e)de + U' (0) f(t) , U'(0) =0 
: (5*) 
0! (t) _ | 5 fae e! —_ t) f(z) dt 4 U '*-)(0) f(t) ; U'™-?)(Q) eis 0 
et) = [ U'™(t — a) f(zjdt + UO) F(t) , 8 Aiea (0) ie 
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If we substitute (5*) into (1*), we find 
t 
Ln) =| LUG a fede + 10 =F; 
0 


i.e., the differential equation is satisfied. Obviously, u(t) also satisfies the 
initial conditions (2*). 

For the function U(t) and formula (3*) we can easily find a clear physical 
interpretation. Usually u(t) designates the displacement of a given system 
and f(t) is the force acting on this system. Our system is ina state of rest 
for <0. Let the displacement of the system be given by the non-negative 
function fe(t); let f(t) be different from 0 only at the time 0<t<e. We 
denote the impulse of this force by 


[= | sede. 


0 
Further let w(t) be the function corresponding to /2(t). Therefore we can 
consider e as a parameter and set J=1. Obviously then, as e—0, lim z(t) 
2-0 
exists independent of the selection /e(t). Also one easily recognizes that this 


limit value is equal to the function U(t) defined above; namely 


U(t) = lim u(t) , 


2-0 


if U(t) =0 for ¢ <0. U(#) is called the influence function of the instantaneous 
impulses. 
If we apply the mean-value theorem to (3*) we obtain 


ul) = Ul a2] fade = Ue eb), 0OSc Se<?, 


0 
By passage to the limit as e—>0 we then obtain the limit value 


lim ue(t) = lim U(t — rz) = U(t), 


2-0 e—0 


which therefore proves our assertion. 

We now want to represent the solution of the inhomogeneous equation 
by U(t), the influence function of the instantaneous impulses. For this purpose 
we divide the interval (0, ¢) by points zt; into equal intervals 


and write f(t) in the form 


where 


Fit) =0 for t<t; and 2 tray 
= fit) for Get <S tila 
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Then 


where w,(¢) is the solution of the equation L(z,;) = f; with homogeneous initial 
conditions. 


If m is sufficiently large, u,(t) can be regarded as the influence function 
of the instantaneous impulse of intensity 


I= fi(td de = friar, 
so that for u(t) we have 


and arrive at the formula 


t 
u(t) = ( U(t —t)f (cdr. 
0 
This shows that the influence of a continuously distributed force can be 
represented by the superposition of the influences caused by the instantaneous 
impulses. 
In the case considered above, x) satisfies Eq. (2-3.50) and the conditions 

u,(0) = 2#,(0). For U(t) we have 

“ mn \* » : 

i+ Gal U=0, U(0)=0, UO)=1, 
so that 

rn 


U(t) = t sin —al . 
mna I 


From this and from (3*) there results 


t 4 
| ein rat Say fde. 


0 


un (t) = [ U(t — 2) f,(t) = 


THA 


The integral representation (3*) derived above for the solution of the 
ordinary differential Eq. (1*) has the same physical significance as formula 
(2-3.59), which gave the integral representation of the solution of the homo- 
geneous wave equation. 


5. The general first boundary-value problem 


The general first boundary-value problem for the wave equation reads: 
Find a solution of the differential equation 


t= Att f(x,t), O<x<1,t>0 (2-3.45) 
with the auxiliary conditions 


u(x, 0) = (x) (2-3.46) 
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u(O, t) = p(t) (2-3.47) 
u(l, t) = po(t). 
First, by means of 
u(x,t) = U(x, t) + v(x, t) 


we introduce a new function u(x,t). This then signifies the difference of the 
function w(x, ¢) from a function U(x, t) still to be determined. 
The function v(x, f) can be determined as a solution of the wave equation 


Vu = Us: +f (x; t) ’ f (x, t) = rae a t) 7: [Un a a’ U;:] 
with the auxiliary conditions 
v(x,0) = B(x), — w(x, 0) = G(x) 
v(0, t) = TAC) ’ ae = fi2(t) 
@ (x) = v(x) — U(x,0), pb (x ‘i f(x) — Ui(x, 0) 
A(t) = p(t) — U(0, t), H(t) = p(t) — Ul, t) . 
Now we choose U (x, t) such that 
f(t) = 0 and Alt) =0. 


Thus it suffices to set 
U(x, t) = p(t) + [esl t) — p(t). 


Hence the general boundary-value problem for u(x,t) has been reduced 
to a boundary-value problem for v(x, 7) with homogeneous boundary condi- 
tions which we have already solved (see Section 2-3 § 4). 


6. Boundary-value problems with stationary inhomogeneities 


A very important class of problems is formed by the boundary-value 
problems with stationary inhomogeneities. In these problems the boundary 
conditions and the right side of the equation are independent of the time 
t: 


tit = AU + folx) (2-3.45') 
u (x, 0) = g(x) (2-3.46) 
ur(x, 0) = P(x) 
es aaa (2-3.47") 
u(l, t)=u.. 


In this case we seek the solution of the problem in the form 
u(x, t) = «(x) + v(x, t) 


where “#(x), the stationary state (the static deflection) of the string is deter- 
mined by the conditions 
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ait''(x) + fox) = 0 
74(0) = Uy 
u(l) = te 


while v(x,¢) designates the displacement from the stationary state. It is 
easily seen that 


x ey x é & 
(x) = u, + (tt, — ;) + +\ aé| Lo) ae, -| a ‘LolE2) ge, 
l l 0 0 a 0 0 a 


If, in particular, f) = const., then 


(x) = 1, + (42 — 1) Zn — x’). 


The function v(x, ft) obviously satisfies the homogeneous equation 
jn = ay, 
with the homogeneous boundary conditions 


v(0, t) = 90 
v(l, t) = 0 


and the initial conditions 
v(x, 0) = G(x) , G(x) = g(x) — u(x), v(x, 0) = P(x). 


Hence v is the solution of the simplest boundary value problem treated 
in Section 2-3§1. 

In the derivation of the equation of the vibrating string and for a series 
of other cases the influence of the force of gravity was not considered. From 
the above it follows that it is sufficient to assume the displacement from 
the stationary state instead of the direct influences of the force of gravity 
(and in general for time-independent forces). 

We shall now give the solution of the simplest problem of this type with 
homogeneous initial conditions: 


Ur = Attys + fo(X) (2-3.45'") 
u(x,0)=0, u(x, 0) = 0 (2-3.46'’) 
uO, ?) = m4, u(l, f) = te. (2-3.47'') 


For v(x, ¢t) the problem then reads 
Vie = BU ys v(x, 0) = v(x) =— u(x) , »(0, t) = 0 
v(x, 0) =0, vl, i)=0. 


We can easily see that for the solution of this problem it is not necessary 
to know the exact analytic expression for #(x). 
According to formula (2-3.17), u(x,t) has the form 


v(x, t) = 53 (A, cosaV ant + B, sin aV Ant) Xr(Xx) 


1 
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where 
X,(x)=sinVaax, Wan= oa 
are the eigenfunctions of the boundary value problem defined by 
X"+aX=0 (2-3.8) 

X(0)=0, X(l)=0. (2-3.10) 

From the initial conditions it follows that 
B,=9 

and 


t 
An=- + uU(x)X,(x)dx . 
0 
The following method is appropriate for the calculation of these integrals. 
From (2-2.8) we find 


Xdx) =— = X4"(x) 


We introduce this expression into the formula for A, and integrate twice 
by parts: 
in 


from which, by taking into consideration the differential equation and the 
boundary conditions for #(x), there follows 


2 ' 
An = me — 
= [ max: (x)dx = j 


l l 
X,| +| il" Xalx)ds} 
ls 0 


l 
A, = u | maxa(D — “,X;,(0) -| AD xAaddz | 


la, 


or 


2 n 
An = ——[u:(— I)" — a) - 22 SAD ¥ (x)dx . 
™m mj}, a 
In particular we find for the homogeneous equation (fo(x) = 0) 
n = 2 == nm 
As = Fc lat- 1) u,) ete [2t2( 1) u,] . 


With the aid of this method it is possible to calculate the Fourier coefficients 
also for the boundary conditions of the second and third type and for the 
boundary-value problems of the inhomogeneous string 


valu (| + Ao(x)X =0, 


if the eigenfunctions and the eigenvalues are known. 


7. Problems without initial conditions 


As shown above, the general first boundary-value problem for the equa- 
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tion of the vibrating string can be reduced to the solution of an inhomo- 
geneous equation with homogeneous boundary conditions. However, it often 
happens that the solution of a problem by this method is more difficult 
than by the direct solution. 

Thus it is important in the investigation of the influences of boundary 
conditions to find some specific solution (of the homogeneous equation) which 
satisfies the prescribed boundary conditions, since the calculation of the 
necessary corrections owing to the initial conditions leads to the solution 
of the same equation with homogeneous boundary conditions. 

A very important class of problems for the study of boundary influences 
is composed of the so-called problems without initial conditions. 

That is, if the boundary conditions have acted sufficiently long, the in- 
fluence of the initial conditions vanishes owing to the friction which occurs 
in every real physical system. We arrive quite naturally at the following 
problem (1) without initial conditions: 

Find the solution of the equation 


ue = QU — au, a> 0 (2-3.61) 
with the prescribed boundary conditions 
u(O, t) = w(t), u(Z, t) = po(t). 


The term au, on the right side corresponds to a frictional force proportional 
to the velocity. 
We shall first investigate the consequences of periodic boundary influences: 


u(l,t) = Acosat or u(l,t) = Bsinat , (2-3.62) 
u(O, t) =O. (2-3.63) 


For the following, the complex representation of the boundary conditions 
is found to be advantageous: 


u(l, t) = Ae. (2-3.64) 
If 
u(x, t) =u" (x, t) + iu (x, t) 


satisfies Eq. (2-3.61) with the boundary conditions (2-3.62) and (2-3.63), then 
u(x, t) and u(x, t), the real and imaginary parts of u(x, t), separately satisfy 
the same equation (since it is linear); the condition (2-3.63) and the boundary 
conditions at x =/ lead to 


u(,t)= Acosat, u?(l,t)=Asinat. 
We therefore seek the solution of the problem 


Ut = OU, — AY 
u(0, t) =0 (2-3.65) 
u(l, t) = Ae’. 


With the expression 
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u(x, t) = X(xe"™ 


we obtain the following problem for X (x): 
2 
X"4RX=0, P= ie > 
a a 


X (0) = 0 
A()=A. 
From Eq. (2-3.66) and the boundary condition (2-3.67) we find 
X (x) =Csinkx. 
The condition at « =/ gives 


A 
sin kl 


Thus 


Ve SA = VGN: 
sin kl 


where X,(x) and X.(x) are the real and imaginary parts of X (x). 


We can then represent the sought solution in the form 
u(x, t) = [Xi(x) + iXi(x)Je = a(x, t) + (x, 0) 
with 
u(x, t) = Xx) cos wt — X2(x) sin at 
u(x, t) = Xi(x) sin et + X,(x) cos at . 
By passage to the limit as w—0 we obtain 


‘ qa 
k=lmk=— 
a -0 a 


and correspondingly 


: / 
im w(x, t) = SiN (1A) og ait, 
0 sin (/ayl 
sin (/a)x 
sin (w/a)l 


— (2) 


(x, t) = lim (x, t) = sin wt. 
w +0 


(2-3.66) 


(2-3.67) 
(2-3.68) 


(2-3.69) 


(2-3.70) 


(2-3.71) 


(2-3.72) 


(2-3.73) 


The functions #'”(x, t) and w(x, t) are obviously solutions of the equation 


ey = A Us 
with the boundary conditions (2) 
au'(0,t) =0 nu (0, t) =0 
a (l,t) = Acosot #1, t) = Asinat. 


A solution for a =0 does not always exist. Thus if the frequency » of the 
forced vibrations coincides with a characteristic frequency , of the vibrat- 
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ing string with fixed ends, that is, 


TH 
o= @,=—a4, 


then the denominator vanishes in the equation for #" and #' and no solu- 
tion exists for the problem considered here. 

This fact has a simple physical significance, namely: for w = w, there 
occurs a resonance. At a given time ¢=¢?, the amplitude grows without 
bound. With the existence of friction (2a # 0) a vibration process is possible 
for each ow. 


If f(¢) is a periodic function which can be represented by the series 


fj= + + y (A, cos ant + B,sinwnt), (2-3.74) 
n=1 
where » is the lowest frequency and A,,B, are the Fourier coefficients, 


then the solution of the equation for a = 0 has the form 


Ay 
2l 


sin (wn/a)x 
sin(wn/ayl 


u(x,t) = a 2 (A, cos ant + B, Sin wnt) 
provided none of the frequencies w, coincides with the characteristic fre- 
quencies of the bounded string. 

If f(t) is a non-periodic function, we represent it by a Fourier integral 
and the solution is obtained in integral form in a corresponding manner. 

We note that the solution of the problem without initial conditions for 
a=0 is not uniquely defined if no further additional conditions are furnished. 
Thus if one adds to any solution of this problem even an arbitrary linear 
combination of standing waves 


>} (A. cos arat + B, Sin sat) sin are : 
where A, and 8, are arbitrary constants, then the sum so obtained likewise 
satisfies the equation and the boundary conditions. 

In order that problem (1) for a=0 be uniquely solvable we introduce 
the additional condition on the vanishing friction: 

We say a solution of the problem (2) has vanishing friction if it is the 
limit value of a solution of problem (1) as a-»>0. The problem for a fixed 
end x =/ and with a prescribed boundary condition (0, 7) = p(t) at x =0 is 
solved in a similar manner. 

The solution of the general problem without initial conditions 


u(0, t) = pa(t) ' ud, t) = p(t) 


is calculated as the sum of two summands, each of which satisfies an inhomo- 
geneous boundary condition. 

We shall now prove the uniqueness of a bounded solution of the problem 
without initial conditions for Eq. (2-3.61). For this purpose we shall assume 
that the solution and its derivatives up to and including the second order are 
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continuous in the region 0s x S/, —o <t< t) when the boundary values 
(0, t) = w(t) , u(l,t) = pelt) 


are defined for —o <t < fy. 
Let w,(x, ¢) and (x,t) be two bounded solutions of problem (1) under 
consideration, 


jal<M, la.) <M, 


where M > 0 is a fixed number. 
The difference 
v(x, t) = w(x, t) —1(x, t) 
of these functions is likewise bounded (|v| < 2M) and satisfies Eq. (2-3.61) 
as well as the homogeneous boundary conditions 


v(0,?) =0, Dt) = 0; 
The Fourier coefficients for v 
t 
v,(t) = val v(x, t) sin 21 dx 
iene 1 


obviously satisfy the equation 


oe ‘ 2 He) * 
Vp» tavzt+ wn, =0, i ame Fa (") 


since the second derivatives of v(x, f) for 0 < x </ are continuous. 
The general solution of (*) reads 


(1) (2) 
vat) = Ane’ ' + Ben’, (*) 
where 


2 


———— — 
gh? =— 4/8 ai, g? 2-8 #6, a>0O 


are the roots of the characteristic equation. There are now two possible cases: 

1. The roots are real and negative. 

2. The roots are complex and possess a negative real part. From this 
it follows that every solution (**) of Eq. (*) either is identically zero or is 
such that its absolute value as t-—»— oo becomes arbitrarily large. Now, 
however, |v,| < 4M is valid for all 2 so that v, =O for all 22. 

Hence we must have 


v(x, t) =0 and uy(x, t) = w(x, t), 
from which the unique solvability of the problem (I) is proved under the 
given assumptions. 
8. Action of a concentrated force 


A string is set to vibrating under the action of a concentrated force which 
acts at the point x=x,. If the force is distributed in a given interval 
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(xo — €&, X» + €) then the solution is found from formula (2-3.55). By passage 
to the limit as e—0 we obtain also the solution for a concentrated force. 

On the other hand we have seen in the derivation of the wave equation 
that at the point x) at which the concentrated force acts, a point of discon- 
tinuity of the first derivative occurs, whereas the function itself remains con- 
tinuous. The solution w(x, ¢) can be represented for such a displacement of 
the string by two different functions: 

u(x, t) = u,(x, ft) for Osx <x 


(2-3.75) 
u(x, t) = (x, t) for Hsx<l. 


These functions must satisfy the equation 
tlie = Q's: , (2-3.76) 
the boundary and initial conditions 


#,(0,t) =0 uw (x,0) = g(x) 


(2-3.77) 
w(l,t)=O u(x, 0) = P(x), 
the continuity condition at the point x = x, 
1i(Xo,t) = te(xo, t), (2-3.78) 


and the condition which determines the magnitude of the jump in the first 
derivative at the point x, at which the concentrated force f(t) acts: 


au fr? Baty Ont; _ f(t) 

ere by = ay (Xo, t) = or ; t) a ee j (2-3.79) 
If the initial conditions are satisfied we need not investigate further. Thus 
if we find a particular solution of Eq. (2-3.76) which satisfies both the bound- 
ary conditions of (2-3.77) and the relations (2-3.78) and (2-3.79), the prescribed 
initial conditions can also be satisfied only when the corresponding solution 
of the homogeneous equation is added to this solution. 

We shall now seek a solution of the equation for the special case 


F(t) = Acosuat —o<t<+o., 


Hence only the boundary conditions are to be fulfilled in which we assume 
that the force has been acting from ft =— © on, i.e., it is a problem without 
initial conditions. For the solution we set 

u(x, t) = X,(x) cos wt for OsxEx% 

u(x, t) = X.(x) cos wt for te aa ca 
Then there follows from (2-3.76) 

2 
boi + () xy = for 0 < x < Xo 
a 


(2-3.80) 
es ce for te Sx Sl. 
a 


The functions X, and X, on the other hand must satisfy the boundary con- 
ditions 
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Al) = 0 (2-3.81) 
which results from (2-3.77) and also satisfy the continuity and jump conditions 


X (Xo) = X2(xXo) , Xi (Xo) _ X (Xo) = : d (2-3.82) 
which are derived from (2-3.78) and (2-3.79). 


From Eq. (2-3.80) and the condition (2-3.81) we find 


X,(x) = Csin—x, Xx) = Dsin——(I—x). 


The connection conditions (2-3.82) give 


. w w 
C sin—2Xp 
a 


— Dsin—(1 — x) =0, 
a 


a) @ 


C—cos —x) + D~ cos alee — Xo) =A ; 
a a a a k 
Therefore, when the coefficients C and D are determined, we obtain 
: / 2 
u(x, f)=um= a Sin (w/a)! — x0) oi, ~ cos wt for Osx xX 
ko sin (w/a)l a 
== Be sin (w/a)xo in—(J — Ps) cos wt for 
kw sin(w/a)l a 


The solution for f(t) = Asinwt is written similarly. 


Thus the problem for the case f(t)= Acoswt and F(t)= Asinwt is 
solved. Now if /(#) is a periodic function, say 


f(t) = S + 3 (a, cos wnt + B, sinent), 
n:=1 


where w is the lowest frequency, then obviously we have” 


1 { aox Xo = asin(wn/ayl — xo) _. 
sheipe cas et ty eo ASIN WNIAKE = Xo) 
ae k \ 2 ( l ) 7 2, on sin (wit/a)l 


X (a, cos wnt + 8, Sin wnt) , 


_ _ 1 f aoxo x 2 asin(wija)x> _.. wa(l — x) (2-3.83) 
Hey oR) aa ae 


n tonsin (wrfayl 


X (a, cos wnt + 6, Sinawnt) , XSxsl. 


If by contrast f(f) is a nonperiodic function then in a corresponding 


18 The first summand of these sums corresponds to the stationary deflection which is 
determined by the force {(t) = ao/2 = const. through the functions 


l 


1 


1 
u = u(x,t) = u(x) = oo (1 9) for O<szrex 
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manner, in which we represent /(f) by a Fourier integral, we obtain the 
solution in integral form. 

The resonance phenomena which can occur in the process described by 
the function (2-3.83) are easy to overlook. Resonance occurs when a denomi- 
nator in these functions is zero: 


‘ onl Tin 
sin —— =0, a 
a 


i.e., if the frequency spectrum of the driving force contains one of the 
characteristic frequencies of the vibration. 

If one of the nodes of the standing wave is found at the point x of 
action of the force which corresponds to the free vibration with frequency 
o,, then 


sin x,=0, sin *(/— x) =0. 
a a 
Here the numerators of the corresponding summands for u are equal to zero, 
and no resonance occurs. However, if a displacement of the corresponding 
standing wave of frequency w, is found at the point of action of the force 
which acts with the frequency w,, then 


. (¢7) 
sin—x, = 1, 
a 


and the resonance phenomena is pronounced. 

From the above calculations, we can formulate the following rule: In 
order to stimulate to resonance a string which remains under the influence of 
a concentrated acting force, it is necessary that the frequency » be equal to 
one of the characteristic frequencies of the string and that the point of action 
of the force coincide with one of the maxima of the corresponding standing 
waves. 


9. A general scheme for the method of separation of variables 


The method of separation of variables can be used not only for the wave 
equation of a homogeneous string, a. = a’u,,, but also for the wave equation 
of the inhomogeneous string, 


Llu] = e [ atx) ou | — q(x)u= a(x) . (2-3.84) 


2 
Ox Ox at” ’ 


where k,q, and p depend on x and are positive (k > 0, p > 0, q>0)."° 
For example, consider the first boundary-value problem for Eq. 2-3.84: 


uO, f)=0, u(l,?) =0 (2-3.85) 
w(x,0)=¢(x), ux, 0) = p(x). (2-3.86) 
We shall seek the solution of this problem by the method of separation of 


19 The case that k(z) vanishes at some point must be considered separately. 
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variables. Therefore, in a search for specific solutions as we did earlier, we 
shall first turn to the following auxiliary problems. 

Find a nontrivial solution of Eq. (2-3.84) which satisfies the boundary 
conditions 


u(O,t) = 0, u(l, t) =0 
and is representable as a product 
u(x,t) = X(x)T(t). 


If we substitute this product expression into the partial differential equa- 
tion, we obtain, with consideration of the boundary conditions for X(x) and 
T(t), the two ordinary differential equations 


d dX = 
dx [ atx) or | —qX + i’pX=0 


TY + 4T =0:, 


For the determination of the function X(x) we are led to the following 
eigenvalue problem: 
Find those values of the parameter 4 for which the boundary-value problem 


L[X] + apX =0 (2-3.87) 
X(0)=0, X()=0 (2-3.88) 


possesses nontrivial solutions, the so-called eigenvalues of the boundary value 
problem, as well as the corresponding solutions—the so-called eigenfunctions 
of the boundary-value problem.” 

Next we shall formulate the basic properties of the eigenfunctions and 
the eigenvalues of the boundary-value problems (2-3.87) and (2-3.88) which are 
necessary for the following investigations. 

1. There exists a denumerably infinite number of eigenvalues 24, < 4, < 


+++ <a, < +++, which correspond to the nontrivial solutions of the 
boundary-value problem, the so-called eigenfunctions X,(x), X2(x),---, 
XAlX)ooe. 


tw 


For q=0 all the eigenvalues 2, are poSitive. 
3. The eigenfunctions in the interval 0 <x </ are orthogonal to each 
other with respect to the density function p(x): 


l 
| KOx@ae=0, 0S a: (2-3.89) 
0 

4. (Development theorem of V.A. Steklov.) An arbitrary function F(x) 


20 For p = p, = const., k = ko = const. we obtain the boundary-value problem for the 
characteristic vibrations of a string bounded on both sides: 


X” + rX =0, i 
ko 


X(0)=0, X(l) = 0, 
which we have already investigated. 
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which is twice continuously differentiable and satisfies the boundary condi- 
tions F(0) = F(/) = 0 can be developed in a uniformly and absolutely conver- 
gent Series with respect to the eigenfunctions X,(x): 


F(a) = 3 FaXale), Fa = 5" F(Xalxolaide 
t 
Ne= | Xilx)o(x)dx . (2-3.90) 
0 


The proof for propositions 1 and 4 are usually given in the theory of 
integral equations. We shall limit ourselves to the proof of propositions 2 
and 3. 

Before we prove these properties we shall first derive Green's formula. 
Let z(x) and v(x) be two functions which are twice differentiable in the inter- 
val a < x <6 and possess continuous first derivatives in a<x<b. Next we 
consider the expression 


uL[v] — vL(u) = u(kv')’ — v(ku')’ = [R(uv’ — vee)’ . 


If we integrate this equation with respect to x from a to b, we obtain Green’s 
formula 


b b 
| (uL[v] — vL[ul)dx = k(uv' — vu')| . (2-3.91) 
Proof of the third proposition. Let Xm(x) and X,(x) be two eigenfunctions 
with the corresponding eigenvalues 2, and 2,. Then if «= Xn(x), v = X,(x) 
are inserted in the formula (2-3.91) we obtain, by consideration of the bound- 
ary conditions (2-3.88),”' 


U 
| {XnL[Xn] —XaLl[Xu]}dx =0, a=0, b=l, 


0 


from which because of Eq. (2-3.87) we obtain 


l 
(Aa — an)| Xm(x)Xq(x)p(x)dx = 0. 


it} 
Therefore provided that 2, # 4m, we obtain the following relation 


l 
| Xm(x)Xa(x)o(x)dx = 0, (2-3.92) 


0 


i.e., the eigenfunctions X,(x) and X,(x) are orthogonal to each other with 
respect to the density function p(x). We shall now prove that every eigen- 


21 The derivatives X/(r) and X/(x) are continuous throughout 0 <2 <l, including 
the points x =0 and r=l. Eq. (2-3.87) gives 
ka) X/ (2) = ("a = Jexade Cc, 


From this follows in particular the existence of the derivative X/(x) for =0 and x =l. 
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value to within a constant factor corresponds to only one eigenfunction.” 
Thus it follows that each eigenfunction is uniquely defined as a solution of 
a differential equation of the second order by the value of the function itself 
and by its first derivative at x =0. Let us assume the existence of two 
functions X and X which correspond to one and the same 2 and vanish at 
x = 0, and consider the function 


X*(x) = SX (x). 


Then we see that this function satisfies the same equation of the second order 
(2-3.87) and the same initial conditions as the function X (x): 


X'(0) > 
X07 0) =0 
(0) 10) (0) 

ax* _ X'(0) Fray _ vi 
rR OS 7 X'(0) = X"(0) 


is valid. 

Let it be noted that for the proof, the condition X'(0) #0 was used. 
This, however, is not necessarily satisfied,-since the solution of the linear 
equation (2-3.87) determined by the initial conditions 


X(0)=0, X'(0)=0 
is identically zero and, therefore, no eigenfunction can exist. 

If X,(x) is an eigenfunction corresponding to the eigenvalue 2,, then 
A,X,(x), where A, is an arbitrary constant, because of the linearity and the 
homogeneity of the equation and the boundary conditions, is likewise an 
eigenfunction corresponding to 2n. 

We proved earlier that the class of eigenfunctions has been completely 
exhausted. The eigenfunctions which differ from each other only by con- 
stant factors will appear as not essentially different. However, in order to 
avoid ambiguity in the selection of factors the eigenfunctions will be normal- 
ized by ’ 

N, =| Xix)o(x\dx = 1, 


0 
If, at the outset, an arbitrary eigenfunction X, (x) does not satisfy this nor- 
malizing condition, then it can be normalized by multiplication by a suitable 
coefficient A,: 


22 This property of the first boundary-value problem therefore depends on the fact 
that two linearly independent solutions of a differential equation of the second order 
cannot be at one and the same point equal to 0. This assertion is based on the bound- 
ary-value problem with homogeneous boundary conditions. With other boundary con- 
ditions (for example, with X(0) = X(l), X’(0) = X/’(l)) two different characteristic func- 
tions can be given which correspond to one and the same characteristic value. 


2-3. SEPARATION OF VARIABLES 97 
ate eee 
d v2 ‘ 
| X n(x) p(x)dx 
0 


Consequently, the eigenfunctions X,(x) of our boundary-value problems 
(2-3.87), (2-3.88), form a normalized orthogonal system (orthonormal system) 


A,XNX) = Xi(x), Ans 


0, mMeAN 
1, m=n. 


l 
| Xn(OXa(a (ards =| 
0 

Proof of the second proposition. Wet X,(x) be the eigenfunction corresponding 
to the eigenvalue 24,. Then, 


LEXal = A pfAX)X n(X) . 


Multiplication of both sides of this equation with X,(x) and integration with 
respect to x from 0 to / yields 
l 


t 
in| Xn(x)o(x)dx =— | X,(x)L[X,]dx 


0 
or 


l l 
-e =-| Xu ety Jay +| a(x) Xn(x)dx , 
0 0 aAX ax 0 


since the function X,(x) was assumed to be normalized. We then obtain by 
partial integration and by use of the boundary conditions (2-3.88) 


1 1 
| k(x)[Xa(x) dx | x) Xi(x)dx 


0 


l 
+ 


0 


A= — AGEN, 


l l 
= | k(x)LX n(x) Pax + | Ux)XE(x)dx , (2-3.93) 


0 0 
from which it follows that 
Ago) 
since by assumption k(x) > 0 and q(x) 2 0. 
We soon arrive at the calculation of the development coefficients of 


F(x), but not at the proof of the development theorem itself, which we 
shall use in this case. Obviously, 


l 
| x\F(x)Xq(x)dx 
[ee ne (2-3.94) 
| a(x) Xp (x)dx 


Now if we multiply both sides of the equation 
F(x) =  F»X.Ax) 
nol 
by p(x)X,(x), integrate this expression with respect to x from 0 to J, and 


bear in mind the orthogonality of the eigenfunctions, we obtain directly the 
expression shown above for F, (the Fourier coefficients). 
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We turn again to the partial differential Eq. (2-3.84). For T(t) we obtain 
the equation 


TOS Ae 0 (2-3.95) 


without any auxiliary conditions. Since 2, is positive, its solution has the 
form 


T,(t) = A, CoS Vagt + B,sin Vagt, 


where A, and B, are arbitrary coefficients. Our auxiliary problem therefore 
has infinitely many solutions of the form 


un(x, t) = Tr(t)Xn(x) = (An cos Vant + Basin Vagt)Xa(x) - 


The solution of the problem with prescribed initial conditions, from which 
we Started at the beginning of this section shall be introduced in the form 


u(x,t) = (A, CoS Vaat + Ba Sin Vant)Xn(X) . (2-3.96) 
n=l 
The formal scheme for satisfying the initial conditions (2-3.86) depends on 
the Steklov theorem (4) above. It is completely analogous for the homo- 
geneous String, and we find from the equations 


u(x, 0) = (x)= % AXa(), uel, 0) = Px) = BV TaXal2) 
the relation 


~ __ Pn 
An = Qn; B, aw a es (2-3.97) 
Hence gy, and ¢, are Fourier coefficients of the functions g(x) and ¢(x) which 
occur in the development of these functions with respect to the orthogonal 
system of functions {X,(x)} with the weight factor p(x). 

Since we have limited ourselves here to the general scheme of separation 
of variables, the conditions for the applicability of this method, with regard 
to both the coefficient of the equation and the initial functions, have not been 
discussed. 

The basic ideas of this method are due to V. A. Steklov.” 


Problems 


1. Determine the function u(x,t) which describes the vibrations of a String 
(0,7) fixed at the ends, if the string is excited in such a way that at the 
point x =c it has been displaced to a magnitude equal to # from the original 
position (see Figure 24), i.e., let u(c, 0) = h. 

2. A String fixed at both ends has been displaced at the point x =c by a 
force F,. Determine the string vibrations if the force at the initial moment 
ceases to act. 


23 Report of the Kharkov Mathematical Society, second series, Vol. 5, nos. 1 and 2 
(1896); also Fundamental Problems of Mathematical Physics, Vol. 1 (1922). 
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3. Determine the function w(x, f) which 
describes the vibrations of a string (0, /) 
fixed at both ends if the string is excited 
by an impulse & distributed in the interval 
(c — 6, c+ 6) for the case when the dis- 
yp - 1 tribution is (a) uniform, (b) subject to the 
law vo cos (x — c)/20. 
FIG. 24, 4, Determine the function u(x, f) which 
describes the vibrations of a string fixed 
at both ends if the excitation results from impulse K acting at point 
ik 6, 
5. Prove the additivity of the energies of the individual harmonic vibrations 
for a vibration process with the boundary conditions «=0, w,=0. Consider 
also the case of the boundary condition u, + hu = 0 (all of the series occurring 
are assumed to be uniformly convergent). Calculate the energies of the in- 
dividual harmonic vibrations in Problems 1, 2, 3, and 4. 
6. A spring which is fastened on one side at the point x =0 is stretched 
by a weight of mass M fastened at the point x =/. Determine the spring 
vibration if the weight is removed at time f =0 and subsequently no force 
occurs again at x = J, 
7. Let a rod be fastened at one end; at the other end acts a force Fy. What 
vibrations does the rod perform if the force ceases to act at the initial 
moment? 
8. What vibrations are performed by a spring which is fastened at one end 
while at the other end a weight of mass M hangs at the initial moment? 
Let the initial conditions be homogeneous. 
9. A mass M is fastened at the point x =c on a homogeneous String with 
fixed ends x =0 and x=/. Determine the displacement u(x, t) of the string 
if (a) the string at the initial moment moves from its equilibrium state at 
xX=c to a value equal to # without losing its initial velocity, and (b) the 
initial displacement and the initial velocity are equal to zero. 
10. Determine the course of vibration of a spring with free ends with uni- 
form initial expansion (give a model of this problem). 
11. Describe the vibrations of a spring which is fastened elastically at both 
ends as in Problem 10, if the initial conditions are arbitrary. The solution 
Should be investigated for small h (‘‘soft’’ attachment) and for a larger h 
(‘‘rigid’’ attachment), and the corresponding correction to the eigenvalues of 
the spring with fixed and free ends should be calculated. 
12. Find the displacement u(x,t) of a string whose ends are rigidly fixed if 
the vibrations occur in a medium in which the resistance is proportional to 
the velocity. Let the initial conditions be arbitrary. 
Solution: 


" 
9 
» 
il 
> 


Un = On — 2, v>O0 


u(x, t)=e y (dq COS Wat + by, Sin wnat) SiN Wagx , 
n=l 
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t t 
| glx) sin /anxdx, by = vO + 2 | f(x) sin VAnxdx 


- Wn lary \o 


2 
An = (=) , On = WV. 
13. Let an isolated electrical conductor of length / with characteristic co- 
efficients L, R,C, and G =O be charged to a fixed potential vp. One end of 
the conductor is grounded at the initial moment while the other remains 
isolated during the entire time of the process. Determine the voltage dis- 
tribution in the conductor. 


Solution: 
v(x, t) = gnnes a, sine nx - sin (ant + Gn), 
oo, = n+ De J so 20R 
2h EC Lr’(2n + 1)? ’ 
a, = gy, = 2m, F. 


n(2n + 1) sing, R 


14. A string which is rigidly fastened at the ends vibrates under the in- 
fluence of a harmonic force which is distributed with density f(x, t) = Mx) 
sinwt. Determine the displacement u(x, ¢) of-the string with arbitrary initial 
conditions. When is resonance possible and what solution results in the case 
of resonance? 

15. Solve Problem 14 under the assumption that the vibrations occur in a 
medium in which the resistance is proportional to the velocity. Find the 
vibrations which comprise the principal part of the solution for t— o. 

16. An elastic rod of length / is in a vertical position and at its upper end 
a free-falling elevator is fastened, which at the moment it is stopped, has 
attained a velocity v.. What vibrations are performed by the rod if the 
other end is freely movable? 

17. Solve the equation 


Un = At. +bu+A 
with homogeneous initial conditions and the boundary conditions 
u(0, 7) =90 udi,t)= B, 


where b, A, and B are constant. 
18. Solve the differential equation 


Uy = au, + Asinhx 
with homogeneous initial conditions and the boundary conditions 
“u(0,7)= B UC Be aa Oiee 


where A, B, and C are constant. 
19. On a homogeneous string with rigidly fixed ends x =0 and x =/ acts a 
harmonic force 
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F(t) = Pysinat, 


which starts acting at ¢=0 at the point x=c (0<c< J). Determine the 
displacement u(x, t) of the string with homogeneous initial conditions. 

20. Describe the vibrations of an inhomogeneous rod of length / with rigidly 
fixed ends, which consists of two homogeneous rods connected at the point 
x=c (0 <c <1), when the initial displacement has the form 


u(x, 0) = 4, for Osx 


IIA 


C, 


} 
eae | ee for Ca 7] 
l—c 
and the initial velocity is equal to zero. 
21. Determine the vibrations of a spring which is fixed at one end while at 


the other acts a force given by 
F(t) = A sin wyt + Bsin Wot . 


22. Describe the vibrations of an inhomogeneous rod which consists of two 
homogeneous rods connected at the point x =c when one end of the rod is 
fixed and the other moves according to the law 


u(l,t)= Asinwt. 


2-4. PROBLEMS WITH AUXILIARY CONDITIONS ON THE CHARAC- 
TERISTICS 


1. Statement of the problem 


In the following discussion, we shall consider a series of problems which 
are extensions of the first boundary-value problem for the equation of a 
vibrating string. For simplicity we shall investigate phenomena only in the 
neighborhood of boundary points where the other boundary point moves 
toward infinity, i.e., we proceed from the problem for the semi-infinite line. 

The equation of the vibrating string w#.=a@°u., iS symmetrical with 
respect to x and ¢ if a’ =1, i.e., if the unit of time is changed by the in- 
troduction of the variable ¢=at'. Of course, the auxiliary conditions in- 
troduce an asymmetry in the mathematical interpretation of x and ¢; in the 
initial conditions (for ¢t = 0) two functions w#(x,0) and u,(x,0) are prescribed, 
while in the boundary conditions (at x = 0) only one function «(0, t) is pre- 
scribed. 

As noted in 2-2§7, between the derivatives of the displacement function 
at t=0 and x = 0 the relation 


2¢,(O, z) + 2¢,(0, 2) = 2:(z, O) + 2e2(z, 0), a=-l, 


exists for an arbitrary z. Hence it follows that these functions at x = 0 and 
t= 0 cannot be prescribed independently of each other; only three relations 
can be prescribed arbitrarily, which proves that the auxiliary conditions can- 
not be arranged symmetrically. 
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The auxiliary conditions can be prescribed either on the straight lines 
x =0, ¢ =0 (as in the problems considered hitherto), or on known curves in 
the phase plane. For example, if the boundary values are given on curve 
C, (x = f,(f)), then this curve, in order to guarantee the solvability of the 
problem considered, must still satisfy the determined auxiliary conditions in 
addition to certain continuity and differentiability conditions. 

We shall consider the vibration process of a gas in a tube in which a 
piston moves. The velocity of the piston whose law of motion ts given by 
x = f,(t) cannot be prescribed arbitrarily: it must not exceed the velocity of 
sound a, [df,(t)/dt < a]. Geometrically it follows that the curve C, (x = fi(2)) 
from the straight line ¢=0, which supports the initial value, must be separated 
from the characteristic x = at (Figure 25). Also if only one point of C, were 
to lie below the characteristic x = at, 
then the value of the function w(x, 2) 
would be completely determined by 
the initial value and could not be 
arbitrarily prescribed. The physical 
significance of these relations is as 
follows: if the motion of a gas has 
a velocity which is larger than that 
of the velocity of sound, the equa- 
tions of acoustics lose their sense 
and must be replaced by the non- 
linear equations of gas dynamics.” 

The initial conditions can be 

FIG. 25. given on the straight line ¢ =0 and 

also on a curve C, (¢ = f,(x)), which 

satisfies the inequality | f2(x)| <1/a. Such problems can be easily solved with 
the aid of the integral vibration equation (see Section 2-2 §7), 

Without going into a complete review of all the possible boundary-value 
problems, we shall now deal more precisely with the problem in which the 
auxiliary conditions are prescribed on the characteristics. This problem is 
known as the Goursat problem. Such problems are of extraordinary interest 
from the standpoint of the physical applications. They arise in problems of 
adsorption and absorption of gases, for example, (see Section 2-6§5) with 
evaporation processes (see Problem 1, page 106) and many other problems. 


2. The method of successive approximation 


We shall first consider the simplest of the probleins tn which the auxiliary 
conditions are prescribed on the characteristics. It reads as follows: 


try = F(x, y) 
u(x, 0) = (x) (2-4.1) 
(0, ¥) = ge(y) . 


24 See Application, Section 2-6, 4. 
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The auxiliary conditions here are given on the straight lines x = 0 and y=0, 
which represent the characteristics of Eq. (2-4.1). We assume the functions 
yi(x) and »,(¥) to be differentiable and related to each other by the relation- 
ship (0) = »,(0). If we integrate Eq. (2-4.1) with respect to x and then with 
respect to y, we obtain 


s(x, y) = u,(0, y) + | FE, yd 


u(x, y) = u(x, 0) + 2(0, vy) — u(0, 0) + | dnl 6, n)dé 
or 
yer 
u(x, y) = glx) + galy) — (0) + | | FE, n)dédy . (24,2) 
oJ0 


Therefore, the solution in this case, in which the differential equation contains 
neither the first derivatives nor the sought function itself, can be represented 
explicitly by the analytic expression (2-4.2). From (2-4.2) the uniqueness 
and the existence of the solution of our problem follows directly. 

We shall now seek the solution of the linear hyperbolic differential equation 


sy = AX, Ys + W(x, y) uy + C(x, ye + f(x,y), (2-4.3) 
with the auxiliary conditions given on the characteristics x =0, y=0 
w(x,0)= (x), (0, y) = ¢oly), 


where ¢,(x) and 9,(y) satisfy the above cited conditions, differentiability and 
y,(0) = ¢,(0). Let the coefficients a, b, and c be continuous functions of x and y. 

From the differential Eq. (2-4.3) we know that the function w(x, y) satis- 
fies the integro-differential equation 


w(x, y) = | | fave, neh DE ey Pale Waldeds 


0J0 
+ gil) + galy) — p.l0 +{ i flé, nidédy - (2-4.4) 
We shall determine its solution with the help of the method of successive 
approximations. For the zero-th approximation we choose the function 
U(x, y) =O. 


Eq. (2-4.4) then gives for the successive approximations the expression 


wti(x, ¥) = (x) = g2(y) — GO) + | | F(&, y)dédyn 


Un(x, ¥) = uy(x, y) (2-4.5) 
Jy x 
+| | | ate, nyse eee 0) yy + cl, run sen 


0/30 / 


Incidentally we note the validity of the expressions 
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r,) os ) y aes ae 
Le ees | a, rae + W(x, yy + e(x, ritans fay 
0 7 (2-4.6) 


On Oly *T oe. 4 Olbas sg Os ON aint | 
=—t , yy + BE, n-1 (dé. 
ay By + | fae y) aE + bE, y)——— ay + €(E, Ven -1 [AS 


In order to demonstrate the uniform convergence of the following sequences 


(ste, {ees, »\ et a (xh, 


we shall consider the differences 


Z2(X, y) = UnsilX, y) — (x, y) 


yee 
= | | [ats 7) —— Feet 1 + bé, 7”) Fat + c(é, Zan; n) asian ; 
0 J0 ” 


G2A%) Y) _ Ottne(X, Y) Aten X, Y) 
Ox Ox Ox 


y 
=| E a(x, y)——— eae ~ + D(x, 7) Gant + (x, 4)Zn-1(x, |e, 
x on 


O2ZAX, Y) _ Olnsi(Xy Y) Olen X,Y) 
ayo ay ay 
: 0 n ~ n=l ~ coal 
= | [aces Get + Oe, EH 4+ 6, adealds 9 fae 
0 Bs 


Let M be an upper bound for the absolute values of the coefficients a(x, y), 
b(x, y), c(x, y), and H an upper bound for the absolute values of the function 
Zo(x, y) and its partial derivatives 

zo 
Ox 


O20 
H, 
oy . 


lal<H, <dH, 


where x and y vary in a square (OX xSL, OS y<L). We shall now esti- 
mate the functions z,, 02,/0x, @z,/dy according to the above. First, the in- 
equalities are valid; 


2 
lzi|< 3HMxy < 3HMLz+ 


2! 
2) < 3HMy < 3HM(x + ») 
a < 3HMx <3HM(x+ 9), 
and the recursion relations 
n+ 
zal <3HM*K* ae 
Os < 3HM*K™ 1 (% a 
is < 3HM*K et 


oy n! 
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where K > 0 is a constant number whose value will be specified later. With 
these estimates and the formula for the (2+ 1)th approximation we obtain 


after a series of simplifications 


n+2 
wet | < BAM EE (4 +y 2) 
| 2a | (n + 2)! faa ie 
yrs 3H (2KLM)*"*? 


< 3HM"™"'K* (x+y ——— 
(n + 2)! < K’M (n+ 2)! 
O2n41 2 3HM"™*'K! (e+ yy (43 + 2) < 
(2 + 1)! n+2 
"tt 3H (2KLM)™"! 


3 nti pen (X + ¥) 3H 
ene ee de Ge 


OZn+1 neigen—i (x + = did (4 +y ) 
| << 3AM" Kk 
(7+ 1)! n+2 ey he 
y' 3H (2KLM)™! 
< 3HM"™! n(x + y) J MCRLM) 
K (2+ 1)! K (7+ 1)! 
where 
K=2L+2. 


On the right sides of these inequalities we have, to within constant factors, 
?KLM ~~ Thus the above estimates 


the general term in the series development of e 
show that the sequences of functions 
Un = Up + 2, +eeet+ 2n-) 


OUn Glo Fie i vi OZn-1 


ox sax Ox ox 
Gun __— OU Oz, see OZn-1 
dy ay Oy ay 


converge uniformly. We shall denote their limit functions by 


w(x, v) = lim u(x, y), 


w(x, y) = lim 
By passage to the limit under the integral signs in (2-4.5) and (2-4.6) we then 


find 
u(x, y) = 14(x, y) + | | tate, yu + bE, yw + c(€, y)uldédn , 


0 

“~ y 

v(x, y) = pact De | [a(x, y)v + B(x, yw + c(x, y)uldy , (2-4.7) 
0 


w(x, y) = Ss, y+ | [a(d, vv + BE, yew + e(8, valde. 
Ad 0 
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Hence the following equations 
v=4u, w= Uy 


establish the fact that u(x, y) satisfies the integrodifferential equation 
yer 
ux, y) = gil) + galy) — GO) + | | HE, ndédy 
070 


+ | | fat, nue + D(E, nity + c(E, n)uldédn (2-4.4) 
0430 


and also the original differential Eq. (2-4.3). We verify this directly by dif- 
ferentiation of (2-4.4) with respect to x and y. Moreover, as one easily sees, 
u(x, y) Satisfies the auxiliary conditions. 

The uniqueness of the solution of the stated problem will now be de- 
monstrated. If we assume the existence of two solutions z,(x, y) and #,(x, y), 
we obtain for their difference 


U(x, y) = u(x, y) — u(x, y) 
the homogeneous integrodifferential equation 
yer 
Oe We | | (aU, + bU, + cU\dédn . 
030 


Now if A, is a common upper bound of the magnitudes | Uj, | U,| and | U,| 
forO<sxsLandOsySlL, then by a repetition of the estimates which led 
to those on the function z,(x, y), the correctness of the inequality 


n+2 n+2 
< 3H M""*'|K" (x + y) 3H, (2KLM) 
Eel : (n + 2)! <Kk'M (1 -+ 2)! 
for an arbitrary value of » follows easily. Hence it follows that 
U(x,y)=0 or — u(x, y) = te(x, y), 


whereby the uniqueness of our solution is shown. 
If the coefficients a,b, and ¢ are constant, then Eq. (2-4.3) with the help 
of the substitution 
Haver oT; 
can be brought to the form 
Vy + Cy =. (2-4.8) 


For C,=0 we obtain the simple Eq. (2-4.1) whose solution was given by 
formula 2-4.2. 

By contrast, if C, #0 then we obtain for the solution of (2-4.8) an explicit 
analytic representation by the method given in Section 2-5, 


Problems 


1. Air with a velocity v passes through a tube (x > 0) which is filled with a 
moist fluid. Let v(x, 4) be the concentration of the moisture in the saturated 
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substance and w(x, f) be the concentration of the free vapor. What equations 
are satisfied by the functions u(x, ¢) and v(x, ¢) describing the drying process 
when (a) the process proceeds isothermally; and (b) the dry isotherm has the 
form “=7-v where; is the isothermal constant (see also Section 2-6, Applica- 
tion 5)? 

2. Hot water with velocity v flows through a tube (x > 0). Let w be the 
temperature of the water in the tube, v the temperature of the walls of the 
tube, and wu) the temperature of the environment. Derive the equations for 
# and vy by neglecting the temperature distribution in the individual cross 
sections of the tube and the walls. Assume further that a temperature 
gradient exists at the boundaries of the water-tube wall and the wall environ- 
ment, and that the flow of heat follows Newton’s law (see Chapter 3-1). 


2-5. SOLUTION OF GENERAL LINEAR HYPERBOLIC DIFFERENTIAL 
EQUATIONS 
1. Adjoint differential operators 


In order to represent the solutions of boundary-value problems in integral 
form we need some auxiliary formulas. Let 


Ll] = use — ttyy + A(X, y)ux + D(x, y)tty + clx, yu, (2-5.1) 


where a(x, y), d(x, y), c(x, y) are differentiable functions, be a linear differential 
operator corresponding to a linear hyperbolic differential equation. We 
multiply L[w] by a function v and write the individual summands in the form 


Ulrx = (Vix), — (Vytt), + Vix 
Vikyy = (Vity)y — (Vytt)y + UVyy 
vau, = (avi), — u(av), 

vbu, = (bvu), — u(bv), 

vou = uCV. 


By summation of the individual summands we obtain 


Tae A ee ae (2-5.2) 

Ox oy 

where 

M[v] = vex — Vyy — (av), — (bv), + cv (2-5.3) 
H = vu, — v,u + avu = (vu), — (20, — av)u (2-5.4) 
=— (vu), + (2u, + au)v (2-5.4’) 
K =— vu, + vu + bou =— (vu), + (20, + bv)u (2-5.5) 
= (uv), — (2, — bu)v . (2-5.5') 


Two differential operators L and M are said to be adjoint to each other 
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if the difference 
vL{u] — uM [v] 


is equal to the sum of the partial derivatives of the expressions H and K 
with respect to x and y. 
In particular, if L[«w] = M[u], then the operator L is called self-adjoint. 
For the double integral, the difference vL[u] — «M[v], where « and v are 
twice differentiable functions throughout a region G which is bounded by a 
piecewise smooth curve C, we have 


| | (one — uM{v))dédy = | (Han — Kdé) (2-5.6) 
a Cc 
(Green’s formula). 


2. Integral form of the solution 


We shall apply Formula (2-5.6) for the solution of the following problem. 
Find a solution of a linear hyperbolic differential equation 


Llu] = tr — Uyy + A(X, yur + (x, y)uy + c(x, yu =— f(x, y) (2-5.7) 
which satisfies the initial conditions 


“ule = (x) ’ Unte = f(x) 


on a curve C (u, isthe derivative in the direction of the normal to the curve C). 
Obviously the operators Z and M are adjoint to each other. 
Hence let C be given by 


y=f(x) 


where f(x) is a differentiable function. On 
the curve C we impose the requirement that 
every pair of characteristics y — x = const. 
and y+ x=const. intersects curve C at 
most once (therefore it is necessary that 
| f'(x)| <1). Formula (2-5.6) then yields for 
the curvilinear triangle MPQ which is 
bounded by the arc PQ of C and the sep- 
ments of the characteristics MP and MQ 
FIG. 26. (Figure 26). 


| | (vE[u] — uM[v])dédy 
uJ PQ 


= |" Har — Kdt) + |" Hay — Kdé) + [Hay _ Kade). 
Q if P 


We perform the first two integrals which are taken along the characteristics 
MQ and MP, and by taking into consideration the relations 


ds_ on the characteristic QM 


dé =— dy =o 
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dé = dy =—-S— on the characteristic MP 


V2: 


(where ds is the element of the arc along QM and MP), and the formulas 
(2-5.4) and (2-5.5), we obtain 


cas d M/ Ov a+b 
Hdyn — =— fia ca a 
\  — Kdé) |_acen) +\"( 5 v )uds 
M 
=—(uv)y + (Uv)g + | ee — ya v)uds 
and correspondingly 
P M = 
| (Hay — Kd) =— (uv)y + (uv)p + (2 = ae v juds 


From this and from (2-5.6) it follows that 


(uv) = {uv)p + (uve + "(= pe v)uds aa "(2 as 20 \uds 


2 P os 22 Q os 2V2 
4 5 | (Hay _ Kdt) — z| | (vL[u] — uM[v])dédr . (2-5.8) 
P MJPQ 


This relation is an identity which is correct for arbitrary but sufficiently 
smooth functions uw and v. 

Now let « be a solution of the problem with above stated initial condi- 
tions, while v depends on the point M as a parameter and fulfills the require- 
ments 


M([v] = vee — Vqy — (av) — (bv)y + cv = 0 (2-5.9) 
in the interior of 4MPQ 
and 
a = Waa on the characteristic MP 
/ 
oe = ae on the characteristic MQ (2-5.9") 
v(M)=1. 


From the conditions which must be fulfilled on the characteristics and the 
last condition we then find 


‘< (b—a)/(2 V2) ds 
pees ese on MP 
‘. (b+a)/(2¥2) ds 
vee" on MQ 
where s, denotes the value of s at the point M. As we saw in Section 2-4, 
Eq. (2-5.9) and the value of v on the characteristics MP and MG define the 
function v completely in the region MPQ. The function » is ordinarily called 
the Riemann function. 
Consequently formula (2-5.8) for a function # which satisfies Eq. (2-5.7) 
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takes the following definitive form: 


u(M) = (uv), 5 (10U)o 


Q 
+ F |, [oles + Ud) — u(vedy + vy) + uv(ady — bdé)} 


+3 M,Mf(M dow, — daw = dédn. pene) 
MPQ 


The stated problem is solved by this formula since the expression which 
stands under the integral extended along PQ contains only functions which 
are known along C. The function v has already been defined above while 
the functions 


ule = y(x) 
ol (x) — Px) fixaV 1+ fx) 
1+ f(x) 


_ pla) f(x) + Mx)V14 f(x) 
Pe f(x) 


Uy = U, COS (X, S) + Un COS (X,n) = 


uy = Ue COS(¥, S) + Un COS (Y, 22) 


can be calculated from the initial conditions. 

If the initial conditions along the arc PQ are known, the function w# in 
the triangle PMQ can be completely determined according to formula (2-5.10) 
when f(x, y) is known in this region.” 

Formula (2-5.10), obtained under the assumption of the existence of a 
solution, defines the solution from the initial conditions and the right side of 
Eq. (2-5.7). Most important, it also proves the uniqueness of the solution 
(compare it with the D’Alembert formula, Section 2-2). 

It can also be shown that the function zw defined by (2-5.10) satisfies the 
conditions of the problems. 


3. The physical interpretation of the Riemann function 


In order to clarify the physical meaning of the Riemann function v(M, M') 
we shall first determine the solution of the inhomogeneous equation 


Lluj=—2fi, f=2fi 


with homogeneous initial conditions on a curve C. We see from (2-5.10) that 
the desired solution has the form 


u(M) = \\ v(M, M') fy(M day: (2-5.11) 
MPQ 

If we now assume that /,(V/), except in a small! neighborhood S; of the point 

M,, is everywhere equal to zero and satisfies the normalization condition 


25 If the characteristics intersect the curve C at the two points P and M, (Figure 26), 
the value u(M:) cannot be arbitrarily given. On the contrary, it is determined accord- 
ing to formula (2-5.10) by the initial value on the arc PQ, and the value of f(x,y) in 
4PM,Q;. 
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| | ae rdw =]. (2-5.12) 
Se 
Then the above formula for we(M) assumes the form 
wel) = | joa, M')f(M dow - (2-5.13) 
Se 


By use of the mean-value theorem we can write 


HAM) = VME mi\ | AM dew — o(M. MS), 


Ne 
where M;* is a determined point in S,. 
If now the e-neighborhood S, of the point M, shrinks (e—0) then we obtain 


u(M) = lim ue(M) = o(M, M,). (2-5.14) 


The function f,, as we have already seen in a series of examples, represents 
a force density whereas y denotes the time. The expression 


| | IAM doy. = | | Ate s)dedy (25.15) 
Se Se 


then denotes the impulse of the force. Hence, because of (2-5.11) we conclude 
that v(M, M,) is the influence function of the unit impulse acting at M,. 
The function o(M, M,) = v(x, y; 6,7) can be defined as a function of the 
parameter M(x, y), which with respect to the coordinates €,7 of the point 
M, satisfies the equation 
Me.n{v] =0 (2-5. 16) 


with the auxiliary conditions (2-5.9’). 
We shall now consider the function 


u=u(M, M,), 


which depends on the parameter M,(&, 7) and with respect to the coordinates 
x,v of the point M satisfies the equation 


Lis, y[u] = 9 (2-5.17) 
with the auxiliary conditions 


—_— = —Il on the characteristic M,Q, , 
2/2 11 


os 
oa = sare on the characteristic M,P,, (2-5. 18) 
u(M,, M,) => 1 * 
From these conditions there results 
, (b—a)/(2V2) da i 
e on 
u(M, M,) = 1Q1 
, (b+0)/(2V2) da (2-5.19) 
é *0 on M,;P, 


u(M,, M,) => 1. 
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In the quadrangle MP,M,Q,, which 
is bounded by the intersection of the 
characteristics MP,, MQ,, M,P, and 
M,Q, (Figure 27), u is completely deter- 
mined by Eq. (2-5.17) and the conditions 
(2-5.18). 

If we apply formula (2-5.6) to the 
quadrangle MP,M,Q, we obtain 


\\ (vL[u] — uL[v}\dédy 
FIG. 27. MP My9, 


Py Mt Q1 
={ (Hdy — Kas) + | + +| 
uw @, 


My 


=). 
Py 

If we use formulas (2-5.4) and (2-5.5) for K and H and the conditions (2-5.9’), 
the first two integrals on the right side can be easily calculated 


P 
| (Hdn — Kdé) =— (uv)y + (uv)p, , 
M 


MW 
| (Han — Kdé) =— (uv)y + (ure, , 
Q1 


just as in the derivation of formula (2-5.10). .. 


In a similar manner we find with the use of equations (2-5.4’) and (2-5.5’) 
as well as conditions (2-5.19) 


"aan =Kie)= "1- Gin = Gade | ol ued + Quen) + (andy — budé)) 


P 


1 Py Py 
pa Mi / Ou a+b 
= 2 — — —— = —_— ; 
Jaw) + \. & 2/2 Mods (uv), — (uv)p, 
‘ ds “A i ys ds 
dé =— dn =e, [i (Hay — Kai) = (uy, ud)e,, 8 = dn =F 
By addition of these equations, we obtain 
Aue) = 2(UD) s¢, 
or 
u(M, M,) =v(M, M), (2-5.20) 
since 


The influence function of the unit impulse acting at the point M, can also 
be defined as the solution of the equation 


Liz, y[vo(M, M;)) oad 0 , 


with auxiliary conditions (2-5.18). 


2-5. SOLUTION OF GENERAL LINEAR HYPERBOLIC DIFFERENTIAL EQUATIONS 113 


4. Differential equations with constant coefficients 


As the first example of application of formula (2-5.10) we shall consider 
the following initial-value problem for the equation of the vibrating string: 


Uy = ta + filx, dt), yaa, f=, 
u(x, 0) = g(x), 
Uy = (x), yy, ae. 
a 


As in (2-5.10) a strip of the axis y=0 occurs as the arc PQ. The operator 
L = Urs SH Uyy 
because of 
M=L=uy — ty, 


is self-adjoint. 
Because a = 0 and 6 = 0, v equals one on the characteristics MP and MQ. 
Hence it follows 


v(M, M') = 1 
for every point M’ which lies interior to the triangle PMQ. 
Now in our case, 


ay = 0: for PQ: 


Thus we obtain 


Q 
u(M) = Pt S| nee | Fé, ndédy 
2 2 \p 2 

If we bear in mind that P= P(x — y,0), Q=Q(x+4+ y,0), where x and y 
are the coordinates of the point M= M(x, y), we obtain by use of the initial 
conditions 

= x+y yertly—-y) 
s(x, 9) = a | (Bde + z\ | ful, nodédy - 


2 2 Pees 0 Ja— (7) 


For the variables x and ¢, therefore, we arrive at the formula 


_ xtat t extal(t—7) 
u(x, t) = u(x at) + u(x + at) ae a P(E)dé + xe | Fé, t)dédr , 
24 )1-at @ Jo Jx-att-1) 


which we recognize from Section 2-3 §7. 
As a second example we shall consider the following initial-value problem 
for differential equations with constant coefficients: 


Usr — Uyy + Qu, + buy + cu = 0 (a,b,c are constants) (2-5.21) 
U\y=0 = 9(x), (2-5.22) 
tty |y=o = P(x). (2-5.23) 


The substitution 
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U=uet (2-5.24) 
transforms Eq. (2-5.21) into the simpler form 
Use oUse, ee “(4c —a—8') (2-5.25) 
with the auxiliary conditions 
U| yao = o(x)e'”* = g(x) (2-5.22’) 
Uy |y=0 = (#2) — i ae = g(x) (2-5.23’) 


only when the parameters 2 and yp are Suitably selected; that is 


r=$, poe x (2-5.26) 
The determination of the function 
U(x, y) from the initial conditions and 
Eq. (2-5.25) leads to the construction 
of the Riemann function v(x, y; &, 7). 
The function v must satisfy the 


Plx-y,0) Olx+y, 0) “ conditions (Figure 28) 
FIG. 28. ~ Vir — Vyy $+ Cyv = 0 (2-5.27) 
=) on the characteristic MP, (2.5.28) 
v=1l on the characteristic MQ. 
We chose v in the form 
v = v(z) (2-5.29) 


with 
z=V(x— &*—(y— 7) 
or (2-5,30) 
z’ = (x — &)*—(y—7)’. 
On the characteristics MP and MQ, z is equal to zero so that v(0) = 1. 
The left side of (2-5.27) can be brought to the form 
Vax — Vyy + CU = 0" (z)(2t — 25) $v" (z\2rr — Zyy) FOV=O0. 
By differentiating twice the expression for z’ (with respect to x and y), we 
obtain 
zz, = x—€& 
2zy =— (y — 7) 
22::.+2,=1 
Z2yy + z=—-1. 


From this and from (2-5.30) it follows 
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2 2 1 
2 = 2,14 24: > ty = 
Z 


Consequently, the equation for v can be written in the form 
1 
v’ Si vo +cv=0 


with the condition v(0) = 1. A solution of this equation is the Bessel func- 
tion of the zero order (see Appendix) 


= TV. c12) 
or 
v(x, y3 €& 9) = Io(Vc, [(x — €)? — (y —7)*)). (2-5.31) 


For the determination of U(x, y) we shall now use formula (2-5.10) which in 
our case reads 


U(M) = UP) + Ue) F | ends = "Und. Aa 2 Oe. 12-5:32) 
: 


First we calculate the integral along PQ (ny = 0): 


[ot — Von =| {Vel = F = FDUvke, 0 


xy 


_ GO ep = Nag | (25.33) 
Veil(x — 6) — y* 


On the basis of the initial conditions (2-5.22’), (2-5.23') we find 


== x+y — ————— 
Cea glen nt ole ty) +5 TMV, Vie — & — ble 


Lo (UY (Ve Vie — 8° y*)oi(é)dé 
ee 2 | eR Gs Ti A Seal ls ESS (2-5.34) 
2 x-y Vx = £)? — y 


from which because of (2-5.24), (2-5.22') and (2-5.23’) there results the formula 


pla — ye oi2y + (x + yjeltatbrseyy 
2 


seul 12 2 WV Vay) 


(Ve. Vix — & aw) 
pegs V(x — 6? -—y 


u(x, y) = 


he ge © o(€)dé 


+ etl We, VER EF yh) 8 dE (25.35) 


which represents the solution of our problem. 
We shall consider the special case @ = 0, b= 0, i.e., the equation 


ther — My tou=O0. 
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From (2-5.35) directly follows 


s(x, y) = PEI) + ole ty) x) WY c, Vix — 8) — ywledé 


2 _ 
Lia (PT (Ve Vx — &F — y’) 

ie. | St PS (EVE, 2-5.36 
2 ray: nay Vix - é)? om Ae) : 


If we put c, =0 and y= at, we arrive at the D’Alembert formula 


xtat__ 
Ee a a all ete = at) i, Se | Wedé . (2-5.37) 
x—at 


This solves the equation of the vibrating string 
1 
Ux — ute = 0 
a 


with the initial conditions 
u (x, 0) = y(x) 
u(x, 0) = P(x) 
Px) = aglx) = au,(x, 0). 


Problems 


1. Solve Problem 1 from Section 2-4 under the assumption that at the initial 
moment the concentration of the liquid in the entire tube is constant and dry 
air Streams in through an opening. 

2. Solve Problem 2 from Section 2-4 under the assumption that the initial 
temperature of the system equals wz) while the temperature at the ends of the 
tube during the entire time maintains a constant value v, > %. 

3. Find a solution of the telegraphic system of equations (see Eq. (2-1.21)), 


i,+Cu.+Gv=0 
v.+ Li + Rt =0 


for the infinite straight line with the initial conditions 


i(x, 0) = g(x), 
v(x, 0) = (x). 


Hint: First reduce the equation system to an equation of the second order 
for one of the functions :(x, ¢) or v(x, ¢), then find, for example, 


ter = CLin + (CR+ GL) + GRi 


with the initial conditions 


ux, 0) = (x) ) 
Ot _ ak. R. ee ; me er 
eee a pe Le) Pol). 


Then use formula (2-5.35). Investigate the solution of the telegraphic equation 
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which is obtained for small G and R, formula (2-5.35). Consider the limiting 
case G0, R-0 and obtain from (2-5.35) the D’Alembert formula for the 
solution of the equation of the vibrating string. 
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l. The vibration of strings of musical instruments 


A vibrating string produces vibrations in the air which the human ear 
perceives as the tone emitted from the string. The tone strength is deter- 
mined by the energy or the amplitude of the vibrations, the tone pitch by 
the vibration period, and the tone color by the energy relation between the 
lowest tone and the overtones.” 

We shall not go into the physiological process of sound perception and 
the propagation of sound in air; on the contrary the acoustic effect produced 
by a String is characterized by the energy, the period, and the distribution 
of the energy in the overtones. 

Ordinarily in musical instruments transverse vibrations of the strings 
are generated. We can distinguish three types of string instruments, depend- 
ing on whether the strings are stroked, plucked, or struck. Strings which 
are struck (for example, in a piano) are thus given a fixed initial velocity, 
but undergo no initial displacement. With the plucked instruments (for ex- 
ample, a harp or guitar) the strings are made to vibrate from a fixed initial 
displacement without initial velocity. 

The free vibrations of a string excited in an arbitrary manner can be 
represented in the form (see Section 2-3) 

u(x, t) = > (An COS Wnt + b, Sin wat) sin x ; On = LL 

Problem 1 given in Section 2-3 as an exercise underlies the very simple 
theory of vibration of the stroked instrument. The solution of this problem 
shows that the above coefficients are given by 

2nI° . aC 


sin — 


: : a. 2.6.1 
x’ n° c(l — c) ‘a ( ) 


provided that the initial displacement has the form of a triangle with the 
height # at the point x =c (Figure 29). For the energy of the mth harmonic 
vibration we find 


272 
EE, = = oles an = Mh ee — sin? , M= ol (2-6.2) 


which is inversely proportional to x’. 

In Problem 4, Section 2-3, the simple theory of the struck string was 
investigated; that is, the string was excited by a concentrated blow with an 
impulse K at a point c. The solution of this problem has the form 


26 Rayleigh Theory of Sound, 2d ed., Vol. I, Ch. VI, London, 1894. 
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uh = 2K s Be sin x - sin Onl , Wn weaey (2-6.3) 
nap nin l l l 
K? .. rnc 
E,=— fallen 2-6.4 
7 cae oe 


Consequently, for a string which is excited by a concentrated blow in a 
small interval of length 6, (for which 6 is small in comparison with the 
diistance between the individual nodes) the energies of the different harmonics 
can differ only slightly, and the tone of a 
string thus excited produces overtones to a 
a strong degree. This conclusion can be 


easily demonstrated experimentally as 
follows: If a stretched string (as in a 
monochord) is struck with the edge of a 

O 


knife, then it rings very clearly, i.e., the 
overtones are very noticeable. In the FIG. 29. 

piano, the strings are struck by hammers 

which are padded with felt or leather. Such an excitation of the string can 
be represented by the following scheme: 

(1) Let the string under consideration be excited so that it obtains a 
constant initial velocity v, in the interval (c — 6,c + 6). This case corresponds 
to a flat rigid hammer which has a width of 26 and strikes at the point c. 
Here the vibrations are described by the function 

4vf 2 1 TNC TH 71 


u(x, t) =—;— Y = sin —  sin—6 sin—x Sina,zt 
Ta n=18Nn l l l 


(see Section 2-3, Problem 3) while the energy of the individual harmonic 
vibrations is given by 
2 
E,= ait gia eee 
nn 


l 


(2) The string is excited by an initial velocity of the form 


au, =f mewn F for lx—cl <6 


at 0 for |x—c|>6é. 
This case corresponds to a rigid convex hammer of ‘‘width’’ 26. Such a 
hammer gives the string at the center of the interval 26 the largest initial 
velocity described schematically by the last-mentioned function. The vibra- 
tions so produced have the form 
7” _ TH 
cos —d+sin—c 
8v,6 kes 1 1 - 7H . 
siIn—X + SiN awl 


ta ae ea 1 
l 


u(x, t)= 


(see Section 2-3, Problem 3). The energy of the mth harmonic vibration is 
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: 16u%0°p 1 27nG . 2 mNC 
E,=~—4 = cos’ ——sin? —— , 


lx? | (#)] l l 
— pean ss 
l 
(3) A hammer which strikes a string is not ideally rigid. Then the 


vibrations are no longer determined by the initial velocity but by a time- 


varying force. Thus we arrive at an inhomogeneous equation with the 
function 


K—-c nm ..rnt 
F, cos -—sin— for x-C 7) Osis 
Piha“ r) 2 ra | Le, BtSt, 


0 for |x—c|>06, t>r 
in the right-hand member. The solution of this equation for ¢ > rc reads 


THO nT _. THC 
cos —— Cos — 


16F,76 2 1 l 2 i 1 . am. Tt 
u(x, t) = = > Se ne ae, IN HSIN on( 1 — a : 
mpd me) TT - () | l 2 
1 1 
l l 

The above example shows that the width of the interval on which the 
blow acts as well as the duration of the blow has a substantial influence on 
the energies of the higher overtones. Moreover the appearance of the factor 
sin (xm/l)¢ shows that when the center of the blow lies at a node of the uth 
harmonic, the energy of the harmonics are equal to zero. 

The appearance of higher overtones (from the seventh on) disturbs the 
harmonics of the sound and produces a dissonance phenomenon.” Conversely, 
the presence of lower overtones produces a greater sound volume. In order 
to reduce the energies, the striking point in the piano is chosen in the 
neighborhood of the point of attachment, between the nodes of the seventh 
and eighth overtones. By a suitable selection of the width of the hammers 
and the cushioning, an increase of the energy of the lower (the third and 
fourth) overtones is again obtained. With older types of pianos, the use of 
narrower and harder hammers produces a shriller and even a clinking tone. 


2. Vibrations of rods 


Differential equations of the second order occupy an important place in 
textbooks on methods of mathematical physics, although many vibration 
problems—for example, the vibration of rods, plates, etc.—lead to equations 
of higher order. 

To exemplify an equation of the fourth order, we shall consider the 
natural vibrations of a tuning fork. This problem is equivalent to the 
problem of the vibration of a thin rectangular rod which is permanently 


27 When, for example, the basic frequency (the first harmonic) corresponds to 440 
vibrations per second —A in the center octave—then at the sevenfold frequency the 
A, G of the fourth octave is produced. The interval A-G, the so-called minor seventh, 
is unpleasant to the ear and is felt as a dissonance. 
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fixed at its ends as in a vise. The determination of the form of the vibra- 
tions of a tuning fork and its frequencies leads to the equation of a transverse 
vibrating rod, 


~=0. (2-6.5) 


From this equation we are led to several problems in vibrations of rods, the 
calculation of the stability of rolling waves, and investigations of the vibra- 
tion of vessels.” 

To give an elementary derivation of (2-6.5) we shall consider a rectan- 
gular rod of length /(0< x </) of height # and of width 6b (Figure 30). Let 


FIG. 30. 


dx be the length of an element. The boundary surfaces of the chosen rod 
element, which is assumed as planar, after the deformation forms the angle 
dy as shown in the figure. If the deformation is small and the length of 
the rod axis does not change under the deformation (d/ = dx) then 


_ oy 
. OX 


ees 


Ox 


ay 


xt+dx 


is valid. The section of the rod which is at a distance 7 from the rod axis 
= 0 changes its length by an amount 7ydy (Figure 31). Therefore, according 
to Hooke’s law the tension acting along the section is equal to 


dN = E« bdy - 122 — E-bay, 


where FE is the modulus of elasticity of the corresponding section. The 
complete moment of flexure of the force acting on the slice at x is 


a2 h] 
M=-ES | stan = = ~E2 7; (2-6.6) 


where 


28 See for example, the monograph of A.N. Krylov, The Vibrations of Vessels, 
Moscow, [and] Leningrad, 1948. 
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is the moment of inertia of the rectangular layer 
with respect to its horizontal axis. We denote by 
M(x) the moment acting on the slice at x on the 
right side of the rod. Then obviously (M+ dM) 
is the moment of the force corresponding to the 
Slice at x + dx. 

The moment dM coincides with the moment 
of the tangential force 


aM = Fadx. 
Hence, because of (2-6.6), we obtain 
aM ary 
F , = = CU = De ‘ 
(x, ¢) Ax BJ a (2-6.7) 


for the magnitude of the tangential force 
If we set the resulting force on the element under consideration, 


equal to the product of the mass of the element by the acceleration 


2 


ay 

S—dx, 

4 or? 

where p is the density of the rod and S is the area of the cross section 
(here we neglect the rotary motion arising from the distortion), we obtain 
the equation of a transverse vibrating rod: 


a’y 2 ary 2 
Fm =, =0, =—. 2-6.5 
at? wea ax* oS ( 
The boundary conditions at the fixed end x =0 are the immovability of 
the rod and the horizontal position of the tangent: 


ov 


=| =0. 2-6.8 
x=0 Ox 


x=0 


At the free end the moment of flexure (2-6.6) and the tangential force 
(2-6.7) must be equal to zero. This yields 
ay 
ax? 
In order to completely define the motion of the rod even the initial 
conditions (the initial displacement and initial velocity) must be given in the 
form 


=0. (2-6.9) 


x=l ‘ ax° 


ill ape and. 424); ete “Oe er. (2-6.10) 
. t=0 al t=0 
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The problem considered therefore leads to the solution of equation (2-6.5) 
with boundary conditions (2-6.8), (2-6.9), and the initial conditions (2-6.10). 

We shall solve this problem by separation of variables with the aid of 
the expression 


y= V(x) T(t). (2-6.11) 
By putting (2-6.11) into (2-6.5) we obtain 
TD, se HONIG 
a’T(t) VQ} 
from which the eigenvalue problem 
y"—i1Y=0 (2-6.12) 
a sl de 


results for Y(x). The general solution of Eq. (2-6.12) reads 
Y(x) = Acosh 42x + Bsinh ¥2x+Ccos ¥2x+ Dsin YAx. 


From the conditions Y(0)=0, Y‘(0)=0, we find C=—A and D=—B. 
Hence it follows that 


Y(x) = A(cosh 42x —cos 4/27x)+ B(sinh ¥27x—sin V2 x). 
From Y’(l) =0 and Y’’"(/) =0, we find 
A(cosh ¥21 + cos 7/21) + B(sinh 7/241 + sin ¥2)) =0, 
A(sinh 4/21 — sin 4/21) + B(cosh 721+ cos 21) =0. 


This system of homogeneous equations possesses a nontrivial solution A and 
B, provided its determinant is equal to zero. If we set this determinant 
equal to zero then we obtain the eigenvalues from the transcendental equation 


sinh’ 4/21 — sin? 4/21 = cosh’ 421 + 2cosh 4/21 cos Y21 + cos’ Y21. 
Because cosh’x — sinh’x = 1, we can write 
coshy-cosu=—l, p= Val. (2-6. 14) 


The roots of Eq. (2-6.14) can be calculated without difficulty”, as, for example, 
graphically we find 


ETS 
Le = 4.694 ’ 
La = 7.854 ’ 


Ln a> (2n —]) for n>3. 


29 For the calculation of the roots of Eq. (2-6.14) see Rayleigh, op. cit., fn. 26. 
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The last formula accurately gives the value of uw, for 2 =3 to the third 
decimal place and accurately for » =7 up to the sixth place. 

Now we shall consider the frequency of vibration of a tuning fork. The 
equation 


T’ +@2,T =0 
is satisfied by the trigonometric functions 
T,(t) = a, cos 2zv,¢ + 6, sin 2zv,t 


with the frequencies 


Vi VE ED _ oh /ET 


"On 2 V pS 2nl’? pS 


The frequencies yu, of the eigenvibrations therefore behave as the square 
of w.. Because 


= 6.267 , = 17.548 


B.[B. 
5.[5. 


=r 


the second eigentone is more than two and one-half octaves higher than the 
base tone, i.e., higher than the sixth harmonic of the string with equal base 
tones, while the third eigenvibration is more than four octaves higher than 
the base tone. If the tuning fork, for example, has as a basic frequency of 
440 vibrations per second (usually one takes for A’ the small A of the 
first octave) then the following eigenfrequency of the tuning fork equals 
2757.5 vibrations per second (between C’’”’ = 2637.3 and F’’”’ = 2794.0, thus 
between the E and F of the fourth octave of uniformly tempered scale) while 
the third eigenfrequency of 7721.1 vibrations per second already is higher 
than those frequencies used in music. 

If the tuning fork is set to vibrating by a blow, higher frequencies ap- 
pear in addition to the first, which explains the initial metallic sound. The 
higher harmonics are nevertheless quickly damped so that the tuning fork 
soon rings out with the pure basic tone. 


3. Vibrations of a string loaded by masses 


1. Statement of the problem. In the following discussion, we shall limit 
ourselves to vibrations of a string (0, /) fixed at the ends and loaded at fixed 


points x = x;(2 = 1, 2,---, ) by concentrated masses M;. 
The conditions at point x; can be of two different types. If a concentrated 
force F,(t) acts at point x; (¢=1,2,---, m), the conditions 
u(x; — 0, ¢t) = u(x; + 0, t) (2-6.15) 
ku, | 37) = —F; (2-6.16) 


must be satisfied. In the present case, F; signifies an inertial force. If we 
substitute into (2-6.16) the following 


F; = —Myuu(x;, t) ’ 
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then we obtain 
Mitti(xi, t) = Ruy | 20. (2-6.17) 


The condition (2-6.17) can be derived by still another method. First we 
distribute the mass M; in the interval (x; —¢, x; +) with uniform density 
6; and then use the vibration equation for the inhomogeneous string 

0 Out 18 
(0 + 0;) tee = —( k—- Mie—e <x <xXte, (2-6.18) 
Ox\ Ox 
where p is the density of the string. Let we(x, ¢) be a solution of this equation. 

By integration of Eq. (2-6.18) with respect to x from x;—e to x; + ¢ and 
passage to the limit as e—0, the condition (2-6.17) results for the function 
u(x,t) = lim we(x, t). We shall not go into a more precise investigation of the 
passage to thé limit. 

The complete formulation of our problem then reads: 

Find a solution of the equation 


au 9 /, du 
Oe pee 2-6.19 
at’ =3,( a ; : 
which satisfies the boundary conditions 
u(O, t) = 4 - (2-6.20) 
u(l, t) = 9, 


the transition conditions 


u(x; — 0, t) = u(x; + 0, £) 
Mitta: , t) = kuz | 2443 


% 


@=1,2,-++,0 (2-6.21) 


at the point x = x,, and the initial conditions 


u(x, 0) = (x) \ (2-6.22) 
u(x, 0) = (x) 


where g(x) and ¢(x) are prescribed functions. 

2. Eigenvibrations of a string loaded by masses. We shall first consider 
the elgenfrequencies and the profile of a standing wave for a loaded string. 
Therefore, we shall seek the solution of this problem in the form 


u(x,t) = X(x) T(t). (2-6.23) 
If we substitute (2-6.23) into (2-6.19) and use the boundary conditions, we 
obtain by separation of the variables 
T’ +’2T =0 (2-6.24) 
and 


tee 
LigK & aX = 0: 
qx p (2-6.25) 


X(0) = 0 X(lI)=0. 
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The transition conditions yield 
X (x; — 0) = X (x; 4- 0) 
MX (x,)T" = kX' [HT . 
By consideration of (2-6.24) we can write this relation in the form 
RX! | 149 = —AMiX (xi) . 


In this manner we arrive at the following eigenvalue problem for X (x): 


f(x") 4+%X=0, X(0)=0, XW=0 (2-6.25) 
X (x; — 0) = X(x; + 0), P= 12,037 (2-6.26) 
kX" (x; + 0) ae RX" (x; = 0) + AM.X (x3) =). (2-6.27) 


The peculiarity of the boundary-value problem considered, which differs 
from the problems treated previously, lies in the occurrence of the parameter 
A not only in the equation but also in an auxiliary condition. 

It was shown in Section 2-3 that the cigenfunctions 


Xi(x), MX) e 3 
of the problem 
d 


ake) +aoX=0, X(0)=0, XW=0 


are orthogonal in the interval (0,7) with respect to the density function p(x): 
l 

| X w(x) Xalx)o(x)dx =0, men, (2-6.28) 
0 


We now distribute each mass M; with uniform density 6 in the interval 
Xi -—€ <x <x; +6, where e>0 is an arbitrarily small number. [ence we 
arrive at a corresponding vibration problem for the inhomogeneous string 
with density pe(x). Let den and X,(x) be the cigenvalues and eigenfunctions 
respectively of this problem. The eigenfunctions must satisfy the orthogo- 
nality relation, 


t 
| Xen 2) Xen) pelxdx = 0. (2-6.29) 

0 
If we break up the integral in (2-6.29) over (0, /) into ranges from 
(0,x; — e«) plus the integral first from (x;—e¢, x;+ ¢) about the portion of 


the interval, then from (x; +, 7), and take the limit as «e—>0, we obtain the 
relation 


| Nal Xaladotwdx + Dy MX nlx) X2(x) = 9 mMEN, (2-6.30) 
0 aS 


the condition for the so-called weighted orthogonality.*° 


30 R. Courant and D. Hilbert, Methods of Mathematical Physics, Vol. I, Ch. 6, 
Berlin, 1931. 
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We shall not go into the investigation of the question as to whether such 
passage to the limit is permissible. 

The orthogonality condition (2-6.30) can also be derived by a purely 
formal method from the differential equation and the conditions (2-6.25) 
through (2-6.27). Let X,(x) and X,(x) be two eigenfunctions of the problem. 
Let 2, and 2, be the eigenvalues corresponding to it. These satisfy the 


conditions 
d {, ax. d /, ax. 
—_ z —( k— AnvpXn =O. 
ae dx FAG dx )+ a 
We multiply the first relation with X,(x), the second with X,,(x), and 
subtract the resulting equations from each other. If we integrate this dif- 
ference over (0, %:), (%;, ¥2), °:: (%%, 7) and add the results, we find 


\+ MANS: end 


(am — an) |, Xn) Kala) oledda aig 


k 
0 +=0 


ae [XnbX —X,kXi}dx=0, (26.31) 


xi 


where we have set *) =0, x24,=/. If the integration is performed in each 
summand of the sum, and if the terms which correspond to the boundaries 
x=x;—0 and x =+x;+ 0 are collected, we obtain 


Ay =(XnkX i — XaRX n)s=¢-0 — (XmkX x — XaRX nm) xx; 40 + 


Here the expression evaluated at x = 0 and x =/ on the basis of the boundary 
conditions equals zero. 
For the calculation of A; we use the transition conditions 


(20: — 0) = Xie . 
ae ) Xi(x + 0) j =a m, nN. (2-6.27') 
RX 3 (Xi + 0) = RX 3 (x; = 0) = — MA4;X;(x;) 


If we then write A, in the form 
Az = Xnlxi) (RX n(x: — 0) — RX (xi + 0)) — Xn( i) [RX (ai — 0) — RX (xi + 0)) 
and take (2-6.27) into consideration, we obtain 
Ay = Xn(Xi)MidaXn(xi) — Xa(Xi)MidmXm(xi) = MiXm(%i)Xn(xi(an — am) » 


Equation (2-6.31) can now be written in the form 


l k 

esis { Xl) Xalee)o(xdx + ¥ MiXq (xt) Xalees) \ =0. 

0 4=1 

For Am # A, the orthogonality condition (2-6.30) follows immediately. 
The norm of the eigenfunction X,(x) is defined by 


Ny =|’ Xilwplaide + Z MX) (2-6.32) 


We shall not at this point go into the proof of the existence of infinitely 
many eigenvalues and eigenfunctions, the positiveness of the eigenvalues, 
and the corresponding development theorem. The boundary-value problem 
considered above, as also the problem investigated in Section 2-3, leads to an 
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integral equation, in the present case toa weighted integral equation,” which 
is equivalent to an integral equation with Stieltjes integrals. 
For the development of a function f(x) in a series 


f(x) = 3 faXnlx) 
the following formula for the coefficients holds: 


t 
| f(x) Xalx)p(x)dx + BY Mi f (xi) Xu(x:) 
ey ani 


The initial-value problem described in Section 2-6 §1 is solved according 
to the above method of separation of variables. We can treat analogously 
the vibrations of a rod (or a beam) which is loaded with a concentrated mass. 

In physics and in technology vibration problems of a string loaded with 
a concentrated mass often occur. Poisson had already solved the problem of 
the motion of a weight hanging from anelastic string. Then A.N. Krylov” 
showed that the theory is applicable to the indicators of damping machines, 
the torsional vibrations to balance wheels, to valves of different types, etc., 
and that they lead back to this problem. Also of great significance for the 
theory of various measuring instruments is the study of the torsional vibra- 
tions of fibers with a mass fastened to one end (for example, a mirror). 

A specific instance occurs with a similar problem in investigating the 
stability of vibrations of the air foils of airplanes. For the solution of this pro- 
blem one must calculate the eigenfrequencies of the air foils (which can be 
considered as a beam of variable cross section) which are loaded by masses (say, 
the motor). Another example is the calculation of the eigenvibrations of 
antennas with lumped capacity and self-inductance. 

We shall not concern ourselves here with the approximation methods for 
the determination of the eigenvalues and the eigenfunctions of these problems, 
since they are analogous to the approximation methods for the determination 
of the corresponding quantities for the inhomogeneous string. 

3. The vibrations of a string with a loaded end. The vibration of a 
homogeneous string which is fastened at the end (x = 0) while at the other 
end (x = 1) hangs a weight of mass M is, in practice, of special interest. 

In this case the condition at x = / assumes the form 


Mu, Al, t) = —ku.(l, t). 
For the amplitudes of the standing waves we obtain the equation 
Xn + AX, =0 


(2-6.33) 


with the boundary conditions 


at See A. Kneser, ‘Integral Equations and the Representation of Arbitrary 
Functions of Two Variables,"’ Rend. Palermo 27, 117-147, 1908. 

3% A.N. Krylov, Differential Equations of Mathematical Physics, Ch. VII, Academy 
of Science of USSR, 1932. 
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X.0)=0, XU)= * anXa(l) - 


Hence we find 


i Ank 
Xa(x) = SiN de 
sin aql 
where 2, is fixed by 
a M 
ctg Vaal = pe : (2-6.34) 


The orthogonality condition for the functions X,(x) assumes the form 
t 
| Xilx)Xn(x)olxidx + MX,()Xn(l) = 0. 
0 
For the norms we have 


N, = [| XHepleas + MXi()). 


0 


From (2-6.34) we therefore obtain 


The initial-value problem is solved here in the usual manner. 


4. Corrections on the eigenvalues. We shall calculate the corrections to 
the eigenfrequencies for the case of smaller and larger loads M. For the 
sake of simplicity we shall consider the case in which the weight hangs at 
the end of the string. Both of the following limiting cases are possible: 

(1) M=0. The end x =/ is free. For the eigenvalues, then, we have 


(2) M=oo. The end x =/ is rigidly fixed: «(/,t)=0. Here the eigen- 
values can be calculated from 


VRS 
” l 
Of interest to us now are the eigenvalues for small M (M—-0) and large 


M (M-> ~). 
(a2) M is small. In order to find the corrections to the eigenvalues 2,” 


we set 

Vin = VA + eM, (2-6.35) 
where « is a fixed number. If we substitute (2-6.35) into Eq. (2-6.34) and 
neglect M’ and the higher powers of M, we obtain 


an = ab! (1 xe a (2-6.36) 
pl 
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i.e., the eigenvalues of the weighted string increase as M—0 and approaches 
the eigenvalues of the string with a free end. 
(6) M is large. Now we set 


— 1 
Van = VA + av . 


Then (2-6.34) yields 


Rpeteen Jee 
ee 


where the terms which contain 1/M* and higher powers of 1/M can be 
neglected. Thus, there results 


_ eas 1 P 2 
Van = Va 4 Tite Mi Pe oe a ld (2-6.37) 


i.e., the eigenfrequencies with increasing loads becomes smaller and approaches 
uniformly the eigenvalues of the string with rigidly fastened ends. 


4. Equations of gas dynamics and the theory of shock waves 


1. Equations of gas dynamics. The conservation of energy expression. 
The equations of acoustics (see Section 2-6 §1) were derived under the as- 
sumption that the stream velocity of the gases and the pressure changes are 
small. Under these assumptions the equations of hydrodynamics assume a 
linear form. 

On the other hand, one deals with hydrodynamic processes in problems 
which result from the investigation of rocket flights, the velocity of airplanes, 
ballistics, with detonation waves, etc., for which high velocities and large 
pressure differences are characteristic. In these cases, the linear approxima- 
tion of acoustics is useless and instead we must use the nonlinear equations 
of hydrodynamics. 

Since in practice such motions occur predominantly in gases, the hydro- 
dynamics of high velocities are usually called gas dynamics. 

The equations of gas dynamics have, for one-dimensional motion of the 
gas (in the direction of the xaxis), the form 


continuity equation: G0. + & tas) =) (2-6.38) 
ot ox 

momentum equation: os a po = 2 (2-6.39) 

equation of State: B=TS (pet) (2-6.40) 


Therefore, the equations of gas dynamics represent the equations of 
motion of an ideal compressible fluid in the absence of external forces. 

We shall now derive the conservation of energy law. The energy per 
unit of volume is equal to 
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2 
oe + ps, (2-6.41) 


where the first member signifies the kinetic energy and the second, the 
internal energy. Obviously, here « is the internal energy per unit of mass. 

For an ideal gas, e = c,T where c, is the specific heat at constant volume 
and JT is the temperature. For the energy change in a unit of time we 
therefore have 


a fov a : a 
aS + 0) a(S) +g oe 


If we carry out the differentiation in the first summand, then on the basis of 
Eq. (2-6.38) and (2-6.39) we obtain 
a [pv" v’ dp av va afv ap 
—(f—)j=— — = — py—{—)— v= 2-6.43 
ile Dot Oa oe ay ov 5-() Ugh 
To transform the derivative (0/dt)(o) we apply the first law of thermodynamics 
which expresses the law of conservation of energy: 


dQ =de + pdt. (2-6.44) 


Thus dQ is the amount of heat which the system obtains from the outside 
or gives to the outside, and pdz is the work which must be performed in 
order to change the volume by an amount dr (rt = 1/p is the specific volume). 

If the process proceeds adiabatically (i.e., no heat exchange occurs with 
the surrounding medium) then 


dQ=0, 
and 
Fee Ae A (2-6.45) 
pp 
With the help of this expression we find 
d(pe) = edo + pde = edp + ? dy = wdp (2-6.46) 
p 
0 0p 
ey = woe 2-6.47 
al (pe) was ( ) 
where 
w=eé pub (2-6.48) 
p 


is the heat function (enthalpy), or the heat content per unit of mass. 
The derivative dw/dx on the basis of the expressions (2-6.46) and (2-6.48) 
satisfies the equation 
ow op 


oR = Uae . (2-6.49) 
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By consideration of Eqs. (2-6.39), (2-6.42), (2-6.43), (2-6.47) and (2-6.49), we 
obtain the conservation of energy relation in the differential form 


aes ax LP\2 


To find the physical significance of this equation we integrate it over an 
interval (x1, 2): 


Bf 


@ (*2/ pv" i v 2 
a (S + ps) dx = (5 +w) 


xy x1 


On the left side is the energy change per unit of time in the interval (x,, 
%2); on the right is the amount of energy which in a unit of time flows out 
from the considered volume. 

If the heat conduction can not be ignored, the conservation of energy 
equation assumes the form 


a [pv 7] v oT 
— fj __. + € = ——. — + — ry —_ 2. . 
at ( 2 ne ) | £( 2 w) ax | i es) 


where « is the coefficient of thermal conductivity. 

2. Shock waves: the Hugoniot conditions. With high velocities motions 
are possible, which on certain surfaces can propagate discontinuities of the 
hydrodynamic quantities (pressure, velocity, density, etc.) in space. These 
surfaces of discontinuity are usually called shock waves. 

On the surface supporting the discontinuity (the front of the shock wave), 
the conditions for the continuity of the streaming of the fluid (or of the gas), 
the energy, and the momentum (the Hugoniot conditions) must be satisfied. 

To derive these conditions, we first transform Eq. (2-6.38) to a form 
suitable for our purpose. For this purpose we multiply (2-6.38) by v and add 
the result to (2-6.38). This gives 


a a 2 ! 
— =—-— : 2-6.39 
ap (02) a? + pv’) ( ) 

Further we write the continuity equation, the equation of motion, and the 
conservation of energy relation in the following form, 


ae a -O, , 

a ax (0) ae 

a(pv) ens 2 2.6 9! 

lies a,b + ov) (2-6.39°) 

cl eee RE RO ) 6.50 
= 5 +08) = 2] o( § +w)]. (2-6.50) 


In the x,t plane we consider the ‘“‘spur’’ x = a(t) of the shock front. Let 
AC be any arc of x= a(t). The points A and C must therefore have the 
coordinates x,, ¢;, Or %.=%«*,+ 4x, tf, =¢t,+ 4t. Further, let the points B 
and D be situated so that the sides of the rectangle ABCD run parallel to 
the coordinate axes. 
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We write the law of the conservation of mass in the integral form 


x. t 
[log — @alax = — \*o0)., — (or). (2-652) 
71 ty 
Here the left side is the change of mass in the interval (x,, x.) during the 
period of time (¢:, ¢,); on the right side is the amount of fluid (the gas) 
which flows out from (x,, x2) during the time (¢,, ¢.). If the functions p and 
pv are continuous throughout and differentiable in ABCD, Eqs. (2-6.52) and 
(2-6.37') are equivalent. In the present case, however, this does not occur. 
We apply the mean-value theorem to each individual summand, with the 
result 


[(o)e=t, _ (e)e=t,] 7 = —(pv),s=, + (0v):=, , 


raz" zaxe* t=t* t=t"* 
Here x*, x**, ¢*, t** signify the corresponding mean values of x and ¢. 

If we pass to the limit as 4x -0(x,—x,) and 4dt—>-0(t,— ¢,) and denote 
the value of the function above the curve x = a(t), behind the front of the 
shock wave, by the index 1 and the value of the function below this curve, 
before the front, by the index 2, we obtain 


(02 — pi) U = —(pv), + (pv): , (2-6.53) 
where . 


uy a2 lim 42 


dt «s—odt 


is the velocity of the shock wave. 
In the coordinate system moving with the shock wave we denote by 


“u= U—vy,uw=U-»wry 


the velocity of the elements before and behind the front. Therefore (2-6.53) 
can be written in the form 


Pilly = Pott . (2-6.53’) 


This equation signifies the continuity of the matter flowing across the fronts 
of the shock wave. 
The law of conservation of momentum in integral form reads 


| “[(ov)e, — (ev)1,]dx = — | Up + pv’), —(p + pv’)s,Jde , 


where the right side represents the sum of the acting forces produced by the 
impulses (pressure forces) and the flow of the momentum. As 4x—0 and 
At-—»>0 we obtain 


U[(pv)2 — (ov):) = —(b + pv’): + (b + pv’)s 
or 


Pit pith = po + prttz , (2-6.54) 
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the conservation law for the flow of the momentum across a front; and for 
the conservation of energy on the front we obtain the equation 


2 2 2 2 
(6) U- (Ben) v= -nn( En) ronlE 8), 


which after a single simple transformation assumes the form 


2 2 
Pitts (w: + ) => pate ws + ) 


or according to (2-6.53) 


2 2 
ie, 12 


a 2-6.55 
5 7 ( ) 


Thus, on the front of a shock wave, the following equations (the Hugoniot 
conditions) must be satisfied: 


Pilly = Potts (2-6.53') 

pi + pitti = po + pote (2-6.54) 
2 2 

W, + > = 102 + > . (2-6.55) 


From both of the first Eqs. (2-6.53’) and (2-6.54) we can express m#, and 4, 
through p and op: 


from which it follows that 


ui — Ws = = Put Pay, — po). 
P1P2 


If we then insert this expression into (2-6.55), we find between the energy 
values on both sides of the wave front the relations 


Wi — WwW, = eee ee + p2)(pi — pr) 


20102 
and 

1 

€&y ~~ &2 = 550 = p2)(p1 + pe) . 
P1P2 
For an ideal gas we have 
Cp r p 
p=RoT, Ser 3 w=cCpT aS a ar 
that is, 
ee ee ae (2-6.56) 
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After a simple transformation we obtain from (2-6.56) the so-called Hugoniot 
adiabatic equation 


Peso, (y+ Doe +(7 — DApi (2-6.57) 
Ai (pipe Foy Di 


or 


bo _ fy + Vee — — Vow (2-6.58) 
pi (ry + le: — (7 — 1)ez 


From this, the quantities ,, 91, f2, p2 can be calculated if the remaining three 
are known. 

A shock wave can move continuously with respect to the gas from 
positions of high pressure to positions of lower pressure: ~p,—>p, (law of 
Zemplen). Hence it follows that the density of gas behind the front is larger 
than that before the front. 

Formula (2-6.57) expresses the dependence between p, and p, for prescribed 
Pp, and p,. For a given p, and p,, o2 = p2(p2) is a Monotone increasing function 
which for p2/p;—> co (shock wave of larger amplitude) tends towards a finite 
limit value 

Po ae 


a r—-l’. 


(2-6.59) 


This formula gives the maximum jump in the density which can occur on 
the front of the shock wave. For diatomic gases 7 = 7/5, and the maximum 
density jump is then equal to 6: 


From Eqs. (2-6.53’), (2-6.54), and (2-6.57), we find for p, =0, 


——S — 
ny fc Re ey 
2 ~1 Ar+1) ps 
If the motion of the shock wave with respect to the gas is considered as 
Static (v, = 0), the velocity of propagation of the shock wave equals 


Ure) es, 
2 


Pi 


i.e., it increases as the square root of po. 

We shall now treat a quite simple problem in the theory of shock waves, 
whose solution can be given analytically. A cylindrical tube x > 0, which is 
unbounded on one side and enclosed by a piston at the other (x = 0) contains 
a static gas with constant density o, andconstant pressure p,. At the initial 
moment ¢ = 0, the piston begins to move with a constant velocity ‘‘v’’ in the 
direction of the positive x axis. In front of the piston a shock wave forms, 
which at the initial moment is in the same position as the piston and then 
moves away from this position with aconstant velocity U > v. Between the 
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piston and the front of the shock wave a region 2 forms, in which the gas 
moves with the velocity of the piston. Before the front (region 1) the gas 
is found in the original state: p= p.1, p= pi (v=0). 

With the conditions (2-6.53’), (2-6.54), and (2-6.55) for the front, we can 
easily determine its velocity, the magnitude of the jump, the density, and 
the pressure. 

To this end we introduce the nondimensional quantities 


Te 
P2 Ci Cy ne 1 


where ¢, = Vrp./p, is the velocity of sound before the front (in the non- 
excited region 1). Then the equation of state can be written in the form 


wI=0-5 o = a (2-6.61) 
— a 
a : ~2 
p=1+y7Us or pal+r7 (2-6.62) 
— «a 
psi ees (Gi = +a i*) (2-6.63) 


Then, by elimination of f and U, we obtain for the determination of 
the quadratic equation 


2a —-w[4t+(r +l) v7) + (24+ (7 -—lDw]=0. (2-6.64) 
Since, obviously, w <1, (p. > p:), the smallest root is given by 
wa1+ 04d, — afi 4 cts (2-6.65) 


From (2-6.61) and (2-6.65) there results then 


edit Dg (eat ys (2-6.66) 
4 yieeee =e 
6=1 +r )) 5 + ya J aay: Uy (2-6.67) 


In the old quantities, therefore, 


r it ae 
1+(FE a )+2 jee 
“1 


pr = pi 4 C1 7 16c; (2-6.68) 
pa 
= 2c; 
rey | 
Vet + ] v+e yj + ae vie (2-6.69) 
| 


p= pif] + (mrss) ey ot rel (2-6.70) 
Cc Cc 
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Since the velocity of the shock wave is constant there, we find for the 
position of the front at time ¢ 


_ ara AG er 1) "A (r+ 1)’ ‘| -6.7 
x=a(t)= p sf 0 . 2-6.71 
(t) { 4 v+C 1 16c2 v t ( ) 


In the limiting case v/c, > 1 (shock wave of greater intensity) we find from 
the formulas (2-6.68) through (2-6.70) the limiting relations 
ry+1) ov 


2 
v, Pa Pn ge 


pal. sod 
gpa Ie C= 2 


P2 =p 


obtained earlier. 


If v/e, « 1 (shock wave of smaller intensity) then the term v’/ci can be 


neglected: 
= 14 2) 
eee} ( Cy 


U= C, + (r aay 


br = pr @ 2) 
Cy 

3. Weak discontinuities. We have hitherto considered the motion of a 
shock wave, on whose front the quantities p, p, v, and others change their 
values by jumps. Such discontinuities are called strong discontinuities. 

However, there are also possible motions for which only the first deriva- 
tives of p, p, v, etc., are discontinuous on certain surfaces, while these 
quantities themselves are continuous. We call these weak discontinuities. 

In Section 2-2 §8, we investigated the motions of such discontinuities 
and determined that these discontinuities propagated along the characteristics. 
We shall therefore proceed from the equations of acoustics. Corresponding 
results can be obtained also from the nonlinear problems of gas dynamics. 

We can easily see that a surface, on which weak discontinuities lie with 
respect to the gas, propagates with a velocity which is equal to the local 
velocity of sound. Therefore, if we consider a small neighborhood of the 
surface of discontinuity and take the average value of the hydrodynamic 
quantities in this neighborhood, then the weak discontinuities can obviously 
be considered as small disturbances which satisfy the equations of acoustics 
and propagate with the local velocity of sound. 

As an example, we shall consider the flow of a gas in a vacuum. Let 
the gas which is enclosed in a semi-infinite body x > 0 be found in the rest 
state at time ¢ = 0, and have in the entire region x > 0 the constant density 
p and constant pressure fy). For ¢ =0 the external pressure which acts on 
the plane x =0 vanishes, and the gas begins to move; hence, a weak dis- 
continuity (the attenuation wave) arises, which propagates with the velocity 
of sound ¢) in the direction of the positive xaxis. The density and the 
pressure for ¢=0O have discontinuities on the interior side of the front 
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x= x(t) of the gas. These discontinuities vanish however, immediately after 
the beginning of the motion. 

From the conditions for the continuity of the flow of gases and the 
momentum for x = x,(), 


0 = pil, — vr) = pi(v. — 1), 
pi + pi(uy, — vr)’ = pi t+ pity, — vf)’, 
where o, pr, ur are the left-hand and p7, pr, vu are the right-hand values 
at the point x,(¢), we obtain 


pr=0 and pr =0 
because Aa = pi =v, =0. 
For an adiabatic process the equation of state of an ideal gas reads 
pe pol)’ (2-6.72) 
Po 
For the solution of the problem we assume that 


p= plé), p= plé), v=v(€), 


where 


a0 Ut dE’ x ¢t dé’ 


where f = p, v, or p, and substitute the found expression in (2-6.38) and (2-6.39) 
then we obtain 


_ ede _ dv 
2) 2 "dé (2-6.73) 
_ gpl 
(v ene SAE: 


Now if we multiply the first equation by (v — &) and add the product to 
the second, we obtain 


_ ge _d 
eS) dé dé’ 
or 
=(v—é) 
Hence 


where ¢ is the velocity of sound for the adiabatic process. 
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Since the motion of the weak discontinuity was considered to be in the 
direction of the positive x axis, then in the last formula we take the minus 
sign, i.e., we have 


v—E=-c. (2-6.74) 
If we put this solution into (2-6.73), 
dv 
—=— (2-6.75) 
dp p 
or 
dv_ i 
dp pe° 
With the help of the equation of state (2-6.72) we find 
ae 
p 
and after integration of Eq. (2-6.75) 
(y~1)/2 
v= ee * Co (4) = 1] ‘ (2-6.76) 
age | Po 
By use of this formula e can be expressed through v: 
_] 9 2/(y-1) 
SS gl A ee : 
p po( +15 *) (26.77) 
Here we denote by 
jose tas 
Po 


the velocity of sound for v=0 (in the static gas). For (2-6.76) we can also 
write 


v= (C— Co). (2-6.78) 


y—l1 


By introduction of the expression (2-6.77) for p in the equation of state 
(2-6.72) we obtain 


-_ 2y/(y-1) 
p= po( oa 2 5 A +) (2-6.79) 
0 
From (2-6.78) and (2-6.73) follows the formula 
y =H - . (+ = cv) . (2-6.80) 


which gives the dependence of the velocity v on x and ¢. Accordingly, if 
we insert expression (2-6.80) for uv into (2-6.77) and (2-6.79), we obtain the 
explicit dependence of the quantities p and p on x and ?. Hence, all the 
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quantities are dependent only on x/t. Therefore, if the distance is measured 
in units which are proportional to ft, the form of motion does not change. 

We seek now the velocity of the forward front v(t). If we set p=0 in 
Eq. (2-6.79), we obtain 


2 
y—1 


y= Co. (2-6.81) 


From this it follows that the flow velocity of the gas in vacuum is finite. 
For diatomic gases y = 7/5 and, therefore, 
Vv, = —dey. 
We can also obtain the expression (2-6.81) for the velocity of the forward 


front x = x,(t) from the relation 


=e 
| pax — Pore => Dolot ’ (2-6.82) 


*y 


which is the equation of conservation of mass. If, namely, we introduce 


we obtain 


¢o 
| pdé = Polo. 


vy 


Here we substitute the expression for p from (2-6.77). With 


Pea oS ena 


rel Co 

it follows that 
(" girng, = 1! (2-6.83) 
Ay r+il 
with 
4=14+ 257. 4=4, a: 
By calculating the integral (2-65.83) we obtain 
QTD og et) oy 
1.€., 
A= 05 

where 

b= —— , 


The problem of the flow of a gas in a vacuum is therefore solved. 
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In the above considerations we have limited ourselves to the simplest 
problem of gas dynamics. For a detailed study of the questions occurring 
here we refer to the list of the corresponding special literature.® 


5. Dynamics of gas absorption 


1. Equation of gas absorption. We shall consider the problem of the 
absorption of a gas.** Let a gas-air mixture be passed through a tube (whose 
axis is directed along the x axis of our coordinate system) be filled with an 
absorbing substance. Further, we shall indicate by a(x, t) the amount of gas 
which is absorbed per unit of volume of absorbent and by w(x, t) the con- 
centration of the gas in the pores of the absorbent in the layer x. 

We first derive the condition for the conservation of mass assuming that 
the velocity v is sufficiently large and that the diffusion for the passage of 
the gas plays no essential role. For the layer of absorption from x, to x2 in 
the time from ?, to t, there obviously holds the relation 


[vie | 2, — veel x] S4t = [(a + wt) |1, —(@ + 4) | 1,] S4x. (2-6.84) 
If we divide this by 4x4t, as 4x >0 and 4t—0 we obtain 
sag Slt = ae +u). (2-6.85) 
ox at - 


The left side of this equation represents the amount of gas absorbed during 
the passage with respect to the volume and per unit of time, while the right 
side gives directly the amount of gas consumed in raising the concentration 
of the gases absorbed and found in the pores. To this equation one must 
still add the equation of the kinetic absorption 


da _ 


= Ba = 2-6. 
at Alu — y), (2-6.86) 


where # is the so-called kinetic coefficient and y is the concentration of the 
gas which exists in equilibrium with the amount of gas absorbed. 
The quantities @ and y are linked to each other by a relation 


a= Fy) ’ (2-6.87) 


the so-called characteristic of the absorbent. 
The curve a= f(y) is called the absorption isotherm. If 


83 See N.E. Kochin, J. A. Kibel, and N. W. Rose, Theoretical Hydromechanics, 
Part II, Ch. I (trans. from Russian), Berlin, 1954; L. Landau and E. Lifschitz, Mechanics 
of Deformable Media, Ch. VII, Moscow, 1944; Ya. B. Zeldovich, Theory of Shock 
Waves and Introduction to Gas Dynamics, Moscow, 19:46; L.I. Sedov, ‘Propagation of 
Strong Detonation Waves,’’ Applied Mathematics and Mechanics, 10: 2, 19-16; R. Sauer, 
Introduction to Theoretical Gas Dynamics, 2d ed., Berlin, 1951; K. Oswatitsch, Gas 
Dynamics, Vienna, 1952. 

3¢ ALN. Tychonoff, A. A. Zhukhovitskii, and J. L. Zabezhinskii, ‘‘Absorption of 
Gases from an Airstream by the Layers of a Granulated Substance,’ J. Phys. Chem., 
U.S.S.R. 20: 10, 1946. 
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y 
t(y) —_ oe 
Ug + py’ 
then we speak of a Langmuir isotherm. A simpler form of the function { 
corresponds to the so-called Henry isotherm, which is accurate in regions of 
low concentration: 


pay (2-6.88) 
rT 


where l/y is the Henry coefficient. 
In this case the following problem arises: From the equations 


ou ou da 


—yp— ae 2-6.85 

Mae OF ot oe 
da 

—= = 2-6.89 

at Alu — ya) ( ) 


determine the functions (x, ¢) and a(x, t) which satisfy the auxiliary condli- 
tions 


BED (2-6.90) 
u(x,0) = 0 
u(O, £) = to (2-6.91) 


where zw is the concentration of the gas al the entrance of the Lube. 

By neglecting the derivative 02/d¢ (the amount of gas necessary Lo Increase 
the free concentration in the pores of the absorbent) compared with the 
derivative da/dt (the amount of gas necessary for the increase of the amount 
of absorbed gases) we obtain®® 


ou da 
aye 2.6.85 
ox at ( ) 
a Eat a) (2-6.89) 


a(x, 0)=0, (0, ¢) = tty. 


If we eliminate the function a(x, ¢) by introducing the second equation into 
the first equation and differentiating with respect to ¢, then 


—vity, = Bi, — Bra, = Bu, + Poyt,. 
or 


txt dB: + Prt, =O. 
v 
If we set ¢ = 0 in (2-6.85’), we obtain the initial value of u: 
—vu,(x, 0) = Bux, 0), 2(0, O) = tty . 
From this we find 


u(x, 0) = ue (FY , 


35 For the system, Eqs. (2-6.85’) and (2-6.89) satisfy a single condition, since the axis 
t = 0 here is characteristic. 
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The determination of u(x, t) thus leads to the problem of the integration of 
the equation 


ep = ey + Bru, =9 (2-6.92) 
v 
with the auxiliary conditions 
u(x, 0) = ue (2-6.93) 
u(O, t) = mh. (2-6.91) 


The characteristics of this equation are the straight lines 
x = const. , t = const. 


The auxiliary conditions for this problem thus prescribe the values of the 
sought function w(x, t) on the characteristics. Analogously, the problem for 
a(x, t) reads: 


een + Bra, =90 (2-6.94) 
v 
a(x, 0) =0 (2-6.90) 
a(O, t) = “21 — e #%) (2-6.95) 
r 


Note that a similar problem occurs for a whole series of other questions 
(for example, with the process of drying in a stream of air, with the heating 
of a tube by flowing water, etc.).** . 


36 In the transition to Eq. (2-6.85’) we have neglected u;. Moreover, we can still 

show that we arrive at the same equation if we introduce the variables 

x 

r=t-—, pens E=x, r= 

v v 
(Figure 32) in which the time at the point x is mea- 
sured from the moment t° = x/y at which the stream 
of the gas-air mixture has reached this point. We 
obtain 


ax 0€ Ot 
Be 
ot Gr 
so that Eq. (2-6.85) has the form 
ou oa 
—— = 2-6.85/’ 
“aE Ot Se 
a = B(u — ya). (2-6.89) FIG. 32. 
OF 
The initial conditions (2-6.90) and Eqs. (2-6.85) and (2-6.89) read 
,O)=0 
wile 0) =O, eo) 


The problem is therefore to determine the function »% in the region between the straight 
lines ¢ = 0 and the € axis corresponding to the initial conditions (2-6.90’) (Cauchy pro- 
blem). Obviously, in this region u(x,t) = 0 but also a = 0). Further, from (2-6.85’) 
and (2-6.89) it is evident that the function u(x, t) for - = 0 is discontinuous, while a(x, t) 
remains continuous. Therefore, u% for r=0, as was shown above, is defined by Lq. 
(2-6.85’) for a(x, 0) == 0. As shown on pages 141-142 (see formulas (2-6.93) and (2-6.95)), 
when we define the value u(x, 0) and a(x, 0) we obtain for u(x,t) and a(x, t), problems 
with auxiliary conditions on the characteristics. 
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A solution of Eq. (2-6.92) can be obtained explicitly by the method 
investigated in Section 2-5, and we obtain 


a ten 
u(x; , ti) = woe] ev (21 x41) + =| oi2V/ads| , (2-6.96) 


1J0 
where x, = (8x/v), t; = (ft/y) are dimensionless variables and J, is the Bessel 
function of the first kind of zero-th order with imaginary argument. 

If an asymptotic formula is used, for 4, an asymptotic description of 
the solution for large values of the argument can easily be obtained. 

2. Asymptotic solution. In the above we investigated the absorption 
process of a gas for the case of a Henry isotherm. This relates the amount 
a of the absorbed gases with the equilibrium concentration by the linear 
expression 

1 
a=—y. 
r 


We now consider a general absorption isotherm 


a=f(y). 


If we introduce the dimensionless variables 


gee 1, = 18 ee prea p=, 
v 7 ao Uo lov 
then the system of Eqs. (2-6.85), (2-6.89), (2-6.90), and (2-6.91) becomes 
a _ iv 
Ce 0k (2-6.97) 
= (a —2) 
1 
v = £(2) v=fi(z)= rr a (2-6.98) 
(1, A) with the auxiliary conditions 
uO, t) = 1 (2-6.99) 
wx, 0)=0. (2-6.100) 


We are interested in the asymptotic forms of 
the solutions of (2-6.97). 
To this end, with regard to the function 
fi(v), we impose the following conditions: 
1. Let f,(z) be an increasing function and let 
F:(0) = 0. 
FIG. 33. 2. Let f(z) possess, for all z with OS zsl, 
a continuous derivative. 
3. Let the line leading from the origin of the coordinates to the point 
(1, f; (1)) lie for OS z <1 below the curve /,(z) (Figure 33). This holds in 
particular for convex isotherms. 
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For the inverse function corresponding to /,(z) we introduce the relation 
z= fir '(v) = F(v) 
and seek the asymptotic solutions in the form of propagating waves 
ua = (6) d = 9(€) &f=x-—at, (2-6.101) 


where t is the velocity of propagation of the waves still to be determined. 
This means that for large distances (as x— oo) or for large times (as 
t — co) 


v(x, t) = v0 = g(x — at), “u(x, th=u= d(x —at). 


The concentration # and a for x = © or t= oo must satisfy the equilibrium 
condition 


v = f,(u#) or “z= F(v). 
From (2-6.99) it follows 


and from (2-6.100) 
Viz=-—2 = o(+o)=0, ((+co) = #|,.. = F(0)=0. (2-6.103) 
t=0 t=0 
The condition (2-6.102) states that as t-—> o (€— —oo) saturation must occur 
throughout. 
If we insert (2-6.101) into (2-6.97), we obtain 
¢' =oy'=0, (2-6.104) 
—op' =¢— Fly). (2-6.105) 
From (2-6.104) and (2-6.105) we derive the relation 
P(E) — ap(€) = 0. (2-6.106) 


Hence it follows from (2-6.102) that 


= 7) 2-6.107 
ol ee ely) ene 


or (in the dimensionless quantities) 


o=y7—. (2-6.107') 
Q 
From (2-6.105) and (2-6.106) we find 
dy x 
— 6 —— = dé 2-6.108 
ay — F(¢) 


and hence after integration 


wy) =E—&, (2-6.109) 
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where w(y) is an integral of the left side and & is the integration constant. 
The sought function g(&) is defined by this relation to within the unknown 
constant &: 


p=w (€— &) (2-6.110) 
p = aw (E—&). (2-6.111) 


We want now to determine whether the function w’ is defined at all and 
whether the functions yg and ¢ as > ow and &— — ~ for the inverse function 
satisfy the required conditions. Therefore we show that 


dw 1 
—_— = —o——_ < 0 (2-6.112) 
dp op — fi '(¢) 

1.€., E— &) = aly) 


is a monotone decreasing function of y. For the denominator in (2-6.112) the 
following relation holds, 


ay — fi'(¢) =aP- (ee. (y). 


The first summand represents the abscissa of points on the line corresponding 
to the ordinate y which runs from the origin of the coordinates to the point 
(1, f:(1)), (Figure 33). Since by hypothesis the curve ¢ = fi(z) lies above these 
lines, we have 


(vy) <== 0<gy</fi(l) 


a? 
and consequently 
ap — fi'(y) > 0 
Moreover, 
op —fi(y)=0 for y=0 and g=f,(1). 
From this it follows that 
E— & =a(y) = for g=0 
E-—&=ol(y)=—-0o for g=f,(1). 
For the inverse function we therefore obtain 
=o (€—&) = fill) for = 
=w (€—&)=0 for = oo, 
Further because of (2-6.112) we also find 
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The conditions (2-6.102) and (2-6.103) are therefore satisfied. Besides this it is 
shown that our system of equations permits a solution in the form of a pro- 
pagating wave which still contains an arbitrary constant &. 

In order to determine & we integrate the first equation of (2-6.97) from 
0 to ¢) and 0 to x: 


to to x0 x9 
| fil side — | ii(0, cide |+[ we, tadx —| we, Ode =0. (26.113) 
0 0 0 0 
This relation expresses the law of conservation of mass. By passage to the 
limit as x)— co we find by using the initial condition for # and v that 
oo to 
| v(x, tojdx = | “u(0, tT)dt = ty. 
0 0 
We now assume that the solution of our problem for large values of ¢ 
approximates the functions # and d which we have found above as propagat- 
ing waves. 
If then we determine & according to the condition 


|" me, tyo)dx os to —0 (Lo => co) (2-6.114) 
0 
then this is just the &)-value which corresponds to the functions a(x, ¢) and 
v(x, t). 

We form our integral in the following manner: 


oo 


|" v(x, tojdx = |" oe — aly))dx = | w (x — ato — &)dx 
0 


0 0 


7 \: w (Ede = \. w (Ode 


—ato—fo C4 
€=x— aly — & €. =— at, — &. 
We denote by y* the value of w ‘(¢) for € = 0: 
w (0) = 9". 
Then it is easy to see that 
co 0 oo 
| w (C)do = | w '(C)dt + | w \(C)at 
C1 oy 0 


al 


oy 
= | — cre) + | ade + \’ ulgidg | (2-6.115) 
0 


gr 
is valid when y = w '(f) which is the inverse function corresponding to € = (9) 
(Figure 34). Hence it follows that instead of the conditions (2-6.114) 


gl -—ato~—€g) 


| w '(O)\d6 — ty = {late + &y)y(—aty — &) +| olpidy } —t - 0 
—Tig—fg 


0 


(2-6.115’) 


can also be written as fy) —> o0. 
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As t> ©, 


o(—al, — &)) > ay (—o) = afl) =1. 
(2-6.115'") 


In order to calculate the limit values of 
the expression 


atoy(—alo — &) — bo 


FIG. 34. we use Eq. (2-6.108). By developing 
Sy) = F(y) in a series in the neigh- 
borhood of the point 9 =fi(1) we obtain 
ay — Ip) = a(y — vo) + 1 — Fig) 
= ap — Yo) — [F(~) — F(yo)] 
= [¢ — F'"(po) (p — Yo) +00 


where 
dy 
=O a a ee (2-6.116 
= PGi = ose ) 


The dots here denote the terms of higher order with respect to (gy — 9»). 
From the requirement 3 for f; it follows that 


F'(o) >a = 7H f 
From (2-6.116), the order of magnitude of gy as — —co results: 
p= Aci +, (2-6.117) 
where A and k > 0 are constant. 
The expression (2-6.117) gives 
lim ty [oy(—ol, — &)) — 1] = lim tpAae *'7'f =O. (2-6.115'") 


to 100 


If now in (2-6.115') we still let ¢)-»0o and bearing in mind (2-6.115"’) and 
(2-6.115’"’), we obtain 


Sf, 
i= are apjdy . (2-6.118) 


Therefore the profile of the wave {u, v} is completely determined. 

Of particular interest is the case of the Langmuir isotherm. For this 
we seck now an asymptotic solution of the absorption process. 

Ieq. (2-6.108) here assumes the form 


ey eee ee 2-6.119 
Co PT pear dé (2-6. ) 
where go = I/f,(1) = 1 4+ fp is the wave velocity. [from (2-6.119) we find 
E—f,= ay) 
with 
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ule) = o| Efe fete [ Fite — 1 — pop) ~Ine] + A. 
Je —a¢(l — pg) a 


If » varies from 0 to f,(1), then obviously w(g) varies from —oo to +00. 
We choose A so that 


ore Sid 


i 1 
wo") =0 for 7) ay fill) = 2D 


The conditions for it are 


and 


wy) = Z [-- In 211 — og) — In 2(1 + pi ; 


o—llLa 


The value of &) can be calculated from 


1 fi) 
&5 = aa | wly)dp = —(In 2 — 1) 
1 0 


and does not depend on p = z,/y, the prescribed concentration. 
The sought asymptotic solution then has the form 


d(x, t) = w(x — ot — &) (2-6.120) 


a(x, t) = aw '(x — at — 5) 


where w '(€) is the inverse function of «(g). 
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Figure 35 shows the results of the numerical integration of Eq. (2-6.97) 
for the Langmuir isotherm (by means of difference equations). We considered 
here the range of valuesO <¢S?¢, = 10. For ¢ = ¢, the results of the numerical 
integration agree with the asymptotic solution to within 1 per cent. For 
t >t, we can use the asymptotic formula. 


6. Physical analogies 


In the investigations of phenomena in different branches of physics one 
often establishes a common characteristic. This then leads in the mathe- 
matical formulation of the corresponding problems to one and the same 
equation which describes simultaneously different physical phenomena. The 
following equation serves as a simple example: 

2 

att +bx=0, 
which describes different vibration processes of a simple system: vibrations 
of a mathematical pendulum, a weight under the influence of an elastic 
spring, electrical vibrations in a simple conductor with inductance and capa- 
city, etc. The fact that the different physical processes can be described by 
the same mathematical equation permits us, on the basis of the investigation 
of one of these processes, to reach conclusions about the properties of the 
other (less accurately investigated) processes. 

The propagation of electric vibrations in systems with distributed con- 
stants can be given by the telegraphic equations 


-~ 2 =c+Gv 
ae a (2-6,121) 
se ae Taal 


where C,G, L, R are coefficients of capacity, the loss, the induction, and the 
resistance of the system. If we can neglect R and G, the voltage V and the 
current density J satisfy the ordinary wave equations 


while Eqs. (2-6.121) become 


ox at (26.122) 


On the other hand, in the investigation of the propagation of sound in a 
unique direction, we arrive—for example, for the motion of air in a tube— 
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at the equations 


0D ns Ov. 
ou at (2-6.123) 
cee 
Ox ct at 


where v is the velocity of the vibrating particles, p is the density, p is the 
pressure, and t= poy is the elastic coefficient of air. 

The similarity of Eqs. (2-6.122) and (2-6.123) point to the analogy between 
the acoustic and the electrical quantities. The potential difference corresponds 
to the pressure, the current density to the displacement velocity of the 
particles. Further, the induction of the electrical system corresponds to the 
density which determines the inertia properties of the gas, and the capacity 
corresponds to the quantity l/r, i.e., the reciprocal of the elastic coefficient. 
This analogy can also be determined from the expressions for the kinetic 
and potential energy of the electrical and acoustical systems. 

By a glance at Eqs. (2-6.121) we can, by analogy with the corresponding 
electrical quantities, introduce an acoustic resistance and loss. The magnitude 
of the acoustic resistance is then to be considered if, in the motion, the 
friction of the gas on the side of the vessel plays an essential role. By 
analogy with electrical resistance, which is defined as the ratio of the voltage 
to the current density, we define the acoustic resistance as the ratio of the 
pressure to the current in the medium which is proportional to the displace- 
ment velocity of the gas particles: 


R,=-. 
uv 

In those cases in which the motion of a gas in a porous medium is considered, 
one has to introduce a quantity which corresponds to the loss in an electrical 
system. This quantity (which we designate by P) is called the porosity and 
is defined per unit volume for those materials which are filled with air. 

The mechanical analogy of telegraphic equations are the equations of a 
longitudinal vibrating rod. These can be written, similar to Eqs. (2-6.122), as 


_ ay _ 1 aT 
ax k at 

_ aT _ av 
ox Oot 


where T is the tension of the rod, v is the velocity of the vibrating points, 
p is the density, and & is the elastic coefficient of the rod. 

By comparison of these equations with Eqs. (2-6.122) we can define further 
analogies, this time between mechanical and electrical quantities. If the 
electrical voltage can correspond to the tension of the rod and the current 
density to the motion velocity of the particles, then the reciprocal of the 
elastic coefficient is known to correspond to the capacity and the density to 
the induction. 
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The consideration of similar dynamic problems leads thus to an analogy 
between a series of electrical, acoustic, and mechanical quantities. This is 
illustrated in the following table.*’ 


Electric systems Acoustic systems Mechanical systems 
Variables 

Voltage V Pressure, p Tension, T 

Current density, J Particle velocity, v Particle velocity, x 

Charge, e Displacement, 1 Displacement, x 
Parameter 

Inductance, L Inertia (density), o Mass density, pn 

Capacity, C Acoustic capacity, Rigidity, elastic modulus 

Cy, = 1/r w = 1/k 
Resistance, R Acoustic resistance, Ry Mechanical resistance, Ry 


The above table is based on the results of acoustic problems about the 
character of the phenomena and gives an insight for the solution of the 
problem. 

Thus the problem of motion of air in a porous material for simple 
harmonic waves leads to the equations” 


—lwPnlt + ru = —grad p 


dp + itp 
pc 


(ry — iwpm)p = 90 

where uw is the spatial velocity of air through the pores, p is the pressure, 
p is the density, pm is the effective density of air in the pores (pn, can be 
larger than p, since the material particles and the air can also vibrate in the 
pores), P is the porosity, c is the velocity, w is the frequency of sound, and 
ry is the flow resistance. The latter can be characterized by prescribing the 
pressure in the material. If we put r= Ry, pm = La, rPloc’ = C4, then the 
above equations take the form 


Caleb + Cake oP = = Ap . 


These equations are completely analogous to the equations for the propaga- 
tion of electrical vibrations in a conductor. Therefore, by analogy with the 
wave impedance in conductors, 


ae R+itol aah) 
Z =/2 + iwC ' C 


37 See, for example, H.F. Olson, Dynamic Analogies, New York, Toronto, London, 
1944. 


38 W. Furduev, Electroacoustics, Moscow, 1948. 
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we can write the expression 
= Pm — iriw) 
Z Vey >P 


for the so-called characteristic impedence of porous materials. The charac- 
teristic impedence causes a dampening of the waves propagating in a porous 
material. 

With the help of these analogies between electrical and acoustic pheno- 
mena, the investigation of many acoustic problems can be replaced by the 
consideration of equivalent electrical systems. These methods of analogy 
have in recent times found many applications with analog computers, in 
which an equivalent electrical circuit is constructed for the solution of an 
equation which corresponds to a physical process. 


PARABOLIC DIFFERENTIAL EQUATIONS 


Partial differential equations of the second order of the parabolic type 
occur principally in problems connected with heat conduction and diffusion. 
The simplest parabolic differential equation 


Usr — tty = 0 


is usually denoted as the heat-conduction equation. 


3-1. SIMPLE PROBLEMS WHICH LEAD TO PARABOLIC DIFFERENTIAL 
EQUATIONS 


1. The linear problem of heat propagation 


We shall consider a homogeneous rod of length J which can be heat 
insulated and is sufficiently thin so that at an arbitrary time the temperature 
at all points of the cross section can be regarded as equal. If the ends of 
the rod are held at the constant temperatures u; and w,, then, as is known, 
along the rod a linear temperature distribution occurs (Figure 36): 


u ux)=u,4+ 2 ze He, (3-1.1) 
Here the heat flows from the warmer 
to the colder end of the rod, that is, in 
the direction in which the temperature 
decreases. The amount of heat which, 

x inaunit of time, flows through a cross 


4 


oO b section of area S is given by the experi- 
FIG. 36. mentally determined formula 
Osa A te. (3-1.2) 
if Ox 


The coefficient 2, the so-called thermal conductivity, depends on the material 
of the rod. The magnitude of the heat flow is taken to be positive if the 
heat flows in the positive x direction. 

The course of the temperature distribution in a rod can be described by 
a function u(x, 7), which gives the temperature in the cross section at x at 
time ¢. What equation must u(x, ¢) now satisfy? For the derivation of this 
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equation we formulate first the physical laws which govern heat conduction. 
1. The Fourier law If the temperature of a body is distributed non- 
uniformly, then there arises in the body a heat flow in the direction of 
temperature decrease. 
The amount of heat which flows through the cross section at x during 
an interval of time (¢, t+dt) is equal to 


dQ = qSdt, (3-1.3) 
where 


ou 


ae (3-1.4) 


q = — R(x) 
is the density of the heat flow. This is equal to the amount of heat flowing 
through an area of lcm’ per unit of time. This law represents a generali- 
zation of formula (3-1.2). It can also be written in the integral form 
Ou 


—(x, t)dt. (3-1.5) 
Ox 


te 
Os s| k 

ty 
Then Q is the amount of heat flowing in the time interval (f,, f.) through 
the cross section at x. If the rod is inhomogeneous, & is a function of x. 


2. The amount of heat which must be added to a homogeneous body 
in order to raise its temperature by an amount Ju, is equal to 


Q=cm4u=cpVdu, (3-1.6) 


where c is the specific heat capacity, m is the mass of the body, a is its 
density, and V is the volume of the body. 

If the temperature change differs at different places of the rod or the 
rod can be treated as inhomogeneous, then 


Q= | * opSAu(x) dx : (3-1.7) 
“1 

3. Within a rod, heat can arise or vanish (for example, by the flow of 
an electric current, because of chemical reaction, etc.). The occurrence of 
heat can be completely described by a function F(x, t), which is a measure 
of the heat source at the point x at time ¢.°° The effect of these sources 
on an element of the rod (x, x + dx) during an interval of time (t, t + dt) 
induces an amount of heat given by 


dQ = SF(x, t)dxadt . (3-1.8) 
By integration we find 


Q=Ss | Fu, t) dxdt , (3-1.9) 


try 


89 For example, if heat is produced by an electric current of strength J in a rod, 
whose resistance per unit length is equal to R, then F’= 0.24-]2-R., 
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which is the amount of heat which exists in the interval (x, x.) of the rod 
in the time interval (¢;, ¢,). 

We obtain the equation of heat conduction from the law of conservation 
of energy for an interval (x,, x.) in a time interval (¢,, ¢2) and with the use 
of formulas (3-1.5), (3-1.7), and (3-1.9) for the energy balance, we can write 


I'L OW 5. ou |e + ("| Fe, z)dédr 


— k—(x, Tt) 
aT Ox L=Io Ox rst) 


= 


1 (3-1.10) 
= | cplué, ts) — we, tide . 
sy | 
This is the equation of heat conduction in integral form. 
In order to derive the differential form we shall assume that the func- 
tion w(x, t) possesses the continuous derivatives u,, and u,.°° 
Then from the mean-value theorem of integral calculus we obtain 


[ eet t) 


ou 
=. pos 
Ox 


oe - (x, T) 


| At + Flas, ts)dxdt 
8 feplulé, ta) — wlE, ta) hens, 


and hence with the help of the mean-value theorem of differential calculus 
a ou 
pale an | 


where ¢;, ¢,, ¢s and x3, x,, x; are suitable intermediate values in the intervals 
(¢,, t2) and (x1, x2). 
If we divide the last equation by 4xdt, we find 


a ( k a) ou 
Ox Ox 


= Cp — 

Pat 
All these considerations hold for arbitrary intervals (x,, x.) and (¢,, ¢,). Ac- 
cordingly if x,, x. tend towards x and ¢,, ¢, tend towards ¢, there results 


a ou ou 
—({ k— F(x, t) = co — 3-1.14 
me re oe ae 
the so-called equation of heat conduction. 

We shall next consider a special case. 

1. If the rod is homogeneous then k, c, p can be taken as constant, and 


the heat-conduction equation takes the form 
ur = aus + f(x, t) 
2 k F(x, t) 


a=—, f(x, t) = 
cp Cp 


(3-1.11) 


Stax + Fx, ty)4xdt = [co FEU 0] AxAt , (3-1.12) 
3 


1. 
t=t 


*5 
3 


Wa 
. 


+ F(x, t) 


=x 
5 
t=, 


(3-1.13) 


t=ts 
r=1y 


X=14 
4 


fou 


40 Through these restrictions on the function x(x, t), in general, we will lose a class 
of solutions, namely those which satisfy the integral equation but not the differential 
equation. In the case of the heat conduction equation, however, these requirements do 
not exclude any possible solutions. That is, we can show that a function which satisfies 
Equation (3-1.10) must be differentiable. 
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where a’ is the coefficient of temperature conductivity. If there are no 
sources present, i.e., if F(x, tf) = 0, then the equation simplifies: 


ty = Ags - (3-1.14') 


2. The density of the heat sources are dependent on the temperature. 
If heat exchange with the surroundings exists which obeys Newton's law, 
the amount of heat emanating from the rod per unit of length and time 
equals 


Fi, =h(u-— 90), 


where 6(x,¢) is the temperature of the surrounding medium and h is the 
heat exchange coefficient.*t Therefore the density of the heat sources at the 
point x at time ¢ is equal to 


F= F(x, t)—h(u-— 0), 


where F(x, ¢) is the density of other heat sources. 
If we are dealing with an inhomogeneous rod, then the heat conduction 
equation considering heat exchange with the surroundings takes the form 


My = AU — au + f(x, t), (3-1.15) 


where a =h/cp and f(x, t) = a0(x, t) + F,(x, t)/cp is a known function. 

3. The coefficients k and ¢ as a rule are slowly varying functions of 
temperature. Therefore, from the above cited assumption, these coefficients 
can now be assumed as constant, which is valid for small temperature fluc- 
tuations. The consideration of the course of temperature for large tempera- 
ture fluctuations leads toa quasilinear heat-conduction equation, which for an 
inhomogeneous medium can be written in the form 


] ou “= Ou 
S (elu, x) an) + Flr, t) = Clu, 2)olu, x) & 


(see Application 3). 


2. Diffusion equation 


If a medium is filled nonuniformly with a gas, then a diffusion occurs 
from the places of higher concentration to places of lower concentration. 
This phenomenon also occurs in solutions when the concentration of the dis- 
solved material is not everywhere equal. 

We shall now consider the diffusion in the interior of a hollow tube or 
in a tube which is filled with a porous substance, under the assumption that 
at any arbitrary moment the concentration of the gas (the solution) in any 
cross section of the tube is constant. Then the diffusion process can be de- 


41 Since with our approximation the temperature distribution inside an individual cross 
section was not considered, the influence of the surface sources is equivalent to the in- 
fluence of the heat sources in the interior. 
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scribed by a function u(x, f), which gives the concentration in the cross sec- 
tion at x at time f. 

According to the Nernst law, the mass of the gas passing through the 
cross section at x during the time interval (¢, ¢ + 4t) equals 


103. = pe NSat, (3-1.16) 
Ox 


where D is the diffusion coefficient and S is the area of the tube cross sec- 
tion. 
From the definition of concentration, 


Q=uV 


results for the amount of gas found in the volume V. Here we know that 
the change of mass of the gas in the interval (x,, x.) of the tube equals 


4Q = | c(x) du-Sdx 
*1 
when the concentration changes by an amount 4u. Here c(x) denotes the 
coefficient of porosity.” 
The condition for the conservation of mass in the interval (x,, x.) during 
the time interval (f,, f,) reads 


S | [Dee Me a Dy ee | desks occ 1) — we, nde. 
Ox Ox 


ty *1 


Hence, as in Section 1 we arrive at the equation 


7,( 03) = pau (3-1.17) 
Ox o 
the so-called diffusion equation. It is completely analogous to the heat-con- 
duction equation. For its derivation we assume that in the tube no material 
sources exist, and no diffusion takes place through the tube walls. If we 
take into consideration also the sources, then we arrive at equations which 
correspond to Eqs. (3-1.14) and (3-1.15). 

If the diffusion coefficient is constant, the diffusion equation assumes the 
form 


2 
uy = Alyy 


with 


a= 


»_ dD 
2 


If c= 1 and the diffusion coefficient is constant, the diffusion equation reads 


ue = Duy, . 


42 The porosity coefficient we understand to be the relation between the volume of 
the pores and the total volume Vo, which in this case is equal to Sdxr. 
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3. Spatial heat propagation 


Spatial heat propagation can be characterized by the temperature w(x, y, z, 2) 
as a function of the point (x, y, z) and the time ¢. 

If the temperature is not constant, a heat flow occurs which again proceeds 
from places of higher temperature to places of lower temperature. The 
amount of heat flowing through the surface element do at the point (x, y, z) 
during the time interval (¢,¢+ 4t) is given, according to the Fourier law, 
by the formula 


sO ae ote oaks: 
on 


Here & is the heat conductivity of the body*® and » is the normal to the 
surface element doa in the direction of the heat flow. As is known, 


ae We ace (m, x) + a cos (m, y) + te cos (n, z)= gradu-N, 
On Ox oy dz 


so that we can write 


dQ = —kgradu:-Ndcdt 


where NV is the exterior normal. Hence it follows that the heat flow per unit 
of time and area is equal to 


Qn=Q:N (3-1.18) 


where gq = — k gradu is the vector density of the heat flow. 
For the amount of heat which flows through a surface S in the time 
interval (t;, ¢;), we have 


t 
a= -| | | & Feat do 
tyJS on 

or 


to to 
Q.= -| | |b eradu-Ndedt =| 
Ss 


fy 


| \a-Naodt (3-1.19) 
ty S 

Further, the amount of heat necessary to raise the temperature of a point 
of the body by 


Au(x, y, z) = u(x, y, z, to) — u(x, y, 2, t,) 
is equal to 


Q,= \\ |eoluts, 9, C tr) — ule, 9, C, NAV. (3-1.20) 
V 


Finally, if we denote the density of the heat sources by F(x, y, z, ¢), then 
for the amount of heat freed in the volume V in the time interval (¢,, ¢2) 
we obtain 


43 In this case, a homogeneous isotropic body. 
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Qs; =| | \Fe, nC, t)dVadt . (3-1.21) 


s 


We shall now formulate the law of conservation of energy for a volume V 
whose surface will be denoted by S. Obviously, we must have 


Q.=Q;:-Q,. (3-1.22) 


Under the assumption that the function uw, in the region considered, with 
respect to the variables x, y, z, is twice continuously differentiable, and with 
respect to ¢, is once continuously differentiable, we now form the relations 
(3-1.19), (3-1.20), and (3-1.21). By applying Green’s theorem“ 


| q-Ndo=| divqdV 
AY V 
and the mean-value theorem of integral and differential calculus for functions 
of several variables, we obtain 
Q, = div g(x1, y1, 21, t3) Ve 
a 
Q2 = cplt(x2, Yo, Z2, te) — W(X2, Ye, Z2, bi) |V = cp or it » V2, 22,t,)VAt 


Os =F i Sate ts) Val 


or, after division by Vdt follows 


co Ms, Ve, 225 t,) = — div q(x, ¥1, 21, fs) + Fi; Yay 23, bs). (3-1.23) 
Here all the values of the argument lie within the region considered, i.e., 
they are the coordinates of certain interior points of V for a certain value 
of time in the interval (f,, ¢.). 

Equation (3-1.23) holds for any volume V within the body. If we shrink 
the volume to the point with coordinates x, y, z, and carry out the passage 
to the limit ¢;, t,¢, we obtain** 


Cp “ (x, y, Z, t) =—_— div Q(x, Y, 2, t) + F(x, y, Z, t) (3-1.24) 


because of continuity of the derivatives. 
If now q is replaced according to (3-1.18), we obtain the heat-conduction 
equation 


cpu, = div (k gradu) + F 


or 
0 Ou a ou 0 Ou 
=—(k— —(k— —( k— EF. 3-1.25 
oh mG x) + mat a) ge ( a) a rien 
If the body is homogeneous, we usually write this in the form 


‘In this formula as in (3-1.19) the exterior normal is assumed. 
48 F(x, y, z, t) is assumed to be continuous in the region considered. 
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tp = A" (Ure + yy + tere) .; , (3-1.26) 


where a’ = k/cp is the temperature conductivity, or also 


Sadek Ff BES. (3-1.26') 
cp 
where 
ez a at 


“oe T at t ar 


is the Laplace operator. 


4. Formulation of boundary-value problems 


In order to determine the solution of the heat-conduction equation in a 
unique manner in each case we must still consider the initial and boundary 
conditions along with the equation itself. 

In contrast to the differential equations of the hyperbolic type, only the 
initial conditions arise here in the prescription of the values of the function 
u(x, t) at the initial time ¢. 

The boundary conditions can assume different forms, according to the 
temperature conditions considered on the boundary. We thus distinguish 
three principal types of boundary conditions. 

1, At the end of a rod (x =0 or x =/) the temperature is prescribed, 
e.g., 

u(O, t) = w(t), (3-1.27) 


where u(t) is a function defined in the interval tj <¢< 7. Here T charac- 
terizes the time interval in which the process is considered. 
2. At one end, the value of the derivative is prescribed, e.g., 


ot) = ult). (3-1.28) 
ax 
We arrive at this condition when the heat flow Q(/, ¢) occurring at the end 


of the rod is given by 


Qu, =— RH, 0. 
Ox 
From this there results (d(/, t)éx) = v(t), where v(t) is a known function; then 


we obtain 


QU, t) 
, 


3. At one end a linear relation exists between the derivative and the 
function given by 


W(t) = — 


ay. th = — a{u(l, t) — O(t)] . 
Ox 
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This boundary condition corresponds to Newton's heat exchange of the surface 
of the body with the surroundings whose temperature #@ is known. There- 
fore, if for the flow of heat which flows through the cross section at x =/ 
we use the two expressions 


Q = hiu — 0) 
and 
Ou 
Q=-ke, 


we obtain the mathematical formulation of the third boundary condition in 
the form 


Stet) = — aul, )— ole), (3-1.29) 
Ox 
where 4 = h/k is the heat-exchange coefficient and @(t) is a prescribed func- 
tion. For the cross section at x = Oof the rod (0, 7) the third boundary con- 
dition reads 


+ Afu(O, t) — O(t)) . (3-1.29') 


Ou 
On (0, ¢) 


Naturally, the boundary conditions for x = 0 and x =/ can be different 
so that the number of possible boundary conditions is large. 

If the system considered is inhomogeneous and the coefficients of the 
differential equation are discontinuous functions, we divide up, in a suitable 
manner, the interval (0, 7) in which the solution is sought, by the points of 
discontinuity, and the coefficients into several subintervals, in such a way 
that the function # within these subintervals satisfies the heat-conduction 
equation and at the points of discontinuity satisfies the corresponding transi- 
tion conditions. 

In the simplest case these conditions are the continuity of the tempera- 
ture and the continuity of the heat flow, 


u(x; — 0, t) = u(x; + 0, t) 


ee — 0, t) = k(x: + 0) 2 (x, + 0, t) 
Ox Ox 


R(x; — 0) 
where x; are the points of discontinuity of the coefficients. 

Besides the problems discussed here, limiting cases also arise. We shall 
consider the heat conductivity in a very long rod. In the course of a suffi- 
ciently small time interval, then, the influence of the temperature conditions 
prescribed at the end points on the middle portions of the rod is very small, 
so that the temperature of these parts alone are determined by the initial 
temperature distribution. In this case the exact consideration of the rod 
length is of no significance, since a change in the rod length has no essential 
influence on the temperature of the portions of the rod of interest to us; for 
such problems we usually assume the rod to be of infinite length. Thus we 


162 PARABOLIC DIFFERENTIAL EQUATIONS 


have an initial-value problem (the Cauchy problem) for the temperature dis- 
tribution in an infinite straight line, i.e.: 

Find a solution of the heat-conduction equation in the region -wo <x <o, 
t2=t,, which satishes the equation 


u(x, to) = ¢(x), —-mam <xcto, 


where ¢(x) is a prescribed function. 

Correspondingly, the temperature in an element of the rod which lies 
nearer to one end and far from the other end is determined in practice by 
the temperature condition of the near end and the initial conditions. In such 
cases, we at least assume the rod to be bounded on one side and the coordi- 
nates from the bounded end to lie within the region defined by OS x S =. 
As an example we shall formulate the first boundary-value problem for a 
one-sided bounded rod: 

Find a solution of the heat-conduction equation in the region 0<x< 0, 
ty < ¢ which satisfies the conditions 


u(x, to) = g(x), O<xr<m 


u(O, t) = p(t), t>t, (3-1.30) 


where o(x) and p(t) are prescribed functions. 

The above formulated problems represent limiting cases (degenerate) of 
the fundamental boundary-value problems. A different limiting case of the 
fundamental boundary-value problem occurs when the exact initial conditions 
are not taken into consideration. Obviously, the influence of the initial con- 
ditions on the temperature propagation along a rod weakens in the course of 
time. If the time point of interest is sufficiently long from the initial time, 
the temperature of the rod is determined primarily by the boundary condi- 
tions, Since a change of the initial conditions shows no change in the tem- 
perature condition of the rod (within the limits of accuracy of observation). 
In this case we must also assume that the process continues indefinitely and 
the effect of the initial conditions has ceased. 

In this manner we arrive at boundary-value problems without initial con- 
ditions: Find a solution of the heat-conduction equation for 0< x </ and 
t > — o which satisfies the conditions 


u(0, t) = w(t) 
u(/, t) = p(t). 


According to the nature of the boundary conditions, other types of problems 
without initial conditions are also possible. Of great importance is the prob- 
lem without initial conditions for a one-sided bounded rod (J= oo): Find a 
solution of the heat-conduction equation for 0 < x < », f > — o which satisfies 
the condition 


(3-1.31) 


u(O, t) = p(t), (3-1.27) 


where p(t) is a prescribed function. 
Often one encounters problems without initial conditions but with periodic 
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boundary conditions, 
u(t) = A cosat (3-1.32) 


(see Section 3-5 §1). 

Naturally we presume that the temperature of the rod varies after a 
sufficiently long time and, similarly, periodically with the same frequency. 
However, if the influence of the initial conditions were taken into considera- 
tion exactly, we could never obtain a periodic solution; since the influence 
of the initial conditions is continuously decaying, it completely vanishes; 
indeed the consideration of such cases, because of unavoidable errors of ob- 
servations, are senseless. The investigation of a periodic solution is analog- 
ous, therefore, to a neglect of the initial conditions. 

Finally, the above formulation of the boundary-value problem does not 
refer only to equations with constant coefficients. Under the ‘‘heat-conduc- 
tion equation’’ we can subsume each of the equations of the preceding sec- 
tions. 

In addition to the linear boundary-value problems cited above we also 
have to investigate problems with nonlinear boundary conditions, for example, 
of the form 

ou 4 4 
k= (0, t) = o[u"(0, t) — 8°(0, t)} . (3-1.33) 
This boundary condition corresponds to the Stefan-Boltzmann law underlying 
heat radiation from the point x = 0 in a medium with the temperature @(t). 

We shall now consider the formulation of boundary value problems in 
some detail and begin with the first boundary-value problem for a bounded 
region. 

A function u(x, t) is called a solution of the first boundary-value problem 
if it has the following properties: 

1. It is defined and continuous in the closed region 


Osxsil, ps tST. 
2. It satisfies the heat conduction equation in the region 
Oe, b<t<T. 
3. It satisfies the prescribed initial and boundary conditions, i.e., 
u(x,t) = (x), uO, t)=wilt), wl, t) = wAlt), 


where g(x), w(t) and y(t) are continuous functions which satisfy the transi- 
tion conditions 


g(0) = wi(to) [= u(0, to)] 
and 
(Ll) = pe(to) [= u(Z, to)] 


which are necessary for the continuity of u(x, t) in the closed region. 
We consider now the x, ¢ phase plane (Figure 37). In our problem we 


164 PARABOLIC DIFFERENTIAL EQUATIONS 


seek a function a(x, ¢), which is defined in the interior of a reetangle ABCD. 
This region is already determined by the statement of the problem, since 
the course of the heat propagation in the rod 0< x <7 during the time in- 
terval ¢s ¢= 7, in which the heat behavior 
of the boundary is known, was already in- 
vestigated. Let ¢) = 0; we assume that u(x, f) 
satisfies the heat-conduction equation only 
for O< x <1,0<t<T, ie., not for 1=0 
(the side AB) or for x = 0, x —-T7 (the sides 
AD and BC). For t=0, as well as + —0 
and x = /, the value of this function is given 
directly by the initial and boundary condt- 
FIG. 37. tions. To require that the heat-conduction 
equation, for example, be satisfied also for 
£=0 would imply that the derivative yg!’ = u,,(x, 0) in this equation exists. 
Therefore, the generality of the physical phenomena to be investigated is 
limited, and thus the basic functions which do not satisfy this requirement 
are eliminated from consideration. The condition (3-1.3) loses its meaning 
when it is not required that u(x, ¢) in the regionO Sx S/,0S¢t< T (ie., in 
the closed rectangle ABCD) be continuous or this requirement must be replaced 
by another appropriate assumption.*® To understand the significance of this 
requirement we consider the function v(x, ¢) defined by the following condi- 
tions: 


ux, t)=C, O<x<l, O<tsT 
v(x, 0) = (x), Osxsl 
v(0, t) = p(t) , vi, t)= LA(t) , OstsT 

where C is an arbitrary constant. The function v obviously satisfies both 
condition (3-1.2) and the boundary conditions. However, this function in no 
case describes the course of the heat distribution in the rod with an initial 
temperature g(x) # C and boundary temperatures p(t) # C and p(t) # C, since 
it is discontinuous for £=0, « =0, x = /. 

The continuity of u(x, t) for O<x<1,0<t< F directly follows in that 
u(x, t) satisfies the differential equation. Therefore, the requirement that 
u(x, t) be continuous inOd<x</,0<1t<7, is based essentially only on those 
points at which the boundary and the initial values are prescribed. In the 
following, by a solution of the equation which satisfies the boundary condi- 
tions, we shall always mean a function which satisfies the requirements (3-1.1), 
(3-1.2), and (3-1.3) and hence not repeat these each time, unless there are 
special conditions. 

Correspondingly, this is the case for other boundary-value problems, in 


particular for problems of an infinite rod and problems without initial condt- 
tions. 


46 Later, boundary-value problems with discontinuous boundary and initial conditions 
will be considered. For these, the problems will be properly defined so that the boundary 
conditions are fulfilled. 
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For problems with several independent geometric variables the above 
statements remain valid. In these problems, an initial temperature and 
boundary conditions determined on the surface of the body are prescribed 
for ¢=0. We can also investigate problems for infinite domains. 

With regard to all the problems discussed, the following problems exist": 
1. Are the solutions of the problems discussed uniquely determined? 

2. Does a solution exist? 
3. Do the solutions depend continuously on the auxiliary conditions? 

If a problem admits of many solutions, then we naturally cannot speak 
of ‘‘the solution of the problem.’ and we must first prove the uniqueness. 
In practice, the second question above is the most tmportant. since generally 
in proving the existence of a solution, we simultaneously find methods for 
its calculation. 

As noted earlier (see Section 2-2 $3) we speak of a physically determined 
process when a small change in the initial or boundary conditions causes a 
small change in the solution. In the following, it will be shown that heat 
propagation is determined physically by the initial and boundary conditions. 
i.e., a sinall change in the initial or boundary conditions tmplics a small change 
in the solution. 


5. The principle of the maximum 


In the following we shall investigate differential equations with constant 
coefficients, 


= Air + fre tye. (3-1.34) 
As already shown, these equations, by the substitution of 
r+at : . Ss 
pee y - avith B= Oe: oe are) 
can be brought to the form 
to= ON. (3- 1.85) 


The solutions of this equation have the following properties which will 
be denoted as the principle of the maximum. 

A function x(x, f) defined and continuous in the closed region 0s 7 < 7, 
0 <x </ and satisfying the heat-conduction equation 


Uy = Ay, (3- 1.35) 


in the region 0 <t< 7,0 <x </ assumes itS maximum or minimum at the 
initial moment ¢ =0 or at the boundary points x =0 or r=/. 

Before we prove this, note that the function «a(x, f) -- const. obviously 
satisfies the heat-conduction equation and assumes a maximum (minimum) at 
each point. However, this does not contradict our assertion, beeause it means 
only that when a maximum (minimum) is assumed tn the interior of the region 
it is also (but not only) assumed for ¢ =O or for x =Qorw 7. 


47 Cf. Section 2-2. 
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The physical significance of this statement is immediately clear: if the 
temperature on the boundary and at the initial moment does not exceed a 
value MM, then in the interior of the body no temperature higher than M can 
be attained. We shall limit ourselves to the proof of the statement of the 
maximum and give an indirect proof. We shall designate by M the maxi- 
mum value of w(x, tf) for f=O0 (0S x S/)orforx=Oorx=/(0 StS T)and 
assume that the function u(x, f) assumes its maximum at an interior point 
Crom 73 a Oadby ea) ee ae 


u(xo, fo) = Mt+e. 


We now compare the signs in Eq. (3-1.35) at the point (x, f). Since the 
function at (x9, fo) assumes its maximum,” then necessarily 
0 au 


SH (xo,t)=0 and 24 (x, %) <0. (3-1.36) 
ax ax 


ay (o> 104 (3-1.37) 


By comparison of the signs on the left and right sides of (3-1.35) it follows 
that both sides can be different. These considerations, however, still do not 
prove the correctness of our theorem; since the right and the left sides can 
simultaneously equal zero, it would signify no contradiction. We bring forth 
this consideration simply to emphasize the fundamental concepts of our proof. 
For the completion of the proof we shall seek more than one point (x,, f,) 
at which @’u/@x° <0 and @u/aét>0. Therefore, we consider the auxiliary 
function 

v(x, t) = u(x, t) + R(t, — £), (3-1.38) 


where & is a constant. Obviously then 


v(Xo, bo) = U(Xo, to) = M+ € 
and 
Rito —t) SRT. 


48 If the continuity of u(x, t) were assumed in the bounded regionO0<x<l1,0<t<T, 
then the function u(x, t) could not exceed its maximum, and further considerations would 
be contradictory. On the basis of the theorem that every continuous function in a bounded 
region attains its maximum, then (a) the function u(x, t) attains a maximum within or 
on the boundaries which will be denoted by M; (b) if u(x, t) also were to exceed M only 
at a point, then a point (xo, t)) would exist at which the function u(x, t) assumes a maxi- 
mum which is larger than M: u(xo, to) = M+e (e > 0), where0 <x <lO<%y%<T. 

42 As is known from analysis, for the existence of a relative minimum of a function 
f(x) at an interior point x9 of an interval (0, 1), the conditions 

af] _, af 


—— , 
ox I=IQ ox? 


> 0 


r=Xq 


are Sufficient. If, therefore, at the point xo the function f(x) has a maximum value, then 
(a) f’(xo) = 0, and (b) f’’(xo) > 0 cannot hold; therefore f’’(xo) = 0. 
50 Obviously, du/ét = 0, in case tp < T, whereas for tp) = T, then du/ét = 0 must hold. 
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We now select & > 0 so that kT < ¢/2, i.e., let Rk < ¢/2T; then the maximum 
of v(x, t) for ¢=0 or for x =0,x=T1 does not exceed the value M+<¢/2, 
1.e., 


u(x,t) <M + > for ¢=Oorx=0,x=1, (3-1.39) 


since for this argument the first summand of (3-1.38) is not larger than M, 
and the second is not larger than ¢/2. 
Now, v(x, f) is a continuous function. Thusa point (x, ¢,) exists at which 
it assumes its maximum. Then we have 
v(x, t,) = v(Xo, ty) = M+ €. 
Therefore, ¢; > 0 and 0 < x, < /, since for ¢=Oor x =0, x =/ the inequality 
(3-1.39) is valid. It follows that 


Vix(X1 , ti) = Ur(X1 y t,) < 0 


and 
vx,, t)) = ule, 4) -—kR2O or u(x,t) 2R>0. 

By comparison of the signs on the right and the left sides in (3-1.35) at the 
point (x,, f;) we conclude that Eq. (3-1.35) at the point (x,, ¢;) cannot be satis- 
filed, since the quantities on the right and left sides have different signs. 
Therefore, the first part of our proposition is proved. The statement for the 
minimum can be proved analogously, and it is sufficient to apply the first 
part to “¥4,=— 4. 


6. The uniqueness theorem 


We turn now to a Series of consequences of the principle of the maxi- 
mum. First, we prove the uniqueness theorem for the first boundary-value 
problem. If the functions z,(x, ¢) and «,(x, ft), which are defined and continu- 
ous in a region OX x</,0<tT, and which satisfy the heat-conduction 
equation 


Uy = au, + f(x, 2b) for O<x<1t>0 (3-1.35') 

as well as the same initial and boundary conditions 

u(x, 0) = u(x, 0) = v(x) 

u,(O, t) = u2(0, t) = pil(Z) 

u;(1, ¢) = ue(2, 1) = p(t) , 
then necessarily” 

u(x, t) = u(x, ¢). 

For the proof of this theorem we consider the function 


51 Previously this theorem was refined and the continuity requirement at t = 0 was 
dropped. 
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v(x, t) = u(x, t) — u,(x, t). 
Since w#,(x, t) and z.(x, t) for 
O0sxsil, OstsT 
are continuous, their difference v(x, t) in the same region is continuous. Further, 
v(x, t) as the difference of two solutions of the heat-conduction equation for 
0<x</,t>0 is similarly a solution of the heat-conduction equation in that 
region. Consequently, the principle of the maximum can also be applied to 


this function, and the maximum and the minimum of v(x, t) fort = 0 or x = 0 
or x =] is assumed. According to the hypothesis we obtain 


v(x, 0) =0, HO; 1)-=0-, wt) = 0. 
Therefore, also 
v(x, t) =0, 
16.5 
u(x, t) = u(x, ft), 


from which the uniqueness of the solution of the first boundary-value problem 
follows. 

We shall now prove a series of direct conclusions from the principle of 
the maximum. In the following discussion ‘we shall refer to ‘‘the solution 
of the heat-conduction equation,’ instead of enumerating the properties of 
the function in detail which also satisfy the initial and boundary conditions. 

l. If two solutions w,(x, t) and w(x, t) of the heat-conduction equation 
satisfy the conditions 


ui(x,0) S ua(x,0),  m(0, 4) Su(0, t), all, t) S wall, t), 
then 
us(x, t) S (x, t) 


forall OSs xs5/,0S18T. 
The difference v(x, t) = u(x, t) — u,(x, t) satisfies the conditions on which 
the principal of the maximum is based; also 


v(x, 0) = 0 v(0, t) = 0 vl, t) 20. 
Therefore 
v(x, t) 20 for O< re OS e T. 
since v(x, t) in the region 
O0<x<l, O0<tsT 


would otherwise have a negative value. 
2. If three solutions 


u(x,t), u(x, t) , u(x, t) 


of the heat-conduction equation satisfy the conditions 
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u(x, t) S u(x, t) S U(x, 2) for £0, =0, x=l, 
then this inequality is fulfilled for all x inO<sxsJandall¢inO</<T. 
This assertion represents an application of conclusion (1) to the func- 
tions 
u(x,t), u(x,t) and u(x,t), u(x,t). 
3. If, for two solutions 2,(x, ¢) and u,(x, t) of the heat conduction equa- 
tion, the inequality 
|u,(x,¢)— u(x, t)| Se, for t= 0; x=0, r=] 
is valid, then 
| w,(x, t) — u(x, t)| Se 
for all x, ¢ in 
Osx<l, Csr 7 


is satisfied. 
This assertion results from conclusion (2), when we apply the heat-con- 
duction equation to the solutions 


u(x, t) =—eE 
u(x, t) = 14(x, t) — u2(x, b) 
u(x, t)=e. 


The question regarding the continuous dependence of the solution of the 
first boundary-value problem on the initial and boundary conditions is an- 
swered completely by conclusion (3). To understand this, we consider a solu- 
tion (x, 2) which satisfies other initial and boundary conditions, instead of 
the solution of the heat-conduction equation which corresponds to the initial 
and boundary conditions 


u(x,0)= g(x), uO, t)=pilt), aL, t) = walt) . 


Let these be given by functions ¢*(x), ui(¢) and 42(¢) which differ by less than 
e from the functions g(x), w(t), and p,(2): 


lg(x)-—o%(x)| Se, lad) —wr(lSe, |prlt)—wr(t)| Se. 


However, the function u,(x, ¢) according to conclusion (3) differs by less than 
e from the function u(x, ?): 


| u(x, t) — u(x, t)| Se. 


Here the principle of the physical determination of a problem arises directly. 
We have investigated in detail the question of the uniqueness and the 
physical determination of a problem in the case of the first boundary-value 
problem for a bounded interval. The uniqueness theorem for the first boundary- 
value problem for a two- or three-dimensional bounded region can be proven 
by a verbatim repetition of these deliberations. 
Similar questions arise in the investigation of other problems, an entire 
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series of which was discussed in the preceding paragraphs. These problems, 
however, require certain changes in the method of proof. 

The solution of the problem for an unbounded region (see Section 7) or 
a problem without initial conditions is uniquely determined only if the sought 
functions are still subjected to certain auxiliary conditions. 


7. The uniqueness theorem for the infinite straight line 


For the solution of a problem on the infinite straight line it is essential 
to require the boundedness of the sought function in the entire region, i.e., 
there exists an M such that | w(x, t)| < M holds for all — 0 <x < + 0 and 
12510; 

If u(x, t) and u(x, t) are two continuous and bounded functions for all 
values of the variables x and ¢ considered, and if they satisfy the heat-con- 
duction equation 


Uy = AU, , —-wom<xr<ow,t>0 (3-1.35) 
and the conditions 
u(x, 0) = w(x, 0), —o<xr< oo 
then 
u(x, t) = u(x, t), —-w<xew, ted. 


We consider, as before, the difference 
v(x, t) = w,(x, t) — to(x, t). 
The function v(x, t) is continuous, satisfies the heat-conduction equation, is 
bounded in the entire region 
| v(x, t) | S | ws(x, t) | + | wel(x, th| < 2M, -wo<xr<w, t20, 
and satisfies the condition 
v(x, 0) =0. 

The principle of the maximum, which was used for the proof of unique- 
ness for the case of a bounded interval, is not directly applicable here, since 
the function v(x, ¢) in an unbounded region need not assume its maximum 
at any point. In order to use this principle we consider a region 

ecg ee Ser 


where L is a parameter which is permitted to increase unboundedly, and a 
function 


2 
Vis; = a(S + at) (3-1.40) 


which is continuous, satisfies the heat-conduction equation (which we can 


easily verify by differentiation), and also satisfies the inequalities 


V(x, 0) 2 | v(x, 0) | =90 
Vi4tL,th22M2 (2+ LZ, ?). 
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If we apply the principle of maximum to the region |x| < L, we obtain 


2 2 
42 (Stat) so2,9 se (S + at). (3-1.41) 


If we now consider any fixed pair of values (x, t) and let L increase un- 
boundedly, we obtain 


and thus our theorem is proved. 
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1. The homogeneous boundary-value problem 


We turn now to the solution of the first boundary-value problem for the 
heat-conduction equation 


Uy = A'u;, + f(x, bt) (3-2.1) 
with the initial conditions 
u(x, 0) = g(x) (3-2.2) 
and the boundary conditions 
u(O, t) = w(t), u(l, t) = p(t). (3-2.3) 


For the investigation of the general first boundary-value problem we begin 
with the solution for the simplest case. 
Problem 1. Find the solution of the homogeneous differential equation 


Ur = A tr: (3-2.4) 
which satisfies the initial conditions 
u(x, 0) = (x) (3-2.2) 
and the homogeneous boundary conditions 
u(0, ft) =0, mG iy= 0: (3-2.5) 


For the solution of this problem we shall first consider, as is customary 
in the method of separation of variables, the following general auxiliary 
problem: 

Find a nonidentically vanishing solution of the differential equation 


2 
Uy = Aux , 


which satisfies the homogeneous boundary conditions 


u(0, tf) = 0, u(l, t) = 90 (3-2.5) 
and is representable in the form 
u(x, t) = X(x)T(é) , (3-2.6) 


where X(x) is a function dependent only on x and 7(t) depends only on ¢. 
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If we put (3-2.6) into (3-2.4) and divide both sides of the equation so ob- 
tained by a’ XT, then we obtain 
i Ne alae, Sd 
se H= st =- 2, 3-2.7 
aT xX 
where 2=const., since the left side of the equation depends only upon ¢ and 


the right only on x. 
Hence, we obtain the equations 


xX" +1’X=0 (3-2.8) 
Top a aT = 0, (3-2.8’) 

whereas the boundary conditions (3-2.5) become 
X(0) =0, X(1) =0. (3-2.9) 


For the determination of X(x) we obtain the eigenvalue problem 
xX" + 2X =0, X(0)=0, X(l)=0, (3-2.10) 


which has already been investigated for the solution of the wave equation 
(Section 2-3 §1), where it was shown that only for the value of the parameters 


2 
An = (=) ’ n= Ly 2 3, aa (3-2.11) 
do nontrivial solutions of Eq. (3-2.8) exist which are then equal to 
X,(x) = sin = ts (3-2.12) 


These values 2, correspond for Eq. (3-2.8’) to the solutions 
T(t) = Creo" , (3-2.13) 
where C, are still arbitrary constants. 
For the auxiliary problem, therefore, the functions 


un(x, t) = Xn(x)T p(t) = Cnre72?An sin ke (3-2.14) 


are particular integrals of Eq. (3-2.4) which satisfy the homogeneous boundary 
conditions (3-2.5). 
To solve Problem 1, we formally construct the series 


u(x, th= s Crew iansy ?a%t sin“ , (3-2.15) 


n=1 


The function u(x, ¢) satisfies the boundary conditions since these are satisfied 
by every member of the series. If the initial conditions are to be satisfied 
also, then we must have 


g(x) = u(x, 0) = > Cy sin x j (3-2.16) 


i.e., C, are the Fourier coefficients of the function g(x) when these are de- 
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veloped in the interval (0, /) in a sine series: 


azn 


C29 at o(€) sin--: dé. (3-2.17) 


The coefficients C, of the series (3-2.15) must now have the value defined 
by (3-2.17). To show that this series then satisfies all the conditions of 
Problem 1, we must prove that the function defined by (3-2.15) is differenti- 
able, satisfies Eq. (3-2.4) in the region 0 <x </,t> 0, and at the boundary 
points of this region (for ¢=0, x =0 and x =/) is continuous. 

Because of the linearity of Eq. (3-2.4), a series consisting of particular 
integrals, according to the superposition principle, is also a solution if this 
series converges and is termwise twice differentiable with respect to x and 
once with respect to ¢ (see the auxiliary theorem in Section 2-3 §3). We 
show next that the series arising by termwise differentiation 


5 Olen and dun 
n=1 Of n=1 Ox" 


for t= t> 0 (t isa fixed number) converges uniformly. Therefore, we con- 
sider the expression 


=|-c (4) a an 2o-(an/)) 2a azt Sin 2 a 


In the following we shall formulate the additional conditions which the func- 
tion g(x) must satisfy. First, let g(x) be bounded | g(x)| < M; then 


mu On 


2 
< [Ca (+ ) sanien(anlb a2 ; 


|= |+ | asin e ae| < 2M, 


from which 


OUn 
ot 


; 7 
< 2M (+) ante (sn) et for ie oe 


and correspondingly there follows 


Gel < am (+ ; ) meni a?t = for Pet. 


In general, we find 


Orta, 
ot*ax' 


2k+l 
(+) niktlgrke—(xn/b 20% for t= t , 


The convergence of the majorant Ya, with 

an = Naien'en/) 2at (3-2.15') 
results from the D’Alembert criterion, since 
(n + 1)9 ent r/) a2 n2+enti) E 


. a 
lim |— 


n-oo An 


= lim =lim (1 + ee —0. 
n 


nN -00 ni eo f/h 2a2nty n--0 
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Hence, it follows that the series (3-2.15) for ¢ =f > 0 is arbitrarily often term- 
wise differentiable. Further, we conclude from the superposition principle 
that the function defined by this series satisfies Eq. (3-2.4). Since ¢ is arbi- 
trary it holds for all¢ >0. Consequently, the series (3-2.15) for ¢ > 0 represents 
a function which is arbitrarily often differentiable and satisfies Eq. (3-2.4).*? 

If the function g(x) is continuous, possesses piecewise continuous deriva- 
tives, and satisfies the conditions y(0) = 0 and ¢g(/) = 0, then the series 


u(x, t) = 5 C,e7'tn/) at sin = x (3-2.15) 
n=l 


defines a continuous function for ¢ = 0. 
From the inequality 


| un(x, th] < | Cal for t20,0cx<! 


follows directly the uniform convergence of the series (3-2.15) for¢2=0,0S xl. 
Since for a continuous and piecewise smooth function g(x) the series of the 
absolute values of the Fourier coefficients converges uniformly in case 
y(0) = y(1) = 0, we have proved the proposition.** We have, therefore, completely 
solved the first boundary-value problem for the homogeneous equation with 
homogeneous boundary conditions with continuous, piecewise smooth initial 
conditions. 


2. Green's function 


We turn to Eq. (3-2.15) obtained above in which we introduce the corre- 
sponding values for C,: 


&. - mn 
u(x, t) = > Cyenen/ Pate sin x 
n=l 


o l 
= [F| y(é) sine ag] entenn sin x 
n=1 l 0 l l 


t oo 
= (PZ F ete sin x -sin@e |yleyae . 
ol f a=1 l l 
Summation and integration can be interchanged for ¢ > 0, since the series 
for ¢ > 0 in the brackets converges uniformly with respect to é¢.% 
We now set 
™m 


G(x, 6, )= = 5 en irn/b rare sin" x-sin “6 P (3-2. 18) 
n=l 


With the use of this function G(x, é, ¢), u(x, f) can be written in the form 


82 Jn proving that the series (3-2.15) satisfies the equation u,; = a2u:, for t > 0, only 
the boundedness of the Fourier coefficients C, was used. This, however, is the case for 
bounded ¢(x). 

53 See Section 2-3 §3. 

84 The series San, where an is taken according to formula (3-2.15’), represents a 
majorant corresponding to the series, standing for g = 0, in the brackets. 


3-2. THE METHOD OF SEPARATION OF VARIABLES 175 


t 
u(x, t) = | G(x, & t)plé)de . (3-2.19) 
it} 


The function G(x, &, t) is known as Green’s function (source function). We 
shall investigate its significance. 

We shall show that G(x, &, ¢), considered as a function of x, represents 
the temperature distribution in the rod 0< x S/ at time ¢, provided (1) the 
temperature at the initial moment ¢ =0 is equal to 0, and (2) at this time 
at the point x = acertain amount of heat (whose magnitude we shall deter- 
mine later) is free while at the boundary (x =0, x =/ of the rod) in the course 
of the total process the temperature remains equal to 0. 

By the term ‘‘amount of heat Q free at the point €’’ we shall mean as 
usual that an amount of heat exists which is freed in a sufficiently small 
interval about the point € considered. The temperature change ¢-(§) which 
is produced by the appearance of the amount of heat about the point € outside 
of the interval (€ — «,€ + «) is equal to zero; by contrast ge(é) inside of this 
interval can be regarded as a positive, continuous, and differentiable function 
and is such that 


é+e 
cp | * ole) de = Q, (3-2.20) 
&—e@ 


since the left side of this equation precisely represents the amount of heat 
producing the temperature change of amount ¢-(€). The temperature distri- 
bution in this case is given by formula (3-2.19) 


ues, ) = | ou, E, thpelé)dé . (3-2.21) 


Now we let ¢« tend toward 0. From the continuity of G(x, é, t) for t > 0 
as well as Eq. (3-2.20) we obtain next by use of the mean-value theorem for 
fixed x, 7 


, 


e+e * €+e Q 
ue(x, t) = | G(x, &, t)pe(§) dé = G(x, &", | gelE) dE = G(x, &°, t)— 


&-e é-e cp 
(3-2.21') 


where &* is a determined point in the interval (€ — e,€ +) and the integral 
of ge(€) exists as e—0O and is equal to Q/cp. Because of the continuity of 
G(x, &, t) with respect to € for ¢ > 0 there then results 


lim zte(x, t) = 2 Gx, é&,t)= Lc cgaec 5 enlan/D 2a? gin ey sin ™e (3-2. 
20 cp co laa l l 

Hence, it follows that G(x, €, t) represents the influence of the temperature 

of a heat pole of intensity Q = cp occurring instantaneously, which is found 

at time t= 0 at the point é in the interval (0, /). 

We shall now prove the following property of the function G(x, é, t): For 
arbitrary x, & and t> 0, G(x, &, t) 20. For the proof we consider the initially 
given function y-(x) with the above stated properties and the corresponding 
solution (3-2.21). Since the initial conditions and the boundary conditions are 
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nonnegative, it follows from the maximum principle that 


u(x, t) 20 
for allOSxs/J andt>0O. Hence, it follows by consideration of (3-2.21) 
HE D= CEE, 2 =O. for #50 (3-2.21"") 
p 


as ¢—0, and from (3-2.21') we obtain 
G(r, &, t) 20 for Osx, eS 15 t>0O. 


This result has a simple physical significance which, however, can be 
recognized directly only from (3-2.19), since G(x, 6, ft) can be represented there 
by an alternating series. 


3. Boundary-value problems with discontinuous initial conditions 


The theory treated above was based on solutions of the heat-conduction 
equation which are continuous in a bounded regionO<x</,0St<T. This 
requirement is a significant restriction. We consider, for example, the simple 
problem of the cooling of a uniformly heated rod on whose boundaries the 
temperature is equal to 0. Here the auxiliary conditions read 


u(x, 0) = uw, u(O, t) = ull, t) = 0. 


If uw) #0 then the solution of this problem at the points (0, 0) and (0, 7) must 
be discontinuous. This example shows that the continuity of the initial con- 
dition required above and its compatibility as defined above are caused by 
the boundary conditions—a fact which, in practice, excludes very important 
cases from consideration. However, formula (3-2.19) also yields the solution 
of the boundary-value problem in this case. 

If we wish to use the results of the above theory without neglecting its 
domain of applicability, we must concern ourselves with an extension of this 
theory that also encompasses the fundamental problems. There are numer- 
ous formulas used in applications outside their domains of validity in addition 
to those which are, in general, stated according to the conditions for their 
applicability. The consistent basis of all formulas would be too time con- 
suming and would deviate from the quantitative and qualitative aspects of 
those processes which are characteristic for these physical methods. 

On the other hand, we retain what is necessary, at least with respect to 
the simplest examples, to give a basis of the mathematical apparatus suffi- 
cient for the solution of the fundamental problem. 

We shall consider boundary-value problems with piecewise continuous 
initial conditions without assuming that the initial function in the above-defined 
sense is compatible with the boundary conditions. This class of auxiliary 
conditions is, in practice, sufficiently general and for the explanation of the 
theory sufficiently simple. Our goal, therefore, is to show that formula (3-2. 19) 
still gives the solution of the problem described. The necessary investigations 
will be carried out in single steps. First, we shall prove the theorem: 
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The solution of the heat-conduction equation 
Up = AU, , O<x<l, i>0O, (3-2.4) 


which is continuous in the closed region 0 < x </,0<¢# < T and satisfies the 
conditions 


u(Q, t) = w(l, t) = 0 (3-2.5) 
u(x, 0) = o(x) (3-2.2) 


where (x) is an arbitrary continuous function vanishing at x =0 and x =1J, 
is determined uniquely and is represented by 


U 
u(x, t) = | ou, g, fyle)dé . (3-2.19) 

We have already proved this theorem under the assumption that ¢(€) 
possesses a piecewise continuous derivative. 

We shall now prove the theorem without this assumption. Therefore 
we consider a sequence of piecewise continuous differentiable functions ¢,(x), 
(0) = ¢,(2) = 0, which converges uniformly towards g(x), since ¢,(x), for 
example, can be chosen as the function which represents the step function 
which coincides with g(x) at the points /-k/n,k =0,1,2,-+-+, 2. The func- 
tions u,(x, ¢) defined by (3-2.19) through ¢,(x) then satisfy all the assumptions 
of the theorem, since the ¢,(x) are piecewise differentiable. The functions 
u,n(x, t) converge uniformly towards a continuous limit function u(x, t). To 
each e—0, therefore, we can find an m(e) such that 


| n(x) — Ga, (x) | <e, O<xsl 


when 7,, 2, 2 m(e), since these functions, by hypothesis converge uniformly. 


From this, on the basis of the principle of the maximum it also follows that 
jn (x,2)—ua(x,)|<e, OSxs!, OsStsT 


when 7, #2 = (ce). Therefore, the uniform convergence of a sequence of 
functions w,(x, ¢) toward a continuous limit function w(x, t) is demonstrated. 

If now for fixed x and ¢ we pass to the limit under the integral sign, it 
follows that the function 

t U 
u(x, t) = limu,(x, ¢) = lim | G(x, &, theal€) dé = | Gu, &, t)p(é) dé 
no nes \g 
exists in the closed region 0S x S/,0St¢T, is continuous, and satisfies 
the conditions (3-2.2). Referring to footnote 52 we see that this function also 
satisfies Eq. (3-2.4) and hence the theorem is proved. 

As the following deliberations will show, the function u(x, ¢) defined by 
(3-2.19) is a uniquely determined continuous solution of our problem. 

We turn now to the proof of the uniqueness theorem for the case of a 
piecewise continuous initial function g(x) without assuming that this function 
is compatible with the boundary conditions and we prove: 

A function which is continuous in the region ¢>Oand forO0<x<J,t>0 
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satisfies the heat-conduction equation 


te = AU , (3-2.4) 
the homogeneous boundary conditions 
uO, t) = u(l, th =0, (3-2.5) 
and the initial condition 
u(x, 0) = ¢(x) (3-2.2) 


is uniquely determined when 
1. It is continuous at the points of continuity of the function ¢(x); 
2. It is bounded in the closed region 0S x </,0 StS ty (ty is an arbitrary 
positive number). 
We assume that such a function exists, and on the basis of the preceding 
theorem for t > ¢ this can be represented by 


u(x, t) | Gt, &,t— t)gi(é) dé P t>t>0 (3-2.19’) 
0 


for arbitrary ¢ (0<¢t St, g(x) = u(x, f)). 

In (3-2.19’) we now carry out the passage to the limit ¢->0 where x and 
tare fixed. We shall show® that the passage to the limit under the integral 
sign is possible, and therefore the function u(x, t) is represented uniquely by 


u(x, t) = | Gu, £, t\l)dé,  o(¢) = ule, 0). (3-2.19) 


Let x,,%2,°°:+, x, be the points of discontinuity of the function ¢(x). 
Then, if we set x, = 0 and x,1, = / (Figure 38) and consider the closed intervals 


Xt Xp 7 Men tO EHD yt X41 I Ht M4178 
x.=0 = 
is Xo x Mees Xa 
FIG. 38. 
Tn (Xp +6 Sx S X44, —34),k = 0,1, +--+, 2, where 6 is an arbitrarily small posi- 


tive number, then we know that the integrand in (3-2.19’) in each of ,, k= 


55 The theorem proven in the following is a special case of a theorem of Lebesgue, 
which states that the passage to the limit under the integral sign is possible in case 
the sequence of functions Fr(x) converges almost everywhere toward a summable limit 
function F(x) and if this sequence is bounded by a summable function. This proof can 
be carried out without the use of the notions of measure theory. If measure theory is 
used, one can prove completely analogously that a solution of the heat-conduction equa- 
tion u(x, t) which satisfies the homogeneous boundary conditions is defined uniquely when 
the following conditions hold: (1) u(x, t) S F(x), where F(x) is a summable function; (2) 
if, almost everywhere 


lim u(x, t) = g(x), 
t -0 


where g(x) is a prescribed summable initial function. 


3-2. THE METHOD OF SEPARATION OF VARIABLES 179 


0,1,2,---,#, converges uniformly towards the integrand in (3-2.19). In the 
intervals J, (x, -6 <x <x, +6),k=1,2,---,n, on the other hand, the in- 
tegrands of (3-2.19) and (3-2.19’) are bounded by a fixed number M for each 
t (0<t <1), since u(x, t) was assumed to be bounded and G(x, €, t), for 0 < 
€</1,t> 0, iscontinuous. If we split up the difference of the integrals (3-2.19) 
and (3-2.19’) into the 22 +3 integrals which correspond to the intervals i, 


k=0,1,--+,m, and ,k=0,1,+--,n+1, then we see that this difference 
can be made smaller than an arbitrary prescribed number « if 
ee eee 
~ 2n+34N 
so that 


€ 


|_ (Gl, &, ¢— Dei) — Gx, , Hele) de] = 
k 


2n+3 ’ 
and if ¢ is sufficiently small so that 
| G(x, €,t — t)yil(é) — G(x, &, te(é) | 
1 € >. 
s— < = se . 
= TL for t<tink, k=0,1, yn 
Therefore, 
| 1Gtx, & t— Fpilé) — Gla, &, Dele) | ae 
Tk 
€ —_ 
< < = eth aye. 
On 3 for tet, k=0,1, n 


Hence follows the inequality 


t cot = 
| (G(x, &, t — t)pi(€) — G(x, &, thel(6))déi<e for tSt. 
0 


IIA 


Therefore, the passage to the limit under the integral signs is permissible, 
and if a function u(x, ¢) exists which satisfies the assumptions of our theorem, 
it can be represented by the formula (3-2.19), from which also the unique de- 
termination of such a function is proved. 

We shall now show that formula (3-2.19) represents a bounded solution 
of Eq. (3-2.4) which satisfies the conditions (3-2.2) for an arbitrary piecewise 
continuous function g(x) and is continuous everywhere that (x) is continuous. 

We shall prove this theorem in two steps. First, to show that it is true 
in case g(x) is a linear function 


g(x) = cx , (3-2.2’) 
we consider the sequence of auxiliary functions (Figure 39) 
Yx(X) = cx for O<xr< (1 -<) 
=e(l—x) for (1-—)sxs! 
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The number a is determined so that 9,(x) at the point x = /(1 — 1/m) shall 
be continuous: 
n—1 = l 


a— i.e.,a=(n—I1)c. 
n n 


cl 


The functions u4,(x,t), which for the 
y,(x) are defined by formula (3-2.19), 
then are known continuous solutions 
of the heat-conduction equation with 
homogeneous boundary conditions and 


fs) q1-4) the initial conditions 


FIG. 39. un(x, 0) = (x). 
Since 
PX) S Prix), Osxsil, 
then on the basis of the principle of the maximum 
uUnlx, t) S ttnsi(x, t). 


The function U,(x) = cx is a continuous solution of the heat-conduction equa- 
tion. It follows from the principle of the maximum that necessarily 


un(x, t) & U(x), 


since this inequality is valid for x=0,x=/, andt=0. The sequence {u,(x, t)} 
is therefore monotonic, nondecreasing, and is bounded above by the function 
U,(x); consequently, it converges. We can now easily recognize the validity 
of the relations 


L 


u(x, t) = lim u,(x, t) = lim |, Gu, E, thy,(€) d&é = | G(x &, t)he(é)d&é < U,(x) 
nV. nao Jo 0 

and pass to the limit under the integral sign. On the basis of footnote 52 

this function satisfies Eq. (3-2.4) and the homogeneous boundary conditions 

(3-2.5) for t > 0. Moreover, it is continuous at t=0 and0<~x <1, as we 

now prove. Let x, <J/. Wechoose m such that x, < 1—1/m). In this case, 

Qr(Xo) = Up(xo). If we bear in mind that 


UnlX, t) = u(x, t) = U(x) 
and 


lim a(x, t) = lim Up(x) = 9x0) , 
70° IIo 


then we can conclude that the double limit exists, namely 


lim u(x, t) = 9(%o) , 

har 
which is independent of the order of passage to the limit xx, and t-—0. 
However, this implies the continuity of u(x, t) at the point (x), 0). This func- 
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tion is also bounded since it does not exceed U,(x). Therefore, the theorem 
for g(x) = cx is demonstrated. 
If x is replaced by /] — x, we see that the theorem holds also for 


v(x) = bl — x). (3-2.2’”) 
Hence, each function of the form 
y(x) = B+ Ax 


is valid, since such a function can be obtained by addition of (3-2.2’) and 
(3-2.2''). Further, it follows that the theorem is also true for an arbitrary 
continuous function without the assumption (0) = g(/)=0. Every function 
of this type can therefore be represented in the form 


(2) =| (0) +(e) — p10] + $a) 


where the sum in the brackets represents a linear function and ¢(x) is a 
continuous function which vanishes at the ends of the interval: ¢(0) = ¢(/) =0. 
However, we have already seen that the theorem is true for both summands; 
therefore, it is also true for ¢(x). 

We turn now to the proof of the theorem for an arbitrary piecewise con- 
tinuous function g(x). In this case, formula (3-2.19) also determines a solution 
which satisfies Eq. (3-2.4) and the homogeneous boundary conditions (3-2.5). 

Let x, denote any point of continuity of the function ¢(x). To every 
positive e, a d(e) can be found such that | u(x, t) — y(x%)| <e holds when 
|x — x | < d(e) and ¢ < de). In order to understand this we first note that 
because of the continuity of the function g(x) at the point x,, an 7(e) exists 
such that 


| (x) — (Xo) | a7 for |x — %o| < ye) , 
from which results 
(Xo) — = = ¢(x) S g(x) + = for |x — X0| < nfe). (3-2.23) 


We now construct the following continuous differentiable functions ¢(x) and 
p(x): 


B(x) = ylxo) + > for |x—x0| < 7(e) rm 


(x) 2 ¢(x) for |x — xo| > n(e) 


p(x) = p(xXo) ae for |x —%ol < ne) (b) 
p(x) S v(x) for |x—xo| > ne). 


In the interval | x — x) | > (e), @and y must satisfy only the requirements 
(a) and (b), but are otherwise arbitrary. On the basis of the inequality (3-2.23) 
we already have 
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g(x) S g(x) S Ax). (3-2.24) 
We consider now the functions 


ne = Race é, 1)a(é)dé 


0 


u(x, t) = | ou, g, tpl) dé . 


0 


Because of the continuity of @(x) and (x), #(x, t) and u(x, t) are also continuous 
at the point xo, i.e., a d(e) exists such that 


| a(x, t) —Ax) |< ot 
for |x — Xo| < Ae) , t < d(e) 

E 

a Se 

Juz, 1) — gle) |S > 

and it then follows that 
a(x, t) < Ax) + a = 9x) + 
for |x — Xo| < de) , t < d(e) 


u(x, t) = ox) — > = lee) —€, 


Since G(x, €, t) is nonnegative, formula (3-2.24) gives the relation 
u(x, t) S u(x,t) S u(x, t), (3-2.25) 
and hence follows the inequality 
9(x9) —e S u(x, t) S v(x) + for |x — x0| < d(e), t < dle) , 
1.€., 
| u(x, t) — glx) | <e for |x — x9 | < de), t < de), 


which was to be proved. The boundedness of the function | u(x, t)| follows 
from (3-2.25) and from the boundedness of the functions (x, t) and u(x, t). 
Thus the theorem is proved. 


4. The inhomogeneous heat-conduction equation 
We shall consider the inhomogeneous heat-conduction equation 
ty = a’, + f(x, t) (3-2.1) 
with the initial condition 
u(x, 0) =0 (3-2.26) 
and the boundary conditions 
u(O, t) = 0 
u(/,t)=0. (3-2.5) 


The solution u(x, t) of this problem is sought in the form ofa Fourier series 
in terms of the functions sin (mn/I)x: 
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(3-2.27) 
Thus, we consider ¢ aS a parameter. 
mine the functions z,(t). 


In order to find w(x, t) we must deter 
tation 


To this end we use for /(x, 7) the series represen- 


fix, t) = ¥ falt)sin x , 


l 
with 


fll) = +\ 4 1) sin 6 de . 
0 


(3-2.28) 
If we substitute this solution expression in the initial Eq. (3-2.1), we obtain 


TH 


Xin x ea) ‘Uadt) + tia(t) — fh =0. 
to 0, i.e., if 


This equation will be satisfied if all the development coefficients are equal 


2 
tin(t) = — a (¥) a(t) + fall) « (3-2.29) 
From the initial condition for w(x, t) 


u(x, 0) = ¥ u,(0) sine x =0, 
n=1 


we find the initial condition for z,(t) 


u,(0)=0. (3-2.30) 
If we solve the ordinary differential Eq. (3-2.29) with the homogeneous initial 
conditions (3-2.30)°* then we find 


t 
u,(t) = | en tan/d Par (t—n) F(z) dc. 
0 


(3-2.31) 
If we introduce this expression for u,(t) into (3-2.27) we obtain a solution of 
our problem in the form 
u(x, t) = s [| errmntetenfteyde [sin any, 
n=1 0 


3-2.32 
] ( ) 
With the expression (3-2.28) for f,(z), (3-2.32) is transformed into 


pee te y en-(rn/) 2a2(t-2) gin sa-sin e} 16, t)dEdt 
oJo iss 
ipl 
1 


G(x, e; i= tr) f(é, t)d€dz 
0 


where 


(3-2.33) 


56 See footnote 17. 
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G(x, &t—7) = Se ~ traf Patt) sin x-sing nowe (3-2.34) 
coincides with Green’s function given by formula (3-2.18). 
To determine the physical significance of the solution 
u(x, t) = Kae &t—e)f(é, 2)d&de (3-2.33) 
we assume that /(é, c) differs only from 0 in a sufficiently small neighborhood 


&s§&=6&+ 4, mM™Sstrsmnt+dny 
of a point M,(&, 7). The function 
F(é, c) = cpf(é, t) 


denotes the density of the heat source. The total amount of heat which is 
set free in the interval (0, /) during the time of the action of the source (i.e., 
during dr) is then equal to 


rotdr ( ey+ Je 
Q= | | cof(§, ct) d&dr . (3-2.35) 


To & 


If we use the mean-value theorem, we arrive at the expression 


u(x, t) = ace £4 —c)f(é, c)déde é 


0/0 


II 
SI 


Totdt F fg t 4E < Q 
=| | Cle, 8 1 Afl6, )dbde = Cle, 81-92 = atx, 0) 


TBH) &> 


where 
E&< Est HE, met CmH+Ar. 


Hence, as 46-0 and 4dr—0 we obtain the function 


u(x, t) = lim a(x, t) = Q G(x, &),t— Tt). (3-2.36) 
4-3 ce 
Consequently, this can be interpreted as an influence function of an instantane- 
ous heat source which appears at the point & at time zp. 

When the function (Q/cp)G(x, €é,#—t) representing the action of an in- 
stantaneous unit source at a point is known, the action of a continuously 
distributed source of density F(x, t) = cpf(x, t) can be represented by formula 
(3-2.33). This follows directly from the physical significance of the function 
G(x, &,t— 1). 

Therefore, the influence of the temperature of the heat source occurring 
in the region (&), € + 4&), (t>, t2 + dr) can be represented by the expression 


Gla, & £ — OF dear , 7 SHE, ete: 


For the case of acontinuous distribution of heat sources in the entire region 
0<&<1,057<t we obtain 
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tcl 


ux, = | | G(x, €, t — ct) f(E, c)dEdr 


0 


by a passage to the limit as 46-—>0 and 4z— 0. 

Therefore, proceeding from the physical significance of Green’s function 
G(x, €, t) one can immediately write the expression (3-2.33) for the solution 
of the inhomogeneous equation. 

Since we know the form in which the solution of our problem must be 
represented, we can investigate the conditions which the function f(€, 7) must 
satisfy for this formula to be applicable. We shall not go into this now. 

We have considered the inhomogeneous equation with homogeneous initial 
conditions. If, however, the prescribed initial condition is inhomogeneous, 
the solution obtained with the homogeneous initial condition must be added 
to the solution of the homogeneous equation with initial condition u(x, 0) = ¢(x) 
which we found in Section 3-1. 


3. The general first boundary-value problem 
For the heat-conduction equation, the first boundary-value problem reads 
as follows: Find the solution of the equation 
ue = A'trz + f(x, t) (3-2.1) 
with the auxiliary conditions 
u(x, 0) = g(x) (3-2.2) 
(0, t) = p(t) 
u(l, t)=p,(t) . 
In order to find the solution we introduce a new function v(x, t) by 
u(x, t) = U(x, t) + v(x, t), (3-2.37) 


which represents the difference between u(x, tf) anda known function U(x, ?). 
We define v(x, t) as the solution of the equation 


(3-2.3) 


Vt — @'Uiz = f(x, t) 
f(x, t) =f(x, t) —[U. — a’ Us) 

with the auxiliary conditions 

u(x, 0) = G(x), A(x) = g(x) — U(x, 9) 

v(0, t) = z(t), A(t) = w(t) — U(O, t) 

vl, t) = a(t), H(t) = p(t) — UU, t) . 
Further we choose the auxiliary function U(x, t) such that 

A(t) = 0 and elt) =9. 


Obviously for this purpose it is sufficient to set*”’ 


U(x, t) = ult) + + Letd) — w(t)) . 


57 See Chapter 2, Section 3 $5. 
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Consequently, the determination of the function u(x, ¢) as a solution of the 
general boundary-value problem is based on the determination of a function 
u(x, £), which represents the solution of the above boundary-value problem 
with homogeneous boundary conditions. A method of determination of v(x, ¢) 
was given in Section 3-2 §4. To be sure, the ‘‘solution scheme’’ described 
there is not always suitable for the representation of the function u(x, 4) when 
inhomogeneities exist in the equation itself and in the boundary conditions. 
The degree of difficulty in determining the auxiliary function v(x, f) depends 
on the function U(x, ¢). In particular, for a problem with stationary inhomo- 
gencities it is appropriate to distinguish a stationary solution and to find the 
difference between it and x(x, t).° 

As an example, consider the following problem for a bounded rod (0, 2) 
whose ends are held at the constant temperatures mw) and u,: 


Ue == O's, 
u(x, 0) = g(x) 
u(O, t) = uo 
u(l, t) = uy, 


We establish the solution in the form 
u(x, t) = U(x) + v(x, t), 
where i(x) is the stationary temperature and v(x, ¢) is the deviation of the 
function u(x, ¢) from x(x). 
Then the conditions 

“'’=0, Vp = AV ys 

“u(0) =u, v(x, 0) = g(x) — u(x) = ¢,(x) 

“ul)=uy,, v(0, 4) =0, oI, f) =0 


hold for #(x) and u(x, ¢). 
Hence we find 


(x) = uy + (us — UW) « 


l 
The function v(x, ¢), determined by the initial condition and the homoge- 
neous boundary conditions, is then easily found by separation of variables. 
Problems 


1. Derive the equation for the heating of a homogeneous thin wire due to 
a constant electrical current when heat exchange with the environment takes 
place on the surface of the wire. 
Solution: 

u,=@u,,—hu+q, 
where / and q are fixed constants. 


58 See Chapter 2, Section 3 $6. 
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2. Derive the diffusion equation in a medium which moves in the direction 
of the x axis uniformly with a velocity w. Consider the case of one inde- 
pendent variable. 

Solution: 


uw, = Du,, — wu, , 


(where D is the diffusion coefficient). 

3. Proceeding from Maxwell’s equations under the assumptions F,= F,=0, 
H, = 0 and disregarding the displacement current, prove that in a homogene- 
ous conducting medium the resulting electromagnetic field FE, satisfies the 
differential equation 


aE, _ 4no OE, 
02” cot? 


where oa is the conductivity of the medium and c is the velocity of light. 
What equation does H, satisfy? 

4, Give a physical interpretation of the following boundary conditions in 
problems of the theory of heat conduction and diffusion: 


(a) u(0, 7) =0 (b) 2,(0, t) = 90 (c) u,(0, t) — hu(O, t) = 0 


ih hea So: he 


5. Solve the problem of the cooling of a uniformly heated homogeneous rod 
at whose ends the temperature is equal to 0, under the assumption that no 
heat loss occurs on the lateral surface. 

Solution: 


_ AU, 


—(a2(2k—-1)2x2712)¢ (DB 
ie i= é (2k — 1)x 


aa 2a a ’ u(x, 0) = Uy . 


iMs8 


6. Let the initial temperature of a rod be given by w(x, 0) = wu = const. for 
0<x</. The temperature of the ends are held constant: u(0, t)=2,, u(J, t) 
=u, for0<t< co. Find the temperature of the rod when no heat exchange 
occurs on the lateral surface. Determine the stationary temperature. 

7. Solve Problem 6 under the boundary conditions that one end has a con- 
stant temperature and that the other is heat-insulated. 

8. Solve the problem of the heating of a thin homogeneous conductor due 
to a constant electrical current when the initial temperature, the temperature 
of the boundary, and the temperature of the environment are equal to 0. 

9. A cylinder of length / is filled with air and has the same pressure and 
temperature as the exterior environment. At the initial moment, the cylinder 
is opened, and a diffusion of gases into the cylinder commences from the 
surrounding atmosphere in which the concentration of a known gas is equal 
to #). Find the amount of gas diffused into the cylinder during the time f¢ 
when the initial concentration of the gases in the cylinder is equal to 0. 

10. Solve Problem 9 under the assumption that the left end of the cylinder 
is closed by a semipermeable membrane. 


188 PARABOLIC DIFFERENTIAL EQUATIONS 


11. Solve the problem of the cooling of a homogeneous rod whose lateral 
surface is heat-insulated; its initial temperature is u(x, 0) = g(x), and at the 
ends a heat exchange occurs with the environment whose temperature is 0. 
Consider the special case g(x) = mo. 

12. Solve Problem 11 under the assumption that the temperature of the 
environment is equal to zw. 

13. Solve Problem 11 under the assumption that on the lateral surface a 
temperature exchange occurs with the environment whose temperature (a) 
equals 0, (b) is constant and equals m. 

14. What temperature does a rod assume when one end is heat-insulated 
and through the other end passes a heat current changing harmonically with 
time, if the heat exchange on the lateral surface is neglected? 

15. Solve Problem 11 now assuming that the temperature at one end of the 
rod is 0 while the temperature at the second end of the rod changes harmoni- 
cally with time. 

16. Let a rod (0, /) be composed of two homogeneous pieces of equal cross 
section which touch at the point x = x, and are characterized by a,, k, and 
a,,k, respectively. What temperature is assumed in such a rod when the 
temperature at one end of the rod, x = 0, tends continuously toward the value 
0 while the temperature at the other end changes sinusoidally with time? 
17. The left end of the combined rods in Problem 16 has a constant tem- 
perature of 0; the right end, by contrast, has the temperature w(J, t) = m4. 
Let the initial temperature of the rod be 0. Determine the temperature of 
the rod (taking into consideration only the first term in the series develop- 
ment). 

18. Find the temperature u(x, t) of a rod whose initial temperature is equal 
to 0 when the boundary conditions have the form 


(0, t) = Ae™ , ul, t)=B. 


A, B, and a > 0 are constant. 
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1. Green's function for the unbounded straight line 


In the preceding paragraphs for the Green’s function of a bounded interval 
(0, 2), we obtained the expression® 


Gi(x, g, t) = 


~|0o 


2 2.2 T 

y en ienb) a’t cin ame & “sin ae (3-3.1) 
n=1 i i 

If the heat pole possesses the intensity Q, the temperature distribution is 
described by the function 


59 Here we introduce the symbol J to the function G,(z, €, t) in order to distinguish 
it from Green’s function Giz, €, t) for the unbounded region to which we shall limit our- 
selves in these paragraphs. 


3-3. PROBLEMS FOR THE INFINITE STRAIGHT LINE 189 


u(x,t) = Oe. &, ft). (3-3.2) 
cp 


From our observations in the formulation of the heat-conduction problem for 
an infinite straight line, it follows that the sought function G(x, &,t) is con- 
sidered as the limit value of the corresponding function (3-3.1) for a finite 
interval when both ends tend towards infinity. In order to calculate this 
limit value we transform (3-3.1) so that the ends of the given intervals con- 
tain the coordinates —//2, 1/2. This is accomplished by the introduction of 
new coordinates x’ and é’ 

/ l ' l 

x =x oO ’ € = €— 2 . 
The Green’s function of an instantaneous point-forming source of intensity 
Q=cp which is found at the point é’ of the interval (—//2, J/2) then has the 
form 


Gix',é,t) = 4 yoo ensrart cin wag + =) sin n Ee + 5) | (3-3.1’) 
n=1 


We transform the product of both sine functions. If 2 is even, i.e., 2 = 2m, 
then 


. orm ! A ae 2nm 1 . orm Ps ae 2nm ! 
sin j (« + x) sin aR (e+ =) = sin x sin —— ‘ee 


If » is odd, then » = 2m+1, and 


ee Om + Ue (et 4 LY, sin Gm + Ue (es 4 1) 


l 2 
exegg eee. + DE coy eet e. 7 i es 
Consequently, 
Gilx’, ap t)= = a enh? at sin a sin Te 
n=0 
+4 Lie =(anft)?a*e cos ee cos sae (3-3.1/’) 


where >” ranges over the even and >’ over the odd n. 
We shall next determine the limit value of the first sum as J>oo. It 
can be written in the form 


" a one! sin Anx’ - sin a,é’ = cas 5! Fi(dq) da (3-3.3) 
n=O T n=0 
with 

Sia) = eMart Sin Ax’ sin 2’, = 42 a and An = a 


The sum (3-3.3) suggests the corresponding sums for the integral of the func- 
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tion f,{4) over the interval 0<2< 00. As /->oo then 442-0. By passage to 
the limit we obtain for the integral 


nes PULA =| "fanaa i = [rete sin qe! + sina'di. (33.4) 
0 vig 0 


4X-0 T no Z Jo 


Analogously we can write the second sum in the form 


= yeh cos 2,x' cos Ang’ a 2 TACAYD (3-3.5) 
with 
fila) = o**cos ax! cos xt! AA = =e and aoe = 


80 In formula (3-3.4) we obtain an improper integral on the left side as the limit value 
of the integral sum is extended throughout the infinite interval (0, o). For the justification 
of this passage to the limit, one must show that it does not contradict the usual definition 


("aaa =1im ["paaa 
~0 L-1e0V0 


of an improper integral. Therefore, we shall prove that if for 0 <2< o we consider 
a continuous function f(4) such that for any subdivision of the integral (0, o) into equal 
subintervals (a S 44; S f) the integral sum 


SAKA di) a SSA 
- 


converges for an arbitrary choice of ari then the integral 


|, f@aa 


exists. 
We show that the limit value 
lim \"*reayaa 
Wp—eow 
exists, independent of the manner in which py, approaches infinity. First, we shall con- 
sider the case px = 24%. Then 


rN N kth— 
“) (“rada — | “pada = (aaa SS FRG — 2 
v0 0 JAR t=k 
and correspondingly, 
k+h— 
a (pada 2S panain — 2d, 
JA i=k 


where f(2;) and f(2;) denote the largest and smallest values of (4) in the interval (2;, ai+1). 
From the convergence of the integral sums with respect-to the chosen sequence of 2,, 
it then follows that for every « an N(e) exists such that for k > N(e), 


k+h 
| 2 FAs — 4-1) | <e 
+= 

holds. From this and from the expressions (*) and (**) we obtain 


a 
era <e for k>N&). 


(Next page) 
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As 42-0, we obtain the limit value of the second sum 


lim L$! fa,)4a = | Alaa = 7 |e cos ax! cos 2é'da. — (3-3.6) 
44-0 1 n=l x So Tt So 
The integrals for f; and f, are formed by splitting the interval (0, /) into 
equal subintervals of length 42 = 2z/l. In this way it can be seen that the 
intermediate point is the right end point of the interval in the first sum and 
the middle point in the second sum. 
Summarizing the results, we obtain 


(Cont'd footnote 60) 
From the convergence of each integral sum with respect to a given subdivision it follows 
that f(2) approaches 0 for 2-0, and, therefore, that 


yt payaa = ("= rcayaa 
HE JAR 


where a2, and Again are those points of the subdivision that lie nearest to the points #4; 
and fxi. 
This proves the existence of the improper integral 


\" rar 


We show now the existence of a limit value 


<e for k > Ne), 


m & Sat) ai = io 


li 
4A;—-07= 0 
For the difference there holds 


\ Fada — saz yaa 


s 


{faaa - x Fas) asl = | { fal + 


x FQ?)aas| 
Xk 


and by a Suitable selection of 42; and 2, each of the sums on the right side can be made 
less than e/3. Therefore, our proposition is valid and our lemma is proved. (However, 
the definition of the improper integral arising from the lemma is not suitable, since an 
example can be found of a function which satisfies the ordinary definition but not the 
definition given here.) 

In our case 


f(a) = e-etcosgecosaeé or ~—f (2) = eA Sin aw sin 2. 


For the integral sum arising from the subdivision by equidistant points 4; — 4:-1 = 4a, 
it follows that 


2 Fat aa <> fAa-va = s eA _ety < AQ > eW(i-1)2 tsa)rare 
4-0 i=0 i=0 ==0 


The convergence of this sum is easily shown by using the D’Alembert criterion in which 
we investigate the ratio of the ith term of the (¢—1)th term 
et sa2arte 


fast em (24-1) (4A) 2a2e | 
e- : a 


192 PARABOLIC DIFFERENTIAL EQUATIONS 


G(x, 6, = lim Gi(x, &, t) 


= ear sin Ax sin 2éd2 al mat Cos Ax cos aedA 
a So ™ Jo 

= ele cos A(x — €) a2. 
T Jo 


Green’s function for the infinite straight line therefore has the form 


Ci (ne 8 oe ae cos A(x — €)d2. (32535,7) 
mT Jo 
We now evaluate the integral 
f= ie cosaada, «>O0, (3-3.8) 
0 


which depends on both parameters @« and fp. To this end we fix « and denote 
the integral by 1). Here, obviously, in order to calculate the derivative 
we must differentiate under the integral sign: 


a = — jen sin ABdA. 
By partial integration it follows that 
df : 1 -a%a|” £\" — a2 Bo 
—— =sinssg—e -_ 2 (0S AB dA - — I(p). 
dp oe 2a i 0 2a Jo : Dene 2 2 


In this manner we obtain for /(f8) a differential equation with separated 
variables 


whose solution is 


IB) = Ca PF , 


The value of the constant is obtained from f 0, and indeed is 


C = 1(0) =|" = ’ \v° de eae =. Var 
0 


Va Jo Ve 2 

because 

wee Vw 

ec dz, 

| 2 

Hence we obtain 
eee jew cos apda = LVR me (3-3.9) 
Q 2 “a 


Now, if we substitute (3-3.9) into Eq. (3-3.7), we arrive at the expression 
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I prcgit yee ss 
G(x, , ae ara ce ie (3-3.10) 


for the Green’s function for the infinite straight line. This function is usually 
called the fundamental solution of the heat-conduetion equation. We enn 
verify directly that the funetion 


G(x, E, t ors to) = e (x ey faarce ty) (3-3.10') 


cp2V a(t — to) 
represents the temperature at the point x at time ¢, when at the initial 
moment ¢= ¢) and at the point € the amount of heat Q-- cp is set free: 
1. The function G(x, é, 4 ¢9) satisfies the heat-conduction equation with 
respect to the variables x and ¢ which is proved directly by differentiation. 
In fact, 


Ge a: 1 = aE Hore y4a2tt ty) 
2Yn  —2Ja*(t — ty) |*” 

Ais ] -|-+ ] 4. (x — €)? | on yaar tty) 
2¥arbL 2 la(t— to) © alate to) A 

G=- ] -| - a 4. ar(x -- €)° le tx 0)? 74a? (et ty) 
# 2¥aL  dhartt— to)? © Alar(t — to)? J 


Gi. =aGy. 


2. The amount of heat found on the x axis at time ¢> fy is equal to 


as Q) a (xo yaatet ilx 
I “ _ ay ——< — , £ 0) md 
cp |" c (x, &, t— lo) aly 7a | s DV athe Th 
7 aa \" “da —Q — cp 


since 


~~ 8 — x—€ dy 
ee da = Vn . (« SS du = Went) : 
ia Carl ey? OVE od 
Therefore, the amount of heat on the straight line does not change with time. 
The function G(x, &,¢— fo) depends only on the time through the argrament 
d= a(t — ty), and therefore we can write 


1 | -(-6)"740 ne 
G= FS oe : 3-3.10) 
; 24x VO ( 
Figure 40 shows the graphic representation of G with respect to xv for 
different @ values. Almost the entire area which ts bounded by this curve 
lies in the interval 


(E—e, & +), 


where ¢ is an arbitrarily small number when @ — a?*(¢ — ta) ts sufficiently small. 
The magnitude of this area when multiplied by cp coincides with the amount 
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of heat present at the initial moment. Therefore, for small values of ¢— ft, 
> 0 almost the entire amount of heat is concentrated in a small neighbour- 
hood of the point €. From what has been said it also follows that the entire 
amount of heat at time ¢) is found at the point €. 


If we consider the temperature change at a fixed point x =&+h in the 
course of the time for kh =0, i.e., for x = €, we obtain 


ae eye 

24x VO- 

The temperature, at this point in which the heat source is found, therefore 
becomes unbounded for sufficiently small 0. 


If x +, te, x= 6 +h with h #0, then G is represented by the product 
of two factors: 


Gu-e _ 


~f_1 1) 0 

Gwe = |e gee 
The second factor is smaller than 1: for large 
6? it is =1; for small @, by contrast, it is +0. 
Hence, it follows that G.4,=G,-, for large @ and 
Gree « Gye for small 6. The smaller /: is—that is, 
the closer x lies to €—the larger is the second 
factor. Figure 41 shows the course of G,-- and 

FIG. 41. G.we for hz <h,. It is easy to see that 
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lim Gist == 0 ‘ 
6-0 


By application of de 1’Hépital’s rule we find, 


—h2/40 — 30" “os 


1 
li _ aoa | Racer 
ee Aves Wa rl so lim eon 


From formula (3-3.10’) it follows that at each point x the temperature 
produced by an instantaneous point-forming source acting at the initial time 
t=0 is different from 0 for any small interval of time. This phenomenon 
can be considered the result of an infinitely fast temperature propagation 
(propagation with an unbounded velocity). This, however, contradicts the 
molecular-kinetic concept of the nature of heat. This contradiction is con- 
nected with the concept of heat flow used in the derivation of the heat conduc- 
tion equation and with the neglect of the inertia of molecular motion. 

2. Heat Conduction in the Infinite Straight Line. The problem of heat 
conduction in this case reads as follows: Find a bounded function a(x, ¢), 
where —oo <x < oo, ¢20, which satisfies the heat-conduction equation 


Uy = a'r, —o<xr<o,t>0 (3-3.11) 


and the initial condition 
u(x, 0) = g(x). (3-3.12) 


As previously stated, since the initial condition is satisfied, the function 
u(x,t) for ¢=0 not only satisfies the condition but also is continuous.” 

In order to derive an analytical representation of the sought solution, we 
introduce an auxiliary function ¢(x), which we set equal to 0 everywhere 
outside of a small interval (& — 6, &) +6), and inside it coincides with ¢(x). 
In order to increase the initial temperature from 0 to the value ¢(x), an initial 
amount of heat is introduced into the interval (& — 6, é.+ 6) which is given by 


+ 


er) _ 
gz co" vialde = coplB)de, d= 25, 
0 


The temperature at the point x at time ¢ is then equal to 
LGte, 6,0) = Cle 8, DORE, 3-3.13) 


where é is a suitable average value in (& — 6, & + 6). 

By splitting up the entire straight line into small intervals we can represent 
u(x,t) on the basis of the superposition principle as the sum of summands 
of the form (3-3.13). More precisely, we are concerned with an integral sum 
which as 6-0 is transformed into 


u(x,t) = |" G(x, &, t)p(é)dé (3-3.14) 


61 As we saw in Section 3-1§7, the solution of the heat-conduction equation is deter- 
mined uniquely by the initial conditions if it is bounded. Therefore, the requirement 
that u(x,t) be bounded enters into the formulation of the theorem. 
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or 


u(x,t) = Wri. aan */4atn(E) dé . (3-3.14’) 
Obviously, the first function represents the solution of our problem. 

These assertions do not constitute a proof; consequently we seek condi- 
tions for the applicability of this formula. 

We shall show that in the case of a bounded function ¢(&), | o(&)| <M for 
t> 0, the so-called Poisson’s integral 


= 2 2 
u(x, t) — Br\ wee /4a ‘o(é)dé 
represents a bounded solution of the heat-conduction equation which for t=0 
at all points of continuity of this function w(x, ?¢) is continuously connected 
with (x). 

Therefore, we shall prove the following lemma (generalized superposition 
principle). If the function U(x, t,a) for each fixed value of the parameter a, 
and with respect to the variables x and ¢ satisfies a linear differential equation 


LYU)=0, 
then 


u(x,t) = [U, t, ioe da 


is also a solution of the differential equation L(U) = 0, provided the derivatives 
occurring in the linear differential operator L can be obtained by differentia- 
tion under the integral sign. 

The proof of this lemma is very simple. A linear differential operator 
L(U) represents a linear combination of derivatives of the function U where 
the coefficients depend on x and ¢t. Now by hypothesis the differentiation of 
uw can be carried out under the integral sign. The coefficients obviously can 
also be brought under the integral sign. From this it follows that 


Liu) = je U(x, t, a))plalda =0, 


i.e., the function w(x, ?t) satisfies the differential equation L(u) = 0. 

Finally, let us consider the sufficient conditions for differentiability under 
the integral sign when the integral occurring depends on a parameter. A 
function 


b 
F(x) = | I(x,a)da, 


in which a and 6 are finite limits of integration, can be differentiated under 
the integral signs when @éf(x,a)/dx, in the closed region of x and a, is a 
continuous function of these variables. 


62 See V.I. Smirnov, Textbook of Higher Mathematics, 2d. ed. Part II, Ch. Ill, $3, 
no. 80, Berlin, 1958. 
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We also easily see that 
i) 


Pix) = | f(x alpladda, 
in which a and 6 once more are finite, similarly can be differentiated under the 
integral sign if f(x,@) satisfies the above stated conditions and g(a) is a 
bounded (or absolutely integrable) function. If the limits of integration are 
infinite then in this case we must require the uniform convergence of those 
integrals which are obtained by differentiation of the integrands with respect 
to the parameter. This observation holds also for multiple integrals which 
depend on parameters. 

For linear differential equations L(w) = 0 the superposition principle holds; 
that is, the function 


= > Cyuix,t), 
i=l 


which is a linear combination of several particular solutions, again represents 
a solution. If the functions u(x, ¢,a) are solutions which depend on a para- 
meter, then the integral sum 


Y u(x, t, an)Cn, Cia = 9(an)Ja (3-3.15) 


is also a solution of L(w) = 0. The proven lemma, similar to the one above, 
gives the conditions under which the limit value of the sum (3-3.15), 1.e., here 


u(x,t) = ut, t, a)y(a)da , 


is also a solution of equation L(#)=0. Therefore, it is natural from the 
viewpoint of the proven lemma, as with the first, to designate it as a gene- 
ralized superposition principle. 

We shall now investigate the integral in (3-3.14’), first by showing that 
the definite integral in (3-3.14') converges and represents a bounded function 
provided g(x) is bounded, | ¢(x)| <M. In this case 


7 1 =(1-0)7/4a7t 75 
d 
lux D1 < My Fa|" ee é 
1 2 E—x 
= = -“da=M, = 
Wal. : ve Dipe 


since 


i eo” da =Wn. 


Further, we shall prove that the integral in (3-3.14’) for ¢ > 0 satisfies 
the heat-conduction equation. Therefore, it is sufficient to show that the 
derivatives of this integral for ¢ > 0 can be calculated by differentiation under 
the integral sign. 

In the case of finite integration limits, this is certainly permissible since 
the derivatives of the function 
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Lie en rel fart 
2V nat 
for t > 0 are continuous functions. To prove the possibility of differentiation 
under the integral signs for infinite integration limits it is sufficient to show 
the uniform convergence of the integral arising by differentiation under the 
integral sign. We carry out this proof, for example, for the first derivative 
with respect to x. 

The differentiability of function (3-3.14) with respect to x and the validity 
of the equation 


ou _ [" "Gz, &, Nelede 
eo OX 


are proven when we have shown that the integral standing on the right side 
converges uniformly; in particular, for the proof of the differentiability at 
the point (x), to) it is sufficient to show the uniform convergence of the integral 
in a fixed region 


iQsthSsh, |x—x|Sz 


of that point. 

Sufficient for the uniform convergence of an integral (an analogous crite- 
rion holds for the uniform convergence of a series) is the existence of a 
positive function F(€) which does not depend on the parameters x and ¢ and 
which majorizes the function 


2 G(x, 6, byA8)| SF), fapo%, 2522. 163515) 
such that 


co a1 
| F (Edé < ©, | F(f\dé < ©. (3-3.15"”) 
1 —o 
Therefore, let x, be a number which satisfies the inequality (3-3.15’). 

First of all we seek an upper bound for the magnitude of the integrands 
in the formula for du/ax. It is 


[5 Se 68] Le) = ae Sapp oe 


e M _ Eee 0 a4 go tlé-x0l “2 2 ratty 
IVR Qle*t, 


for §—x < x, |x—x| Sx, andt,<tst,. For this function F(&), however, 
(3-3.15’’) is valid, and 


=F(€) — (3-3.16) 


= 1 \§é—x [+x —({@-r9|-7/7/407¢ - 
[Fede = \" ae Eat e ode 


ie 1 Ey + 2% ce p/sa" ade, 
1-7 20 Zare]? 


\€—x|—<x, 


by 
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and this integral converges, since a factor of the form (aé + bene® appears 
under the integral sign. Therefore 


ou o ¢ 
on \" ee, E, thy(é)dé . (3-3.17) 


By a completely analogous method, we can also prove that all the above 
derivatives can be calculated by differentiation under the integral sign. 
Therefore, we have proved that the function (3-3.14’) satisfies the heat-con- 
duction equation. 

We turn now to an important property of the integral (3-3.14), and indeed 
we shall show that at all the points of continuity x, of the function g(x), 
the following limit 


u(x, t) > o(Xo) for t—0 and x > X 


is valid. 
Let g(x) be continuous at x,. Then we have to show that 


lim u(x, t) = y(Xp) . 
t—0 
IX 


For each « > 0 we must therefore find a d(e) such that 
| u(x, t) — 9(%o)| < € 
holds when 
|x — xX9| < d(e) and |t| < de) 


On the basis of the assumed continuity of g(x) at x, an n(e) exists with 
| p(x) — (x0) | < = (3-3.18) 


for 
[4 = xo] <M 


We now split up the integration interval and represent u(x, ¢) as the sum of 
three summands: 


a 1 a 1 —(x1-8)7/40" t res A (2 | 
u(x, t) = RT| Ver e plé)dt + Wr dé + we é 
= u,(x, t) + u(x, t) + shee t), (3-3.19) 


where 
i= %M—-—7 and 2 =X +7. (3-3.20) 
For the second summand we can then write 
us(2, t) = S|. ge ae 
eae! 
cs WF Vet 


en FO orgy — g(x) ldé=Kh4+ h. 
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The integral J, can be calculated directly, and we therefore obtain 


I, — 9(Xo) ie ee tart = _ GlXo) eae a? dey 
AV 1 VY at Wa txyo2)/2vare 
with 
te tone dé 
aan ae ney 


Now if |x — x |<», then the upper limit is positive and the lower, negative, 
and as {0 the upper limit tends towards + co and the lower limit toward 
—oo. It then follows, however, that 


lim i, = (Xo) . 
t-0 


A-*Ty 


Consequently a 6, can be prescribed such that 
[i — plxo)| < = (3-3.22) 


when 
|x — X%| <0, and \t| <a, 


We shall now prove that the remaining integrals, that is, /,, w, and #3, can 
be made arbitrarily small. First we estimate J, as follows: 


In| s Wii. aap or ole) — ole) db 
From (3-3.20) it is seen that for 
H< bE <k 
the inequality 
l€—xl<y% 


is valid. If we use the inequality (3-3.18) and the relation 


eal eda < Vr \. e-“ da an | , 
we obtain for arbitrarily chosen x’ and x’’ 
aT £9 1 5 7 € 1 (rg—2)/2Va2e € 
Py eee wae Q(x Bb 2/daze JE — | -a2 gy & 
AIS Ve | Vet : 6 x einen ae 6’ 
(3-3.23) 
where the new variable a is defined by (3-3.21).. Further, 
7¢t (x, t) me (FB 3001 ( )dt <e| e-@ d, 0 
| ; =a \" Va 2h 3 vz try—x) /2va2e an 
for x > x, and t—>0 (3-3.24) 


and analogously 
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(xy-2)/2Vaze 
_ p(x —£) 2/402 Me 
ee(x, é)| = svz i Wa See pl) dé} < Ta |. 
for x > x, and t->0. (3-3.25) 


e-" da —>0 


As x—Xx 9, then x,—x>0O and x,—x <0. As f-0, the lower limit in the 
last member of (3-3.24) tends toward +oo and the upper limit in (3-3.25) 
tends toward —oo. Consequently, there exists a 6, such that 


|aes(x, ¢) | <= and | ae,(x, ¢) | oS (3-3.26) 
holds when 

|x — Xo] < dy and lt] < oO). 
With the use of the estimates (3-3.24) and (3-3.25) obtained above, we find 


lu(x,t) —o(x)|) Slal+ lh — glx) +1414 lest 


E € E E : 
ot ge tat ge (3-3.27) 
provided 
lx —X| <a and lt| <4, 


where 6 denotes the smaller of the numbers 4, and 6,. 
Therefore we have shown that the function 


1 " l =(2-6)7 4074 1 
t) = 3-3.14 
ux, ) = 5 Wr. vam pledé (3-3.14") 
is bounded and satisfies the heat-conduction equation as well as the initial 
condition. 

If the initial value is given not for ¢ =0 but for ¢ = ¢,, then the expres- 
sion for w(x, f) assumes the form 


1 = 1 

sae V at = to) 

The uniqueness of this solution for a continuous function g(x) results from 
the theorem proven in 3-2§3. If the initial function g(x) possesses a finite 
number of points of discontinuity, then (3-3.14') represents a bounded solution 
of Eq. (3-3.1), which is continuous everywhere with the exception of the 
points of discontinuity of y(x).” 

We shall consider as an example the following problem: Find a solution 
of the heat-conduction equation when the initial temperatures (at ¢ = f, = 0) 
for x > 0 and x <0 are constant but have different values, i.e., 


u(x,0) = o(x) = T, for x >0 
= T. for x <Q. 


u(x, t) = eo FON t-t0) pr erde . (3-3.14’’) 


63 With the aid of the method described in 3-3$3, we know that the function u(z, t) 
is uniquely defined by the enumerated properties. 
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For the solution, formula (3-3.14’) yields 


bse ~(z-8)"/40 
u(x, t) = BEN A eta oe) de 
= T2 [ Pc ag an goer y4art dé 
Vr Se 2Vat Vr Jo 2V at 
ial ae ts a 
ae |. e” dat vr\_., om da 
Ty + T2 Ti a T2 x/avate -a* 
= aa a + ra , e” da (3-3.28) 
since 
1. (2,2 1 oe Ti (Pes, 1 1 (f_ 
—— d = — d _ —J d _— — @ 
a7 | a Wee 2 a aia \‘e a= ve \‘e da 
and 


holds for 


The temperature profile at time ¢ is given by the curve 


1 TF 
z= —\e"*da. 
J (2) a + We \ a 
Here z is the abscissa of the point at which the temperature is considered 
when the value 2/’a*t dependent on ¢ is chosen as the unit of length. The 
construction of this curve is not difficult, since the integral 


2 
Vn 
the so-called error integral, occurs often and has been tabulated many times 


in probability calculations.“ 
For arbitrary 7, and T,, formula (3-3.28) can also be written in the form 


u(x, ft) = a 4+ a (som) . (3-3.29) 


@(z) = 


Zz -a? 
| e” da, 
0 


84 See, for example, A.A. Markov, Text Book of Probability Calculations, where 
this integral is tabulated to six places. At the end of this book, likewise, are given 
values of this integral. 
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Here we recognize that the temperature at the point x = 0 during the entire 
time is constant, and therefore is equal to half of the sum from the right 
and left sides of the initial value, since @(0) = 0. 

Finally, the solution of the inhomogeneous equation 


Ur = A Uy, + f (x,t), —-wo< xo, t>0 
with the homogeneous initial condition 
u(x,0)=0 


obviously can be expressed by the formula 


nee Ie \" G(x, €,t — c)f(é, rdéde. (3-3.29') 
0 


This results from the meaning of the Green’s function G(x, &, t) (see Section 


3-2§4). At this point, however, we shall not investigate this formula and 
the conditions imposed on f(x, ¢t) for its applicability. 


3. Boundary-value problems for the semi-infinite line 


As we have already noted in 3-1§4, when we are interested in the dis- 
tribution of heat in the neighborhood of one end of a rod, while the influence 
at the other end of the rod is unessential, we make the assumption the latter 
end lies at infinity. This then leads to the problem of determining those 
solutions of the heat-conduction equation 


Up = AU: (3-3.11) 
on the semi-infinite line x > 0 for ¢ > 0 which satisfies the initial condition 
u(x,0)=9(x), x«>0 


and a prescribed boundary condition. This depends on the character of the 
boundary influence and can be given in one of the following forms: 


first boundary-value problem u(0, t) = w(t); 
second boundary-value problem 00, t) = v(t) ; 
or 

ou 


third boundary-value problem (0, ¢) = a[u(O, t) — a(t)] . 


Ox 
In the following investigations we shall consider only the first boundary-value 
problem, i.e., the determination of a solution of the heat-conduction equation 
with the auxiliary conditions 


u(x, 0) = g(x), u(O, t) = p(t). (3-3.30) 


Therefore, if the problem is to have a unique solution certain conditions 
must still be met at infinity. Thus we require that the solution u(x,t) is 
bounded everywhere: 
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[u(x, t)| < M for0O<x<o andt20, 
Where M is a constant. From this it follows that the initial function g(x) 
must also satisfy the condition 
lo(x)| << M. 
The solution of this problem can be represented in the form 
u(x, t) = u,(x, t) + u(x, t), 

where w,(x, ¢) refers to the influence of the initial condition and w(x, ¢t) to the 
influence of the boundary condition. These functions can be defined as those 
solutions of Eq. (3-3.11) which satisfy the conditions 

u(x, 0) = v(x), 4,(0, t) = 0 (3-3.30') 
or 

i(x,0)=0, u(0, t) = p(t). (3-3.30'’) 


The sum of these functions then satisfy conditions (3-3.30). 
We shall next prove two lemmas for the function defined by Poisson’s 
integral 


iene wr. ai OMe EVIE (3-3.31) 
l. If (x) is an odd function, i.e., 
(x) =— P(— x), 


then the function 


u(x,t) = We 


vanishes for x =0: 


i: Pa en EV HOt eae 
-oa Vat 
u(O, 4) =O. 


Here, it must be assumed that the integral defining u(x, t) converges; this Is 
the case when ¢(x) is bounded. The integrand in 


] haw 1 (e2 4a2t) rs 
u(0, t) = ——= —— eH MON e\de 
0, a7. Vat - 
is odd with respect to & since it is the product of an odd function and an 
even function. Now, however, the integral of an odd function between the 
limits which lie symmetrical to the origin of the coordinates, is equal to 0; 
consequently 
u(0,t) =0, 
which proves our lemma. 
2. If ¢(x) is an even function, i.e., 


Px) = g(— x), 


the derivative of the function w(x, ¢) from (3-3.31) for x =0 and all ¢>0 is 
equal to 0: 
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ou 


rr j= 

That is, 
ae an EY gtroteett werde| = 0 
Ax |reo | 2V Jw 2(a°t)*”? a 


since the integrand at x =0 represents an odd function when ¢(x) is even. 
The determination of the function u(x,t) now presents no further difficulty. 

First, we introduce an auxiliary function U(x, t), which is defined on the 
entire straight line —co <x < oo, and which satisfies Eq. (3-3.11) and the 
conditions 

U(0, £) =0 

U(x,0) = 9(x) for x >0. 
This function can be defined by use of the first lemma and an initial func- 
tion ¥(x), which for x >0 coincides with g(x) and for x < 0 represents the 
odd continuation of (x), 1.e., 


T(x) = g(x) for x >0 
— o(— x) for x <0 
so that 
Und=sre\ ape eres 
2Vn \_o Vat 


In the region of interest, x 20, we then obtain 
u(x, t) = U(x, t) for x=0. 


Introduction of the function ¥(x) results in 


1] 0 1 —(x-€)2/402t s “7 1 —(x-¢)2 2 < 
, ys — —_— UY d =— (x-€) 4/4a%t r 
UixN=s72\ var (é) tevel ya Wie dé 
1 ee —(xt€)2/4a2e ol 27402 
puaest ——e d. a We pT ATE) / sare 
2x wei, Vat ene WV Vat. wee 
where the substitution €’ =— & is introduced in the first integral and the 


relation 
¥(E)=— o(— €) =— GE’) 


is also used. By combining both integrals we arrive at the sought function 


14,(x, t) = We\, yer fg seat = eW A42/402t) Ol eyge (3-3.32) 
in a form which no longer contains auxiliary functions. We also note that 
for x =0 the expression in braces vanishes and z,(0, t) = 0. 

With the help of the second lemma one can see that the solution of the 
heat-conduction equation with the homogeneous boundary condition of the 
second type (a7,(0, £)/@x) = 0 and an initial condition #,(x, 0) = g(x) is represent- 
able in the form 
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— 1 Pe, 1 2 2 2 2 ~ a / 
it x,t = OO feb fst + eT tb {Aa*t E dé P 3-3.32 
CO iy \ ar } (8) (3-3.32') 
We now apply the formula so obtained to the problem of cooling a uni- 
formly heated rod whose boundaries are held at aconstant temperature. Let 
this temperature equal zero. The problem leads to the determination of those 
solutions v, of the heat-conduction equation for which the conditions 


vi(x,t)=T, v,(0, t) = 0 


are fulfilled. 


Since the initial condition is prescribed not for ¢=0 but for t=4%), in 
place of (3-3.32) we obtain 


TO? trey? se2ce—t9) = (x46)? 74a? (tt) dg 
j= = 0 0} ——— , 3-3.33 
nie )=zro|" le e ae 888) 
If we now split up the integral into two summands and introduce the variables 
= eae re E+x 
6 a ’ 6 Oa 
2 a(t — ty) 2V art — to) 
we obtain 
T oo 9 oo at 
14,0: = | odes \ 6 ed ] 
: Va =x/2Va2(t—t5) ™ x/2¥a2(t—to) o 
T apa . 9 aca ‘ 
= e-* da = T—= e-* da 
Va —1/Vag(t—t9) Va 0 
or 
,jb=ToO ae : 3-3.33’ 
ae Great = 5) yar 
where 


2 (7. 
Q(z) = -| e-*" da 
Vi 0 
is the error integral. 
We turn now to the determination of z,(x, t)—that is, the second part of 


the solution of the first boundary-value problem. 
Let 


p(t) = po = const. 


The function 


eT ee | aeeerk ems 
ie; = pa Wa ) (3-3.34) 


then represents those solutions of the heat-conduction equation which corre- 
spond to the conditions 


v(x, to) = Lo ’ v(0, t) = 0 e 
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From this it follows that 


v(x, t) =p — B(x, f= raf = o( (3-3.35) 


wan) 
2 a(t — to) 
is the sought function, since it satisfies the same equation and the conditions 
us, 15) = 05 x>0 and v(0, t) = wo, t>t. 
For v(x, t) we write 
u(x, t) = woU (x, t), 
where 


a ee ) = val e-@ da 
2 a(t — to) VT Sapvatanty) 


is the solution of the same problem in the case of py = 1. 
By definition, the function U(x, ¢) is defined at first only for 2%. We 
now extend the region of definition in which we set 


Ul, th=1—0 ( (3-3.36) 


U(x, t)=0 for t<ty. 


Obviously this definition is compatible with the function values of U(x, ¢) for 
t=0. Also, the function so defined satisfies the heat-conduction equation for 
all ¢ and x > 0. The boundary value of this function (for x = 0) forms a step 
function which for ¢ < tf) is equal to 0 and which for ¢>¢%, is equal to l. 
The function U(x,t) occurs frequently in applications and is an aid in the 
determination of (x, f). 

We consider now a second auxiliary problem, namely to solve the heat- 
conduction equation with the initial and boundary conditions 


- ae _ (uo fortp<t<ty 
v(x, ts) =0, (0, t) = wt) = 6 ea 
We can verify directly that 
v(x, t) = pol U(x, t — th) — U(x, t—t,)]. 


By similar reasoning we find that: 
If the boundary function p(Z) is given as a step function 


u(t) = Lo for Lo <t s ty 
= U1 for ty <ts te 


= Hn-1 for | < t s ta ’ 


then with the help of the function p(t) the solution of the second boundary- 
value problem can be represented in the form 


Ux 1) ay Ue: t—t)—-— U(x,t— ti+s)] + Ur-1U (x, t—ty-1). (3-3.37) 
7 0 


The mean-value theorem then yields 
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"7 9U(x,t—T) 


u(x, t) = ae ar dz + pn-rU (x, t— ta-1) with tis = < list . 


(3-3.38) 


We shall now determine the solution u(x, ¢) of the heat-conduction equa- 
tion with homogeneous initial conditions and the boundary condition 


u(0,¢)= p(t), ¢£>0, 


where p(t) is a piecewise continuous function. An approximate solution is 
easily obtained in the form (3-3.37) when we replace p(t) by a piecewise con- 
stant function. Now when we make arbitrarily small the interval in which 
the auxiliary functions are constant, we recognize that the limit value of the 
sum (3-3.38) is equal to 


ac 


at (x, — t)u(z)at 


since for x > 0 


lim jn U(x, t — tyra) = 0. 


i—t,_1—9 


Obviously, the sought solution w(x, t) of the second problem must satisfy 


‘aU . 
u(x,t) = |S t—c)u(rdr. (3-3.39) 
We shall not consider here whether a passage to the limit is permissible, or 
the requirements that must be placed on the function p(r) in order that this 
passage to the limit be applicable. 
As we easily see, we have 


oU 0 at Cas 2 ax 2r4q2 
—(x, = —_ e-* d —x*/4a%t 
at m ) ar Gz ae a) = Wr [ae]? : 
2 OG 0G 
a 
ax of 


=—2 


1 1 ee rey 
Ce = EEN hat 
é: age 2 xr Vat 
Consequently the sought solution in the case of an arbitrary function p(t) 
can be represented in the form™ 


—(x, 0, t) = 2a’ 


a t 


a —x2/4a2(t—1) 
uo(x, t)= ea area a (ae — 7? e pt) dt 


or 


0G 


Get Ot — elle) de (3-3.40) 


u(x, t) = 2a° \; 
We note further that in the derivation of formula (3-3.40), besides the 
linearity no further special properties of the heat conduction equation were 


65 This representation of the solution of the first boundary-value problem with homo- 
geneous initial conditions was mentioned here so that it can be compared to an alterna- 
tive solution in Chapter 5, Section 4. 
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used. Turther, we never used the analytical expression of the function U(x, t) 
but only the property that it satisfies the boundary and initial conditions 


U(0, t) =1 for t>0 
U(x,0)=0 forx>0O 
or 


1 for t>0 
U(0, t) = 
mo i, fori <0. 


If a linear differential equation exists with a boundary condition 
“(0,t)= w(t), ¢>0, 


homogeneous initial conditions, and auxiliary homogeneous boundary condi- 
tions (when such are present, for example, where x = 7), then the solution of 
this problem can be expressed in the form 


u(x,t) = | —— (Xb = elec; (3-3.41) 


where U(x, t) is the solution of the corresponding boundary-value problem for 
U(O,t)=1. 


The principle formulated here, the so-called Duhamel principle, shows 
that the constant boundary value causes the principal difficulty in the solution 
of boundary-value problems. If a boundary-value problem for a constant 
boundary value has already been solved, then one can immediately determine 
the solution of the same problem with variable boundary conditions by use 
of formula (3-3.41). This principle is often used for the solution of several 
boundary-value problems in which the solution is determined only for a con- 
stant boundary value, and it ts assumed that the solution for a variable 
boundary condition g(t) then can be represented by formula (3-3.41). 

The sum 


a(x, t) + to(x, t) 


gives the solution of the first boundary-value problem for the semi-infinite 
line in the case of the homogeneous equation. 
By the use of formula (3-3.29) and the method of odd continuation, it 
follows easily that the solution of the inhomogeneous equation 
t= au, + f(x, t), 0O<x<w,¢>0, 


when the initial and the boundary conditions are homogeneous (2(0, t) = 0), 
can be represented by the formula 


a(x, £) = BVT\, WRI “ fe Gp thatitan) — g- GHb Teatenol Fg, c)dédr. 
7 0 Jo as 
(3-3.42) 


The sum 
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2i(x, t) + to(x, t) + a(x, t) = a(x, t) (3-3.43) 
is then the solution of the first boundary-value problem 


= Oust f(x, t), u0,)= p(t),  u(x,0) = g(x). 


3-4. PROBLEMS WITHOUT INITIAL CONDITIONS 


If one investigates the process of heat conduction at a time which is 
sufficiently long from the initial moment, the influence of the initial conditions 
on the temperature distribution at the time of the observation is practically 
negligible. In this case, then, there arises the problem of determining a 
solution of the heat-conduction equation which satisfies one of the three types 
of boundary conditions for all ¢ > —oo. If the rod is bounded on two sides 
then the boundary conditions are prescribed on both ends of the rod. By 
contrast, for a one-sided bounded rod one uses only a single boundary con- 
dition. We shall consider the first boundary-value problem for a one-sided 
bounded rod: 

Find a bounded solution of the heat-conduction equation in the region 
x > 0 which satisfies the boundary condition 


(0, t) = H(t) » ~* (3-4.1) 


where y(t) is a prescribed function. We assume that the functions z¢(x, t) 
and p(t) are bounded everywhere, i.e., 


| a(x, t)| < M 
|u(t)| << M. 


It will be shown later that the function x(x, ¢) is uniquely defined. Often 
we deal with the boundary condition 
p(t) = Acosat. (3-4.2) 


Fourier has treated this problem, and it was applied to determine the tem- 
perature variation of the earth.®* 
We write the boundary condition in the form 


y(t) = Aci, (3-4.2') 


From the linearity of the heat-conduction equation it follows that the real 
and imaginary parts of a complex solution of the heat-conduction equation 
separately satisfy this equation. 

If one also finds a solution of the heat-conduction equation which satisfies 
the condition (3-4.2’), then its real part satisfies condition (3-4.2) and its imagi- 
nary part satisfies the condition 


(0, t) = p(t) = Asinet. 
We consider therefore the problem 


8 See Section 3-5 $1. 
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2 
ul, = A Uy, 


2(0, t) = Ae’. eae 
We seek its solution in the form 
u(x, t) = Ae™**F (3-4.4) 


where a and §# are constants to be determined. 


If we insert (3-4.4) into Eq. (3-4.3) and into the boundary conditions we 
find 


a=4+8, pio, 


from which there results 


ons fas fEvt-+ EU -2[ BB], 


Hence we have 
u(x, t) = Ae* “(w/2a2)z til V(w/2a2)x bot) | (3-4.5) 


The real part of this solution, namely 


u(x, t) = Aet* (#122 69g (+733 Da sayt + wt), (3-4.6) 


satisfies the heat-conduction equation as well as the boundary condition (3-4.2). 
Formula (3-4.6) first of all defines not only one but two functions, since there 
are both plus and minus signs in the exponents before the roots. If we 
observe that only the functions corresponding to the minus sign are bounded 
then we obtain as a solution of our problem: 


u(x, t) = Ae-*'l20): cog (-3 Dot — sx + wt) 3 (3-4.7) 


The problem without initial conditions for a bounded interval is treated 
similarly: 


ty = AU 
u(O, t) = Acosat (3-4.8) 
u(l,t)=0. 
If we write the boundary conditions in the form 
A(0,t)= Ae, al, t)=0 


and seek the solution in the form 
A(x, t) = X(x)e*" (3-4.9) 
then we obtain from (3-4.8) for X(x) the differential equation 
x" + 42x =0 or =X" 4 7X=0, 


r= ,/-# = y eel ta 


(3-4.10) 
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and the auxiliary conditions 
A(O)=A, X(1)=0. (3-4-11) 
Consequently, for X(x) we find 


Xia) = ASE a Sy (3-4.12) 
sin yl 
where X, and X, are the real and imaginary parts of N(x). Therefore, for 
ai(x, t) we obtain the representation 


Neha A ae (3-4.13) 
sin yl 
By separating out the real parts of &(x, t), we finally find the solution of the 
original problem without initial conditions in the form 


u(x, t) = Xi(x) cos wt + X2(x) sinw!t. (3-4.14) 


From the above, the explicit determination of X, and X, gives no difficulty. 
If the boundary function is a combination of harmonic vibrations of dif- 
ferent frequencies, the solution of such a problem can be represented by a 
superposition of the solutions corresponding to the individual harmonics. 
We shall now prove the unique solvability. of problems without initial 
conditions for the semi-infinite line. We proceed from the formula 


at x (x2/4a2(t—r) 
’ = hae (tr 0, 
u(x, t) Tn \, [ee —a)*" u(O, c)dr 
a5 WE VRE ecb Laetoli ep te IAer Otol) ule eae 
0 0 
— I, + I, , t = to (3-4.15) 


which represents every bounded solution of the heat-conduction equation 
through its initial function w(x, ?%)) and its boundary function (0, ¢) = y(t) in 
the region x20, t2 ft). 


We show next that the limit 
lim J,(x, t) = 0 (3-4.16) 


ty-—© 
exists if the following holds for all f: 
lu(x, t)| << M. 
In fact, we have 


M °° _ 3 °o x 3 
| Zs | < | € dea — | e “daa } 
—2/3*% a2(t—ty) 


«isabel 


x/2*a2(t—tg) 
7a2\ eda, 
T 


0 


where 
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_ E—x = eee! 
= Sopa oO eae 
From this (3-4.16) follows, since as tp)—»co both x and ¢ remain fixed. If in 
(3-4.15) the variables x and ¢ remain fixed and % tends towards —oo, then 


u(x,t) is equal to the limit value of the first summand. We therefore obtain 


u(x,t) = ated a Le 
i 2Vx j_.(a(t—-))” 


which shows that there cannot be two different solutions of our problem. 
We can also prove that formula (3-4.17), for every bounded piecewise con- 
tinuous function «(¢), represents the solution of the corresponding problems. 
We can proceed analogously for problems without initial conditions for a 
finite interval O< x</. Here if the boundedness of the solution is not re- 
quired these problems would not be uniquely solvable, since the function 


aac hil aT 5), (3-4.17) 


= 2a, mH 
un(x, t) = Ce" ** sin > 


for arbitrary » produces a solution of the problem in question with homo- 
geneous boundary conditions. These solutions as t-»>—co become unbounded. 
The uniqueness of a bounded solution can be shown immediately. 


Problems 


1. Determine the Green’s function for (a) a one-sided bounded rod for bound- 
ary conditions of the first and second type when no heat exchange results 
on the lateral surface; (6) a two-sided unbounded rod when there is heat 
exchange on the lateral surface; (c) a one-sided bounded rod in the presence 
of a heat exchange on the lateral surface and with boundary conditions of 
the first or second type. 

2. Find the Green’s function for a one-sided bounded rod with heat insulated 
lateral surface for the third boundary value problem, where the boundary 
conditions have the form 


S* _ ny(0, t) = f(t). 
Ox 
Solution: 


1 = tr)? /4a7 tt-7) (e+e)? 402 (t—27) 
G(x,é,t—7c =e "7 ot +e 
( 2V xarX{t — 7) 


= 2n\" gre rae) 
0 

3. Solve the heat-conduction equation for (a), (8), and (c) of Problem 1 when 

(1) a heat source Q = Q(t) develops at the point x = & (Q = Q, =const.); (2) 

an initial temperature distribution w(x, 0) = (x) is prescribed, where 


si lg forO<x<l 
eee \) outside of the interval (0,2) ; 
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(3) the heat sources are distributed throughout the entire rod with the density 
(x,t) while the initial temperature is equal to zero, where f(x, t) = qo = const. 
(stationary sources). 

4. A one-sided bounded rod with heat-insulated lateral surface is uniformly 
heated up to a temperature 


u(x,0) = mw) = const., x>0O. 


Let the ends of the rod be held at the time ¢ = 0 at the constant temperature 
zero 


u(O, 7) =0, t>0O. 
Determine the temperature w(x, 7?) of the rod and use the tables for the error 
integral 
2 (7 
@(z) = -| e-* da 


x Jo 


to construct the graphic representation of w(x, f) with respect to x in the 
interval 


E y P 
O<x<l for t= —> t=—,, t=z 
> 16a’ ’ 2a* . 
Hint: In a suitable manner introduce the dimensionless variables 
2 
; x at u 
x=, = —, v= —, 
l U Uo 


5. The end of a one-sided bounded cylinder is opened at the initial moment 
t=0Q. The surrounding atmosphere contains a gas whose concentration is t). 
Find the concentration w(x, ¢) of the gas in the cylinder for ¢>0 and 
x > 0 when the initial concentration in the cylinder is equal to zero. Use 
the tables of the error integral to determine how much time must pass until 
the concentration of the gas in the cross section at the distance / from the 
end of the cylinder has reached 95 per cent of the exterior concentration. 
Further, determine the law of motion of the layers of constant concentration. 
6. Let a heat flow &u,(0, t) = q(t) be directed toward the end of a one-sided 
bounded rod whose initial temperature is equal to zero. What temperature 
w(x, t) does the rod attain when (a@) the lateral surface of the rod is heat in- 
sulated; (6) on the lateral surface the rod undergoes a heat exchange (accord- 
ing to Newton's law) with the environment whose temperature is equal to 
zero? Consider the special case q = qo = const. 
7. The end of a one-sided bounded rod is maintained at the constant tem- 
perature m%); on the lateral area of the rod there occursa heat exchange with 
the surroundings which is at the constant temperature u,. The initial tem- 
perature of the rod is zero. Find the rod temperature w(x, ¢). 
8. Solve problems 6(a) and (6) under the assumption that «w«(xv,0) equals wu 
= const. 
9. Determine the temperature distribution in a one-sided bounded rod with 
heat-insulated lateral areas at whose ends (a) a temperature x(0, t) = A coswt 
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exists; (b) a heat flow Q(t) = Bsinewt occurs; (c) Newtonian heat exchange 
with the environment exists, whose temperature changes according to the 
law 2(t) = Csinat,. 

10. By using the method of reflections construct the Green’s function for a 
two-sided bounded rod with heat-insulated lateral surfaces for boundary con- 
ditions of the first and second types. 

11. Let a two-sided unbounded rod be comprised of two homogeneous rods 
which are brought together at a point x = 0 and are characterized by a, ky 
and a:, k; respectively. Let the initial temperature be 


T; for x <0 


a DY) ={7 for’ #> 0: 


Determine the temperature u(x, ?) in the rod when the lateral surface is heat- 
insulated. 


3-5. APPLICATIONS TO CHAPTER 3 


1. Temperature waves 


The treatment of the problems of propagation of temperature waves in 
the earth is one of the first examples of the application of the mathematical 
theory of heat conduction developed by Fourier for the investigation of natural 
phenomena. 

As is known, the temperature of the earth’s surface changes very dis- 
tinctly in a daily (day-night) and a yearly (summer-winter) period. We shall 
treat the propagation of the periodic temperature distribution in the earth 
which we assume to be a homogeneous half-space 0 S$ x < o (from the surface 
to the interior). This problem is a characteristic example of problems with- 
out Initial conditions. After several temperature variations on the earth’s 
surface, therefore, the influence of the initial temperature is small in com- 
parison with the influence of other factors which we likewise disregard (for 
example, the inhomogeneity of the earth). In this way we then arrive at 
the following problem:®’ 

Determine a bounded solution of the heat-conduction equation 

Ou Ou 


=a, Osx <w, -—wo <ft, (3-5. 1) 
ot ox” 


which satisfies the condition 


u(0,t) = Acosoat. (3-5.2) 


We have already considered this problem earlier in this chapter. Its 
solution has the form (see Section 3-4 §7) 


u(x, t) = Ae’ wes cos(— | aot _ wt) : (3-5.3) 


67 H.S. Carslaw, Mathematical Theory of the Conduction of Heat in Solids, London, 
1921. 
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On the basis of this solution the temperature waves in the earth can be 
described in the following manner: When the temperature of the surface 
changes periodically over a long period of time, then a temperature fluctuation 
with the same period is developed in the earth. Therefore: 

1. The amplitude of the distribution decreases exponentially with the 
depth: A(x) = Ae-“(wita?)x, i.e., an arithmetic increase in the depth corre- 
sponds to a geometric decrease of the amplitude (Fourier’s first law). 

2. The temperature distribution in the earth takes place with a phase 
displacement. The time 6 between the occurrence of the temperature maximum 
(minimum) in the earth and the corresponding time point on the earth surface 


is proportional to the depth: 
1 
j= 4/ _——_x 
: Jo 
(Fourter’s second law). 


3. The depth of penetration of the temperature in the earth depends on 
the amplitude of the temperature distribution on the surface. The relative 
change of the temperature amplitude is equal to 


A(x) =p “(w/2a2) x 


A 


This formula shows that the depth of penetration of the temperature is 
smaller when the period is smaller. For two temperature distributions with 
periods 7, or 7;, the corresponding depths x, and x, in which the relative 
temperature changes coincide, are connected by the relation 


x2 = j Bx 


(Fourier’s third law). For example, it shows the comparison between the 
daily and the yearly variations (7, = 3657)): 


xXe= V 365 x, = 19.1 x, 


that is, the depth of penetration of the yearly distributions with equal am- 
plitude on the surface is 19.1 times as great as the depth of penetration of 
the daily distribution. 

For example we shall give the results of observations of the yearly tem- 
perature distributions of the station Gosch (Amur):” 


Depth (m) Amplitude (°C) 


1 11.5 
2 6.8 
3 4.2 
4 2.6 


These values show that the amplitude of the yearly distributions at 4m 


688 M.J. Sumgin, S.P. Kachurin, N.I. Topspikhin, V.F. Tumel, General Ground 
Frost Science, Moscow, 1940, Ch. V. 
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depth has diminished to 13.3 per cent of its value on the earth’s surface, 


which is equal to 19.5 degrees. 
On the basis of these values one can determine the thermal conductivity 


of the earth: 
A(x) 0) 2 wx 
] ef et en 
a V oa"? On (AA) 


From this we find the thermal conductivity, 


a@ = 4-10" cm" . 
sec 
The maximum temperature at 4m depth four months later would therefore 
reach that of earth’s surface. 

However it should be noted that this theory holds only for heat conduc- 
tion in dry soil or rocky terrain. With moist soils the temperature pheno- 
mena are more complicated; with frozen ground a latent amount of heat would 
be freed which this theory does not consider. 

The thermal conductivity of a body is one of the characteristic quantities 
which is of importance in the investigation of its physical properties and also 
for different technical calculations. The investigation of the propagation of 
temperature waves in rods depends on one of the laboratory methods for the 
determination of the thermal conductivity.” 

Let the end of a sufficiently long rod be heated and cooled periodically 
as p(t). If we develop this function in a Fourier series, 


Bo 
2 


Bi) =— + ¥ (2. cos ae t+ b,sin ean t) ales 5 An cos( te ({— %)) 
n=1 nisl 


‘s 2 


A,=Vai+h, i= Z (« +arctg 22) ; 
arn Qn 
(7 is the period) and determine the temperature waves corresponding to the 
individual summands, then we find that the temperature u(x, ¢) for an arbitrary 
x iS a periodic function of time; hence for its 2th harmonic vibration we have 


ann 2nn 


u,(x, t) = a,(x) cos ——t + 0,(x) sin 7 t 
= Annem rnite?)s cos (1/ 7a es =m t ae an) 


or 
V an(x:) + b3(x;) — en Van] Ta®)(x,—x9) F 
V a2(x2) + b2(x2) 


This formula shows the following: If one measures the temperature 
changes at any two points x, and x, during an entire period, then by deter- 


69 Special Physical Practices, vol. 1, Prob. 35, Moscow, 1945; V. I. Iveronova, Physical 
Practice, Prob. 23, p. 117, Berlin, 1957. 
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mination of the coefficients d@,(x:), On(x1), @a(X%2), Oa(x2.) by means of harmonic 
analysis, one can determine the thermal conductivity a’ of the rod. 

The periodic temperature variations (temperature waves) in a rod, for 
example, can be generated in the following manner. One end of the rod is 
placed in an electric furnace and a repeated pulsed current passed through. 
Because of this periodic warming in the rod, a periodic temperature fluctua- 
tion can result after a certain time. Now by means ofa thermostat, we can 
measure the temperatures u(x,,¢) and u(x,,¢) at any two points x, and x, 
during a complete period of change of the boundary influence and thus obtain 
uw, and xz, as described above; in this manner the thermal conductivity a’ 
of the material of the rod can be determined. There are two conditions 
necessary for application of this theory. First, the rod must be heat- 
insulated on the lateral surface; and second, the temperature at the other end 
of the rod must be controlled, if we are to be justified in using here the 
theory of temperature waves in a one-sided bounded rod. Therefore, we have 
to prove that the temperature at the free end of the rod is constant, and 
this is accomplished with the help of another thermostat. 


2. The influence of radioactive decay on the temperature of the 
earth's crust aa 


For the estimation of the state of temperature in the earth’s interior some 
hint can be obtained from observations on the earth’s surface. The impor- 
tance of this lies in the fact that the daily and the yearly temperature varia- 
tions take place only in a relatively thin layer of the surface (approximately 
10—20m for the yearly variations), while the temperature below this layer 
changes very slowly in the course of time. 

It has been observed in ravines and caves which lie 2—3 km beneath the 
earth’s surface that the temperature increases with increasing depth on the 
average of 3°C per 100m. 

The first test, carried out at the end of the 1800's, to give a theoretical 
explanation for the observed geometric gradient, met with insurmountable 
difficulties.” It was concluded that earlier the earth must have been radiat- 
ing heat and that it cooled gradually. The initial temperature characteriz- 
ing this cooling process must have been of the order of magnitude of JT, = 
1200°C (the melting temperature of rock); the surface temperature is of the 
order of magnitude of 0°. Further, the surface temperature may not have 
changed essentially (not more than 100°) from the period when vegetable or 
animal organisins first occurred on the earth. The cooling process, considered 
in this sense as purely quantitative, leads then to the solution of the heat- 
conduction equation 

ot Gz 


7 H.S. Carslaw, Mathematical Theory of the Conduction of Heat in Solids, London, 
1921, Ch. 3. 
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in the half space 0 < z < o with the initial and boundary conditions 
u(z,0) = T, 
u(O, ft) =0. 


The solution of this problem was treated in Section 3-3; we obtained it 
in the form 


ar 
u(z,t) = Ty |, e° da. 
The gradient of this function at z=0 is given by 
Ou, To a8 tat eee eee 
@z |.-0 Vt Vat <0 Vn Vat’ 


If we substitute in this expression the value of the geothermal gradient 7 = 
3-107‘ degrees/em, 7) = 1200°C, and the value a’ =0.006cm’/sec (the average 
value of the experimentally found coefficients of the thermal conductivity 
of granite and basalt), then for the time duration of the cooling process we 
obtain the value ¢ = 0.85-10'*sec = 27 million years. Such an estimate of 
the age of the earth is, however, incompatible with the geological facts. The 
approximate nature of the theory being considered—that is, disregarding the 
earth’s curvature, the variability of the thermal conductivity, and the in- 
accurate value of 7,—naturally cannot strongly influence the order of mag- 
nitude of the value found for the age of the earth, which according to modern 
investigation has been estimated at around 2- 10° years. 

The physical scheme of the course of the temperature in the earth can 
be represented in a different manner, using radioactive decay. The radioactive 
elements distributed in the earth’s crust generate by their decay a certain 
amount of heat which naturally contributes to the warming of the earth. 
Therefore, the corresponding heat-conduction equation must have the form 

au au A 

at att? ae 
where A represents the volume density of the heat source. On the basis of 
numerous measurements of the radioactivity of rocks and the amount of heat 
generated by their radioactive decay we usually choose the value 


2 
=a 


A=03 19 So, 
cm” sec 
This value is considered to be the heat developed by uranium, thorium, and 
potassium, including their decay products. 

We shall now assume that the density of the radioactive source in the 
interior of the earth sphere is constant and has the value A on the upper 
layer of the earth’s crust. Under this assumption we obtain for the amount 
of heat generated in the entire sphere during a unit of time 


Oe anRA 
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We assume further that the earth is not warmed by the radioactive-generated 
heat. In this case, for the amount of heat flowing per unit of surface area 
we obtain 


Ou 
ae la 
q az 


Q 


z=0 — 4x R? 4 


where k is the coefficient of heat conductivity and du/éz|,-, is the geothermal 
gradient at the earth’s surface. 
From this we find 


Ou AR 6.3 . 19-2 degrees 
02 |:=0 3k cm 


where R = 6. 3-10°km is the earth’s radius and k = 0.004 is the average heat 
conductivity of the soil rocks. 

Accordingly, under the assumption that the distribution of the radioactive 
elements are constant and the earth is not warmed by the radioactive decay, 
the calculated geothermal coefficient exceeds the observed value 


y =3- 10‘ degree/cm 


by two orders of magnitude. 

We now drop the hypothesis that the radioactive elements are distributed 
uniformly and assume instead that they lie in a layer of thickness A of the 
earth’s crust. Without considering the curvature of the earth we then obtain 
for the determination of the stationary temperature the equation 


au A 
Ah Se for 0SzSH 
=0 forz>H 
with the conditions 
HOO, Cel. 0; 
OZ |g 


2 
Wa) = 2 (H -$). 0<z<H 
2 


since this function including its first derivative at z= AH is continuous and 
the conditions of the problem are satisfied. 
If now we calculate the value of the gradient of this function at z=0 


and compare it with the observed value 


y =3- 10 ‘degree/cm, 
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then we find 


H = 18 w 10°cem = 10km. 
A 

We shall now estimate how the assumption that the temperature is station- 
ary affects the size of the geothermal coefficient. To this end we consider 


the solution of the heat-conduction equation 


aw 20° Ww 


Sage 
foes, 10Sg2 i 
cp 
=)", z>H 


with the homogeneous initial and boundary conditions 

w(z,0) = 0 

w(0, t)=0. 
AS we Saw in Section 3-3 the solution of this problem is represented by the 
integral 


w(z,t)= | \'ce. C,t—c)f(C)drdC . 


0 

In this case G is the Green’s function for the one-sided bounded straight line: 

ye 1 
2x Vatt — 7) 


For the value of the gradient of the function z(z, ¢) for z= 0, by considera- 
tion of the value of f there results therefore 


{e- 9) 2/sa2(t—r) _ g-l2+9) 2/4a2(t—r)} 2 


G(z,6,t—c 


ow A Hee ¢ —P2/ga2(¢— 
Ow 2 es a 97/402 (1-0) IE 
OZ |2=0 cp2V x \ as — r))$ . a 
A t 1 H2/4a2(t—r) Sealy d 
a VEN WEE. gee 
A fe ] 2 2 
= _ =— [1 — e- #°/40°0) dg , O=t-— cr. 
rat rch ee el : 
Therefore 
owl __A {24 | eo} 
az |-0 covzrl a a - oy 
where 
S' _oEE = H da —— a do 
~ 2a’ °  2V/a@t ’ ao HH Va 


Now 


bO 
tw 
tw 
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2 ; 


_ 2\"e e7 “ae 
79 


so that 


= OM = po tysatt - og? 3.5 4 
z 0 a Vr [ e | +H Va FeV: =° a} : ( ) 


Further, 


then cpa’ = k, the limit value of the first summand in the curved brackets 
vanishes and the limit value of the second summand is equal to H. 

We now calculate the difference between the limit value of dw/dz obtained 
above and the value of diw/dz for 


t=2-10° years =6- 10'* sec. 
Then o, is small: 


6 


2/at 2)/6-10*-6- 10% 219. 


Jy = 


By expanding in series the functions appearing in formula (3-5.4) we obtain 


A ow 
EY pepe 
k az 


_A 


Gon les 


i.e., d/dz|,-9 differs by about 4 per cent from its limit value as t— ©. 

We can calculate the function w(z, t) for z > 0 and prove that forz =H, 
when one introduces the age of the earth for ¢, the function still deviates 
considerably from its limit value” (although, as we see at the surface, the 
gradient is practically equal to its limit value). 

These considerations are all only estimates; nevertheless we must conclude 
from the fact that the rate of the radioactive decay does not change with 
the temperatures and pressures obtainable, that the concentration of the radio- 
active elements with increasing depth decreases rapidly when the value of 
A for the upper layers of the earth’s crust, as it has been determined by 
numerous measurements, is taken as a basis. A physical theory which would 
allow us to derive a law for the decrease of the concentration of radioactive 
elements with increasing depth has not yet been developed. 


GRA tees nh x BH 0.04 , 


3. The method of analogy in the theory of heat conduction 


The method of analogy has been shown to be very useful for the solu- 
tion of a series of problems of heat conduction. As an example, therefore, 
we shall consider the following two problems. 


1 A.N. Tychonoff, ‘‘Concerning the Influence of Radioactive Decay on the Tempera- 
ture of the Earth’s Crust,’’ Investigations of the Academy of Science of the USSR, 
Division of Mathematics and Natural Sciences, pp. 431-459, 1937, 
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1. The Green’s function for the infinite straight line. The heat-conduction 
equation obviously remains unchanged by the substitution 


xi=kx, U=k't. (3-5.5) 


That is, when the linear scale of the rod changes k-fold, and the time scale 
changes &’-fold. 
We seek next the solution of the heat-conduction equation 


Ut = Ua: (3-5.6) 


with the initial condition 


Uo for x > 0 
= 3-5.7 
me) ‘e for x <0. ( 


Also, the initial condition (3-5.7) is not changed by the above scale changes. 
Therefore, for the function u(x, t), the equation 


u(x, t) = u(kx, kt) (3-5.8) 
holds for all x,?t, and &. 
Now if we set 
a ae (3-5.9) 
27 * 
then we obtain 
x 1 x 
ee 28 (2 een cee 3-5.10 
ule.) = (=r, r) wl (=r) (3-5.10) 
The function u« therefore depends only on the argument 
x 
a I 3-5.11 
z BVT ( ) 
For the derivatives there results from (3-5.10) 
Gu, Gf 1 fu _ xm df__ 2 af 
ax? ° dz At’ att*é‘wKS?: Oz Ot dz 


If we introduce this expression into Eq. (3-5.6) and divide it by u,/4t, then it 
follows that 


att =— gi 4s (3-5.12) 


with the auxiliary conditions 
f(-0)=0, floj=1, (3-5.13) 


which correspond to the initial condition for the function w(x, f). 
By integration of Eq. (3-5.12) we obtain 


A ie zja 
aber = — 22 , f' = Ce72 le? : f =—¢ | e-$? at ‘ 


e-tlatge — C, | 
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Therefore, the lower limit is so chosen that the first condition of (3-5.13) is 
fulfilled. The second will similarly be fulfilled if we set 


1 


Cy Vn 


Therefore 


rf2 are 
u(x,t) = en | ePdé = ak + o(=5 oa scam) |: (3-5.14) 
a j-« 


where 


(2) = on ets 


is the error integral. If the initial value has the general form 


u(x, 0) = i se - me a (3-5.15) 
then 
ito oe 
u(x,t) = 5 ak + (35s a at 7, =) |. (3-5. 16) 


We turn now to the solution of the second auxiliary problem for which 
the initial conditions have the form 


u(x,0) = 0 for Xe <x 
ee for Xi X OK (3-5.17) 
=0 for x< x). 


In this case 


w(x, t) = | o( an) 7 “(a7at) | 


The initial temperature mw) corresponds to an amount of heat 
Q = cp(X%2 — x1)Uo. 
If Q=cp, then 


ee mere x= oe x— X & 
u(x,t) = aee s|(se at) - o( aos) | : (3-5.18) 


The Green’s function then obviously represents the limit value of the func- 
tion w(x, t) as (x, — x,) 0 in the passage to a point source. 
The corresponding passage to the limit in formula (3-5.18) gives 


eee Oe eee 5 
w(x, ft) = RE [ 3 o( sat) |. : (3-5. 19) 


since on the right side of (3-5.18) the difference quotient arises whose limit 
value is the derivative in (3-5.19). 
Now if we perform the differentiation we find 
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1 1 
u(x, t) es ae ayant (3-5.20) 
i.e., u(x, t) = G(x, x,,¢) is the Green’s function. 


2. Boundary-value problems for the nonlinear heat-conduction equation. We 
consider the equation 


Z| an | = cpt (3-5.21) 
and seek the solution which satisfies the boundary condition 
u(O, t) = m4 (3-5.22) 
and the initial condition 
u(x, 0) = ue. (3-5.23) 


Also in this case a substitution of the form (3-5.5) changes neither the Eq. 
(3-5.21) nor the auxiliary conditions (3-5.22) and (3-5.23). 
From this it follows that 


x x 
; = —__. } = ; = —*, -5.24 
un =Ssor)=s@, 25% (3-5.24) 
By using this expression we obtain for f the equation 
val ne] nyse (3-5.25) 
dz dz dz 


with the auxiliary conditions 
f(0) = a1, f (00) = ue. (3-5.26) 


The function f(z) can be calculated by numerical integration in those cases 
in which it cannot be found in closed form. 
Equation (3-5.25), under very general assumptions on & and cp, also pos- 
sesses a uniquely determined solution which satisfies the conditions (3-5.26). 
As an example of (3-5.21) we consider the case in which (wu) = ky) + Ryu 
is a linear function in « and cp is a constant. By a suitable change of the 
time scale and a scaling of the values of « we then obtain the equation 


0 Ou Ou 
—| (1 4) — | = — 3-5.27 
ax { eH) ax | at ’ ( ) 
with the initial and boundary conditions 
u(x,0)=0, uO, t)=1. (3-5.28) 


Now if we set 


ux, t)=f(z), z= DE? 


then f(z) must satisfy the condition 
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< af |__5,4f : 
< [a + aft | = 22 (3-5.29) 


fON=1, flwo)=0. (3-5.30) 
Figure 42 shows the results of the numerical integration of (3-5.29) for dif- 
ferent values of a. 


FIG. 42. 


4. The solidification problem 


If the temperature of a body changes, then its physical (state) condition 
changes. If, in particular, the temperature change includes the melting point, 
then the body is transformed from the fluid to the solid state (or conversely). 
Moreover, the temperature on the transition surface during the entire time 
remains constant. Owing to the motion of the transition surface, a latent 
heat of fusion is freed (melting). In the following we shall formulate the 
additional conditions which must be fulfilled by the solidifying surface.” 

To this end we shall consider the problem in which the transition surface 
is described by the plane x = &(t). During the time interval (¢,¢ + dt) the 
boundary x = € can be displaced from the point = ., to the point =x, = 
x, +. In so doing, the mass pJé solidifies (or melts in case Jé < 0) and 
an amount of heat ZoJé is released. 

To satisfy the energy conservation law, this amount of heat must be 
equal to the difference of the amount of heat passing through the boundaries 
f=xr, and&=x,. Therefore, the condition 


Olt, ‘ 
dt = rosdé 
[5s | ass 


72 Ph. Frank and R.v. Mises, Differential and Integral Equations of Mechanics 
and Physics, Braunschweig, 1930/1935; Ch. 13. 


Olle 


A 


—k, 


ant 


x 2 
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must also be fulfilled where &; and k&, are the heat conductivity coefficients 
of the first and the second states while 2 is the heat of fusion. 

If now in this expression we let 4t tend to zero, then the auxiliary con- 
dition on the transition surface takes the form 


= Ap 4 (3-5.31) 


This condition is valid for the solidification process (for 46 >0 and d&/dt > 0) 
and also for the melting process (for 4€ <0 and dé/dt <0); the direction in 
which the process proceeds can be determined from the signs on the left side. 

Now we shall consider the freezing process of water where the melting 
temperature is zero. Let the half space x20 be filled with water. This 
amount of water then is bounded on one side by the plane x =0. At the 
initial moment t=O, the water has the constant temperature c>0O. If the 
surface x = 0 steadily maintains the constant temperature c, <0, then the 
transition surface x = & penetrates, with time, into the fluid. 

According to the above, the problem of the temperature distribution in 
the freezing water and the determination of the velocity of propagation of 
the transition surface leads to the equations 


2 
oa = ao for0O<x<é 
: a (3.5.32) 
u u 
= a forE<x< 0 
with the auxiliary conditions 
w=; for x =0 
3-5.33 
s= for ¢=0. ( ) 
Moreover, on the transition surface the conditions 
u, =u, =0 for x= (3-5.34) 
ou ou dé 
ki—| —-k-— = Ap—- 3-5.31 
* ax axe "ax vse f at ( ) 


must be fulfilled where &,, ai or k:, a2 are the coefficients of the heat and 
thermal conductivity of the solid and liquid states. 
For the solution of the problem we make the Ansatz 


“uy, = A, + B05) 
Uo ot Be Caz 

where A,, B,, Az, and B, are constants to be determined while @ is the error 
integral 


0 \ewas 
T Jo 
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If we consider the conditions (3-5.33) and (3-5.34) then we obtain from (3-5.33) 
A,=¢, A.+ B,=c 
and from (3-5.34) 


These conditions must hold for arbitrary values of ¢. This is possible only 
when 


é=-aV/t (3-5.35) 


is valid, where a is a fixed constant. The expression (3-5.35) determines the 
law of motion of the transition surface between the fluid and the solid states. 
For the constants A,, B,, A,, B,, and a the following expressions result: 


A,=( , B,=—- J 
2 
Maite) (3-5.36) 
: 1 — O(a/2a,)’ * > 1 = O(a/2a,)" 
For the determination of a the requirement (3-5.31) leads to: 

hycye- 27/404 koce7 27/403 Va 
a 45. — = — oa" ., 3-5.37 
4,P(al2a,) — a.{[1 — ®(a/2a,)] eer ( ) 


The solution of this transcendental equation gives directly the value of a. 
That at least one solution of c, <0, c > 0 exists follows from the fact that 
the left side of this equation varies from —co to +o when a@ passes through 
all values from 0 to oo,’* while the right side for such a assumes only the 
values between 0 and —oo. In the case when c is equal to the melting tem- 
perature (c = 0), expressions (3-5.36) and (3-5.37) for the determination of the 
coefficients reduce to a simpler form: 


Cy t 
= = = CSCS Ce CO: 3- .36 
A, B, 0 , A, Ci, B, D(a/2a,) ( 5 ) 
and 
2 2 
hice” (4% Va ; 
= 722 : 3-5.37 
a, 0(a/2a,) pa? ( 
If we set a/2a, = 8, then (3-5.37') can also be written in the form 
1 e# 
ite. =— D8, 
Vx O(8) P 


where D is determined by 


73 For an asymptotic representation of the function 1 — ¢(z) as z- oo see the Ap- 
pendix. 
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_ Apai 
D= <0. 
Ric; 


By use of the graphic representation of the function g(f) = e-8*/1/x (A) given 
in Figure 43, the value of a can be determined. 

The solution of the solidification prob- 
lem can also be found with the help of the 
analogy method as discussed in Section 
3-583. To a certain degree the solidifica- 
tion problem is a limiting case of a non- 
linear boundary-value problem similar to 
that in the previous section. The coef- 
ficients of heat conductivity and _ heat 
capacity for solidification problems are 
piecewise constant functions. Moreover, 
the heat capacity for u(x, t) =0 is infinite. 
This case can also be obtained as a limiting 
case as e—0 if one assumes that the latent 
heat is not freed instantaneously but is 
released during a fixed interval (—e, +e). 
Therefore, we naturally must have 


\ cjujdu = a2. 


—e 
One can easily prove that all the conditions of the problem remain un- 
changed when the length scale changes k-fold and the time scale ’-fold. 
Therefore the solution depends only on the argument x//t, i.e., 


u(x,t) = 1(S) . 


Hence, in particular, it follows that the motion of the zero isotherm can be 
described by the equation 


=aVt , 
when a is the value of the argument, for which 


f(a) =0 
is valid. 
For the determination of the of the function f the following conditions 
result: 


2dfi an Gh 
aa = 22-7 forO<z<a 
2d'f, on, aha 

ar 22— for a<z< oo 


AO=a, filo)=c, fila) = fila) =0 
ki fila) — ke fa) = ios ’ 
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Therefore, 


f(z) = Ai + B05) for0<z<a 
2a, 
F(z) = 
fo(z) = Az + B0( 52) fora<z<o., 
? 2a 


For the determination of the constants A,, B;, A., B,, the requirements 
(3-5.33) and (3-5.34) must again be used, from which (3-5.36) results. For the 
determination of a the condition (3-5.37) is used. Therefore the respective 
analytical parts of both methods of solution coincide. 

These considerations show that the solidification problem can also be 
solved in the cases in which the latent heat is freed not for a fixed tempe- 
rature but in acertain temperature interval. Ina similar manner the solution 
is possible when not one but many critical temperatures are given. Such 
cases can occur for changes of state in the transition from one crystalline 
structure to another (for example, for the recrystallization of steel). 


5. The Einstein-Kolmogoroff equation 


Microscopic particles which are free to move in a medium are in a con- 
stant, permanent state of unordered motion (Brownian molecular motion). The 
probability therefore that a particle found at time ¢f) at the point M4 is found 
at time ¢ in a small neighborhood 4V of the point M can be described by 
the function 


WM, t; Mo, to) AV. (3-5.38) 


In this case by ‘‘probability’’ we mean the following: 

If a sufficiently large number N of particles moves from the point M, 
(we shall disregard the opposing influences) during a small time interval 
to + dt, W(N, t; Moto) is equal to the concentration of these particles as 4t—0 
at the point M at the time ?, if the total mass of the particles issuing from 
the point M4, is chosen as the unit of mass of the particles. 

A similar phenomenon occurs also in the diffusion of gases in, for ex- 
ample, a gaseous medium. 

The function W(M,t; Mo, t) represents the Green’s function correspond- 
ing to the unit mass. Obviously, we must have the condition 


| W(M, t; M,, tojdVu = 1 ’ t > to ° (3-5.39) 


If the initial concentration of the particles at a fixed time ft is equal to y(M), 
the concentration u(M, ?¢) of these particles at time ¢ > ¢ must be equal to 


Hah | W(M, t; P, tp) P)dVp , (3-5.40) 


where the integral is extended throughout all space. 
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From this relation results the Einstein-Kolmogoroff equation:”* 
W(M, t; Mo, toe) = | wow, t; P,0)W(P,0; My, t)dVe, t.<O<t. (3-5.41) 


We shall now show that, under certain conditions which the function 
W(M, t; M,, to.) must satisfy, the solution of the Einstein-Kolmogoroff equation 
satisfies a parabolic differential equation. Therefore, we shall consider the 
case in which the position of the point M is described by a single coordinate 
x and assume that the function W(x,t; x», to) satisfies the following conditions: 


(a) lim 2— § = lim a |x — E)W(x,t +7; 6, t)dé = A(x, t). (3-5.42) 
tT—0 T Tt 
If the particles during the time rt are displaced from the position & to 
the position x, then (x — &/r) is the average velocity of the particles. Con- 
sequently, requirement (a) means that the ordered motion of the particles 
takes place with a finite velocity. 


_ (x—€&) _,. I 2 ; = 
(b) lim ————— = lim — | (x — £9 W(x, t +2; &, dE = 2Bix, t). (3-5.43) 
r—0 T T 
The quantity (x — &)? does not depend on the direction of the displace- 
ment of the point x with respect to the point &. The average value of the 
square of the distance during the time r, 


ane =|te — &) Wix, t + 236, Dade, 


is ordinarily regarded as the measure of the unordered motion during this 
time interval. The requirement (b) says, therefore, that the average square 
for sufficiently small z shall be linearly dependent on the time. 


—_ és 
(c) lim [x—éP 
tT—0 Tt 


= lim mall —&|>. Wx,tt+r6, dé =0. (3-5.44) 
T 


The Green’s function W(x,/+7;&,t) for small +t values shall decrease 
rapidly when |x — €|— oo and increase when |x — | is small. 

Now in order to derive the Einstein-Kolmogoroff differential equation we 
multiply both sides of Eq. (3-5.41) with an arbitrary function ¢(x), which, 
including its derivatives, vanishes at the boundary of the region of integra- 
tion, and integrate over the entire region: 


| Wx, t+ 03 x0, t)bla)dx = WIE, th x0, tas| We, t + 056, Nblxidx. 


Then we develop ¢(x) on the right side according to Taylor’s formula, 


Hx) = WE) + HEM — 8) + Le — or +E Es oy, 


74 M.A. Leontovich, Statistical Physics, Moscow, 1944, Ch. 6; A.N. Kolmogoroff, 
“Analytical Methods in the Calculus of Probability,’’ Uspechi mat. nauk. 5, 1938. 
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where &* is a value lying between x and &. After some simple transforma- 
tions, division by t gives 


W(x, t + Tir Xo» to) = W(x, iB Xo> ty) dix 


Tt 


[ew 
=| wE.t tot] g (= + get ema oe las 


+ Alpen — SP WE, b Xo, to) Wx, t + 25 &, t)déde . 
wet (x) to be bounded, i.e., 


ex) <A, 


If we assume ¢ 


and take into consideration 
we, X55. Ee = Ly 
we obtain 
[| [eee — OF WE, ts ae, fo) Wiss t+ 58, Nee 
oe O\le— el, +06, dx = AEP 


From condition (c) it follows that this expression approaches zero as 
t-—>0. Therefore, with the use of conditions (a2) and (6) and as r—0, we find 


| ox) SE Bos tl oy 
0 


=| we, ts xo, LIP QA(E, t) + HOB, Hd. 


Now if we integrate the right side by parts and note that the function ¢(x), 
including its derivatives, vanishes at the boundary of the region of integra- 
tion, then we find 


wx) 2H, AAW) O(BW) 7), 
Jeo] at! ax ax” |e Bs 


Since this relation must hold for an arbitrary function ¢(x), the Einstein- 
Kolmogoroff differential equation 


aW __ HAW) | a(BW) 


at ax ax’ Ae) 


results for the function W(x, t; x, to). 
This equation, similar to the heat-conduction equation, is a parabolic dif- 
ferential equation and can be written in the form 


W, = 2(BW,) +aW, + pW, (3-5.46) 
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where 


a=—-A-+ B, 
B=—-A,+ Be=a,. 


From Eq. (3-5.46) we recognize that the quantity B has the physical signi- 
ficance of a diffusion coefficient. If the process considered is homogeneous 
in time and space, i.e., the function W depends only on the difference € = 
x—x, and 6=?t—t,, then the coefficients A and B are not dependent on x 
and ¢ and are constant. Eq. (3-5.45) is then a differential equation with con- 
stant coefficients: 

oW _-s, OW aw 


=—A +B 


at ax ax? pa 


{If W depends only on |x — &|, i.e., the probability for a right- and left-sided 
displacement at the same distance from the point &, coincide, then obviously 
A must be equal to zero. Analytically this follows from the formula (3-5.42), 
since the integrand is an odd function. 

In this case, Eq. (3-5.45) is transformed into the simple heat-conduction 
equation 


(3-5.48) 


6. The 6 function 


1. Definition of the 6 function. \n addition to the continuously distributed 
quantities (mass, charge, heat sources, impulse, etc.), point-form quantities 
(point mass, point charge, point-form heat source, point-form impulse, etc.) 
also often occur. We emphasize that this idea represents a “‘limiting case,”’ 
although it is used by physicists principally as an independent concept—by 
omission of the corresponding passage to the limit. 

With regard to the physical significance of the 6 function, we shall first 
consider the following relations. Let a unit of mass exist inside a fixed region 
of space T in the neighborhood of a point M,. At some other point M of 
the space, the mass then produces a fixed potential (see Chapter 4, Section 5). 
We now select a sequence of functions {p»}(o., > 0), each of which is equal 
to zero outside of a sphere S of radius «, about the center point M,, whereby 
e, for n—0o approaches zero. From a fixed » on, we always have 


|| eatPddce = [|| enter =1. (3-5.49) 


Then we consider the sequence of functions 


ct Yr 


This obviously represents the potential of the masses which are distributed 
with the density p,. For n— 0 we obtain 
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imi (3-5.50) 


ae YMyM 


These results obviously do not depend on the choice of the sequence {pn}, 
and although the sequence {#,} now approaches I/r, the sequence {p,} pos- 
sesses no limit value in the class of the considered piecewise continuous func- 
tions. The ‘‘limit form’’ corresponding to the sequence {p,} is called the 
Dirac 6 function and is designated by 6(M, M,). 

The basic property which defines the 6 function is the formal relation 


_ §f(M)) for M,€ T 
I) 200. ee SLT ag {6 for M,¢ T 


where f(M) is an arbitrary continuous function of the point M. From the 
fact that the functions p,, for 7— co in each region which does not contain 
the point M,, converge uniformly to zero and become unbounded in the neigh- 
borhoods of S of the point M,, one often defines the 6 function formally by the 
relations 


(3-5.51) 


6(M,M,)=0 for M=M, = 


and 


_ fil for M,€ T : 
{|| am, My)dty = {0 ae (3-5.53) 


Eq. (3-5.53) is then a trivial consequence of (3-5.51) for f= 1. 

In order to consider a sequence of functions in different problems we 
must introduce some new concepts of convergence: 

We say that a sequence of functions 


{un(x)} = u(x), U(X), +++, U(x), °° (3-5.54) 
converges in an interval (a, 6) uniformly if an N exists for every ¢ > 0 such 
that the condition 

| ttn(X) — Um(x)| <e for n,m>N 


is satisfied for 2, m > N and an arbitrary x in (a, b). 
A sequence (3-5.54) is said to be convergent in the mean in an interval 
(a, 6) if an N exists for every « > 0, such that the relation 


a 


\ Un(X) — Um(x)|"dx < € 


holds for all x,m > M. 
A sequence (3-5.54) is said to be weakly convergent in an interval (a, d) 
if the limit value 


lim [ F(edus(sidy 


n—-0 Jag 


exists for each continuous function f. 
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In the treatment of convergent sequences we usually introduce the notion 
of limit elements of a sequence. Let us consider the class of continuous 
functions in the interval (a, 5). In the case of uniform convergence the limit 
value already belongs to the same class of functions, but this is not neces- 
sarily true for mean and weak convergence. 

If the limit element does not belong to the considered class of functions, 
then this class can be extended by addition of the limit elements. In this 
case, by an extension will be understood all the original functions (perhaps 
by equivalent classes) and the limit element. Such an extension is already 
known from the theory of real numbers. There the irrational numbers are 
introduced as the limit elements which are defined by classes of equivalent 
sequences of rational numbers. 

With respect to the limit element for weak convergence we shall say 
that two sequences {w#,} and {v,} possess one and the same limit element 
if they are equivalent, i.e., if the sequence {wz, —v,} converges weakly to- 
wards Zero: 


lim [ Feoets) — v,(x)|dx=0. 


n— 00 a 


We shall now call a sequence {6,} of nonnegative functions a locally normal- 
ized sequence of a point x, if 6, is equal to zero outside the interval (x) — 
En, X» + &n), Where e, for n—> oo approaches zero, while 


[ s(ade —i ae 


Obviously then, {6,} is a weakly convergent sequence. The limit element 
of the sequence {6,} will be called the 6 function of the point x). 

If in the case of weak convergence the limit element uw is formed by a 
sequence {u,} obtained from the class of functions u,, the integral of the 
product of a function f(x) with the element wz is defined by 


[feuds = lim | feina(ande. 


@ R= O Ja 


Obviously, the equation 


[Asatx, x)dx = f(x) 


a 


holds for the 6 function of the point x. 

This relation is often used also in the definition of the 6 function. 
2. Development of the 6 function in a Fourier series. The 6 function can also 
be defined as the limit element of another series when this, in the sense of 
a weak convergence of the above given sequence {6,(x)}, is equivalent to the 
locally normalized functions of the point x. 

We consider the sequence of functions defined in the interval (— /,/) by 


x 1 1: 2 : ; 
On(Xo, X) = OT a = 3,(cos ao : cos Ex + sin - Xo Sin nr x) 
1 i ee mr 
=o pee Te (3-5.55) 
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or, in complex representation 


Ox(X, Xo) = = SF eimta/iutensa) (3-5.55’) 
Obviously then, for each function g(x) which can be developed in a 
Fourier series, the relation 


& ; 
lim On(Xo, x)g(x)dx = g(x) (3-5.56) 
n-co J_} 

holds, which shows that in this class of functions {g(x)} the above-introduced 

sequence {dn(%, x)} in the sense of weak convergence is equivalent to the 

sequence {6,(x), x)}. Further, 


8x0, 2) <3 + + ¥ cos M(x, — x), (3-5.57) 


2! 
when this expression is understood in the sense of the above explained weak 
convergence; and in the same sense the relation 


O(%, x) = S val X)On( Xo) (3-5.58) 


holds, where {¢,(x)} is a complete orthonormal system in the interval (a, 5); 
similarly 


5(xX9, x) => (" edb = 7 \"cos R(x — x)dk. (3-5.59) 
T Jie Te Jo 


We shall now show that for the calculation of the integrals which con- 
tain the 6 function, the series (3-5.57) can be used and can be integrated 
term by term. To this end we consider a function g(x) which can be developed 
in a Fourier series, and the integral 


[91x des 
at 


Here if we introduce, in place of d(x,, x), the expression from (3-5.57) 
and integrate the series term by term, we obtain 


g(x) = a a y (Gn cos are + Om sin x) (3-5.59’) 
m=1 
with 
= 1 
= a =| Q(X)adXo 
1 t 
Gn = mae g(Xo) cos = a xo (3-5.60) 
l 
os 1 
Ym =|" 9% )sin = 7 xedXa « 


By comparison of (3-5.59) with 
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t 
| Hx, Xo)g(x)dx = g(x), —-l<m<l 
-l 


we recognize that the above-executed term-by-term integration of the series 
for the 6 function leads to a correct result. 

Therefore, in the class of functions developable in a Fourier series, the 
sequence of partial sums 


1 


k 
=. gilansl)(r-2!)) 
al we 
is equivalent to the locally normalized sequence {6,}. 
Other representations of the 6 function are based on the use of a certain 
sequence of functions which in the sense of weak convergence is equivalent 
to the sequence {6,}. 


3. Use of the 6 function in the construction of the Green’s function. We con- 
sider the following problem: 


te = Ours (3-5.61) 
u(x, 0) = g(x) (3-5.62) 
“u(0,ft)=xu(l,t)=0. (3-5.63) 


Here a prescribed function g(x) corresponds to a uniquely determined solution 


u(x, t) = Ll ¢(x)] 


of the problem. We assume that the operator L can be represented in the 
form 


l 
en = Teens | Gx, & telé)dé (3-5.64) 
i) 
where G(x, &, t) is the kernel of the operator LD. 
For the determination of G(x, &, t) we set 
g(x) = d(x — Xo). (3-5.62’) 
If in formula (3-5.64) the initial function g(x) is replaced by the 6 function, 
the result is 
u(x, t) = G(x, xo, bt), (3-5.65) 
i.e., G(x, %, t) is the solution of (3-5.61) with the initial condition (3-5.62). 
We now write the 6 function in the form of a Fourier series: 


Ox — Xo) = Da = sin «sin “ 


Xo- 
The kernel G must then obviously be of the form 
Glx, %, t) = ¥ Aall) sin (3-5.66) 


where each summand must satisfy the heat-conduction equation. Hence there 
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follows 
A,(t) = B,ewenstitt : 


From the initial condition there also follows 


es) 3 
B, = — sin—x,. 
l l 


Therefore we arrive formally at the following expression for the kernel G, 


G(x.%, I= = y entender ci, a sin . (3-5.67) 
n=l 


This agrees with the representation of the Green's function given in Section 
5-3. The solution of the problem (3-5.61)-(3-5.63) is given by the formula 
(3-5.64), where G(x, x), ¢) is the function defined by (3-5.67). 

In a similar manner, we can arrive at an expression for the Green's func- 
tion for an infinite straight line. The function G is defined here by the 
conditions 


ite 0 he =O —o <1 < (3-5.68) 
u(x, 0) = g(x) = d(x — Xo). (3-35.69) 


Since here the 6 function should be defined by a Fourier integral 


d(x — x) = = \"c0s A(x — xXo)d2, 


ZT Jo 


we make for G(x, x, t) the Ansatz 


G(x, Xo, t) = =| ano cos a(x — xXy)da. (3-5.70) 
Tk Jo 


From Eq. (3-5.68) we then find 


If we set ¢ =0, then we obtain 
Apt] 
by comparison of formulas (3-5.69) and (3-5.71). 
Consequently, 
mi 0° Ae 


G(x, Xo, t) =r e€ 


0 


cos a(x — Xda. 


The calculation of these integrals as carried out in Chapter 3, Section 3, gave 


G(x, %, t= en tsmrglb pate | 


l 
2/xat 


Hence it follows that the solution of the problem of the propagation of an 
initial temperature on an infinite straight line must be representable by the 
formula 
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ux, t) = \" G(x, & te(8)dé (3-5.72) 


Under which conditions the formulas derived by use of the 6 function are 
valid, is a question that must be investigated separately. 
As an example, we shall now treat the inhomogeneous equation 


ity = Otte + lee). J (3-5.73) 
cp 
In this case F(x, ¢) is the density distribution of the heat sources. If at the 


point x =&, at time ¢=4%,, a momentary heat source of intensity G, exists, 
then 


Fix, t) = Q,d(x cmos E)O(t = t) . (3-5.74) 
Therefore, we must find the solution of the inhomogeneous equation 
ly = Oty, + oe O(x — &)d(t — by) , ty > 0 (3-5.75) 
p 


with the homogeneous initial condition 
u(x,0)=0. 


Thus, by consideration of the integral representation 


(x -—§&) = =|, cos A(x — E\da 


0 


for the function u(x, t), we make the Ansatz 


u(x,t) = Feat cos A(x — €)da. 


0 
If we put this expression into Eq. (3-5.75), we obtain for w(t) the equation 


a(t) + Wa u(t) = os = f;) 
p 


with the initial condition 
u,(0) =0. 
Now, as is known, the solution of the inhomogeneous equation 
wtau=f(t), u(0) = 0 


has the form 


u(t) = ere dt. (3-5.76) 
0 
In our case, however, 
ita(t) = Ba [loner = to)dr = Pe for t < to (3-5 77) 
ae Se fore lis 


cp 
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Therefore, 


dh = Se adie Se | eee Eee ee 
Co T& Jo co 
where 


1 $3222 
G(x, &,t—t) = ee) {4a (t—to) 


represents the Green’s function. Similar methods for the construction of the 
Green’s function have often been used in theoretical physics.” 


73 A detailed investigation of the theory of the 5 function and a number of examples 
of application of the 5 function are found in D.D. Ivanenko and A. A. Sokolov, Classical 
Field Theory, (trans. from Russian), Berlin, 1953, Ch. I. 
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ELLIPTIC DIFFERENTIAL EQUATIONS 


The investigation of different stationary physical processes (vibrations, 
heat conduction, diffusion, etc.) usually leads to elliptic equations. Very often 
Laplace’s differential equation occurs: 


4Zu=0. 


A function z is said to be harmonic in a region T if in this region the 
function and its derivatives up to the second order are continuous and satisfy 
Laplace’s equation. 

For the investigation of the properties of harmonic functions, different 
mathematical methods have been constructed which can be successfully ap- 
plied to hyperbolic and parabolic differential equations. 


4-1. PROBLEMS WHICH LEAD TO LAPLACE’S DIFFERENTIAL EQUA- 
TION 


1. Formulation of the boundary-value problem for stationary 
heat fields 


It was shown in Chapter 3 that the temperature of a nonstationary heat 
field satisfies the differential equation 


2 
u=adu, a=—. 


If a stationary process occurs, then a stationary heat field also occurs, so 
that the temperature distribution is constant in time; thus it is only a func- 
tion of position u(x, y, z). Consequently, in this case it satisfies Laplace’s 
equation 


4u=0. (4-1.1) 


If heat sources are present, however, the equation 
tu=-f, fat (4-1.2) 


results, where F is the density of the heat sources and & is the coefficient 
of heat conductivity. The inhomogeneous Laplace Eq. (4-1.2) is usually called 
the Poisson differential equation. 
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We consider now a region T of space which is bounded by a surface 2. 
The problem of the stationary temperature distribution w(x, y, z) in the interior 
of the body TJ reads as follows: 
Determine a function u(x, y, z) which in the interior of T satisfies the 
differential equation 


du = — f(x, y, z) (4-1.2) 
and one of the following boundary conditions: 
first boundary-value problem: u=fi on ¥ 
second boundary-value problem: <4 he on ¥ 


third boundary-value problem: sie + h(u — fs) =9 On’ 2" 


Here f,, fo, fs, A are given functions and 6u/dn is the derivative in the direc- 
tion of the exterior normal to the surface ¥.” 

The physical significance of these boundary conditions is clear (see Sec- 
tion 3-1). The first boundary-value problem for Laplace’s equation is usually 
called the Dirichlet problem; the second is called the Neumann problem. If 
we are dealing with the solution of a problem ina region 7, which lies out- 


side of the surface 2, then one speaks of an exterior boundary-value problem. 


2. Irrotational fluid motion (potential flow); the potential of a 
stationary flow and of an electrostatic field 


As a second example, we now treat the potential flow of a source-free 
fluid. In the interior of a region of space JT with the boundary /% a stationary 
flow of an incompressible fluid (with density » = const.) moves with the velo- 
city v(x, y, z). If the fluid motion is irrotational then the velocity v has a 
potential, i.e., a scalar function g exists such that 


v = — grad (4-1.3) 
or in terms of components 
ag dp dp 
v= >; VY==—, v= 37. 
ax > ay dz 


In a curl-free fluid motion, therefore, the three velocity components can be 
derived from a single function g(x, y, z), which is called the velocity potential 
of the motion in question. If the flow is source-free throughout, then 


divv=0. (4-1.4) 


76 Obviously a stationary temperature distribution can occur only when the total heat 
flow through the boundary of the region is equal to zero. Consequently, the function 
fo must still satisfy the auxiliary requirement 


( \fedo =0. 


r 
“ 
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If we introduce the expression (4-1.3) for v then we obtain 
div grado = 0 
or 
4o=0, (4-1.5) 


i.e., the velocity potential satisfies Laplace’s differential equation. 

In a homogeneous conducting medium, let a stationary electrical current 
flow whose spatial density is j(x, y, z). If there are no spatial current sources 
in the medium, then 


divj =0. (4-1.6) 
The electrical field strength E is determined by the current density, that is, 


according to Ohm’s law 


E-- (4-1.7) 
A 
where 2 is the conductivity of the medium. Since now the process is stationary, 
the curl-free electrical field must be a potential field,” i.e., a scalar function 
g(x, ¥, 2) exists such that 


E=-—grad¢. (4-1.8) 
From this we obtain by consideration of (4-1.6) and (4-1.7) the relation 
4p =0, (4-1.9) 


i.e., the potential of the electric field of a stationary flow satisfies Laplace’s 
differential equation. 

We consider further an electrical field generated by stationary charges. 
Because of the time independence, 


rot E=0 (4-1.10) 
also follows here, i.e., the field is a potential field, hence 
E=-— grad¢. (4-1.8) 


Now let o{x, y, z) be a spatial charge density in a medium whose dielectric 
constant e is equal to one. Then, according to a known law of electrodynamics, 


| |. dS = 4n ¥ e: = 4n|| lode, (4-1.11) 
S T 


where T is the region of space considered, S is the boundary and Ye; is the 
sum of all the charges in the interior of T. By Green’s theorem 


| | Eds = \\ laiv Edt (4-1.12) 
AY T 


we obtain 


77 From the second Maxwell equation (y/c)H = — rot E, it follows that rot EB = 0. 


244 ELLIPTIC DIFFERENTIAL EQUATIONS 


div E = 4zp. 
If we substitute the expression (4-1.8) for E, it follows that 
4y = —Azxp, (4-1.13) 


i.e., the electrostatic potential y satisfies the Poisson differential equation. 
If, however, no spatial charges exist (p = 0), then g satisfies the Laplace equa- 
tion 

4p =0. 

The basic boundary-value problems for the processes considered correspond 
to the three types given above. We shall not consider here other boundary- 
value problems which also are important for the description of definite physi- 
cal processes. One of these problems is discussed in Section 4-7. 


3. Orthogonal transformation of the Laplace differential expres- 
sion in curvilinear coordinates 
In our further investigations, we shall consider a new orthogonal curvi- 
linear coordinate system defined by the unique reversible and continuous dif- 
ferentiable transformation . 

X= 91, G2, 93), Y = G2(G1, G2, 93), 2 = GslGis G2, Qs), (4-1.14) 
rather than use the rectilinear coordinates x, y, z. The new orthogonal curvi- 
linear coordinate system is denoted by 

a=flx, yz), g=Alx, 2), I =Sfslx, y, 2). (4-1.15) 


If we set q,=C:, @2 =C2, 43 = C3, where C,, C,,C,; are constants, we 
obtain the three families of coordinate surfaces 


Silx, d; zy=C,, f(x, ds z)=C, 
and 


I(x, yy z) = Cs : (4-1.16) 
0D Now we consider an element of volume in 


the new coordinates 4:,42,9:, Which are 
bounded by three pairs of these coordinate 


Hyd és 
30% surfaces (Figure 44). Hence q, = const., q3 = 
— const. along AB, gq, = const., q¢. = const. along 
A 10% 6 AD, and q, = const., g3 = const. along AC. The 


FIG. 44. direction cosines of the tangents at the edges 
AB, AD, and AC are then proportional to 


Og, Gh. OYs 
aq: ’ 0g, ° aq,’ 
Ogy O00 fs 
042 ; 0q2 : 0g, : 
Ooi Ope (GOR, 


043 
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Therefore, the orthogonality conditions for the edges of the elements of the 
volume can be written in the form 


av, Oy, O02, OY, Op, Ip, : 
ed i ee gt ee Ee Hb. 4-1.17 
0qi Oqzx 9q: OGn qi Aq ; ( : 


The line element of a curve in the new coordinates is given by 


2 
ds = det + dy'+d2 = ($a, a GP apc: Fe aa) 
3 


aq, 0q2 
2 
+ (se aq, + O02 dqo + Op 2 das ) 
aq, aq. qs 


2 
+ (Fda, + Beda, + 22 das) - (41.18) 
aq 0q2 0q3 


If we expand the parentheses and use the orthogonality conditions (4-1.17), 
we obtain 


ds’ = Hidqi + Hidq: + Hida , (4-1.19) 
where 
0 2 0 2 0 2 
= (By + BY +B) 
: aq: aq: aq 
2 2 2 
Wi= (2) + ($2) + (Se) (4-1.20) 
0q2 042 042 
a 


0 2 2 r,) 2 
Mie aa) oa) Naa)” 
* \aqs aqs aqs 
Only one coordinate changes along each edge of the element of volume. The 
lengths of these edges are therefore given according to (4-1.19) 


ds, = H,dq., ds. = H.dqz, a5;:=] Hs dds: (4-1.21) 
so that a volume element equals 
dv = ds; ds.d5sy = H,H.H; dq: dq.dqQs ‘ (4-1.22) 


Given a vector field A(x, y, z), then by a known formula of vector analysis 


| | A.ds 
div A =lim ““——_ , (4-1.23) 
vy—0 Um 

where S is the boundary of a spatial region vy which contains the point M, 
and A, is the component of the vector A in the direction of the exterior 
normal. When we apply this formula to the element of volume dv represented 
in Figure 44, we can calculate the divergence of the field vector A. 

Next, the difference of the flux through two opposite boundary surfaces, 
for example, through the left and right, by use of the mean-value theorem, 
can be written in the form 


Q, = Aids, ds; la+dq, — A, ds.dsy la, « 
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Now from (4-1.21) we obtain 
Q, = [A.A A, losag, — HeHsA; |q,]dgedqs = om (H2H3A;)dq1dq2dq; - 
1 
(4-1.24) 


In a similar way, we find for the other pairs of bounding surfaces the net 
flux: 


Oe < (HsH, As) dq, dqzda, (4-1.25) 
2 

O= 2 (H,HiAs)dq.dqzdqa « (4-1.26) 
3 


Now if we substitute in formula (4-1.23) the value 
| Ards = 0, HOO, 
S 


and use (4-1.22), we obtain for the divergence, in the orthogonal curvilinear 
coordinates, the expression 


: i} F) 7) a 
div A = —(H.H,A — (H3H,A,) + — (HLA iF 4-1,27 
Iv PATRTE AC (H,H3A,1) + oa 31, A2) aes (HiA,As;) ( ) 
If we assume that A has a potential, i.e., 
A = gradu, (4-1.28) 
then 
Ou 1 du 1 ou 1 ou 
= son =a Ay a : 4-1.29 
Osi A, oq, ; , Ay 0q2 ’ ° Ay 043 ( ) 


If these expressions for A,, A,, and A, are substituted in (4-1.27), then 
Laplace’s differential equation becomes 


4u = div grad u 
| E (Ga) + 7] (GA oY a Gale (4-1.30) 


~ A,ALA3L 0g, Ay oq, 042 A, 042 043 Hs 043 
Laplace’s differential equation 4u =0 therefore has the form 
ie 1 a @ cman ban Ge aha 2 (Hitt Se) = 0 
A2H,\0q,\ Ai, oq, 0q2\ Hz 9q2 0q3\ Hs 04s 
(4-1.31) 


in the orthogonal curvilinear coordinates q,, gz, 4s. 

We shall now consider two special cases. 
1. Spherical coordinates. In this case q,=7, gq. = 06, and q,=y. The trans- 
formation formula (4-1.15) therefore assumes the form 


x=rsinécos¢, y=rsinésing, z=rcosé. 


The line element is defined by 
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A-l. 
ds’ = (sin 0 cos gdr + rcos 0 cos gdé — rsin#@ sin gdy) 
+(sin@sin ydr + rcosésingdé + rsindcosgdg)’ + (cosddr— rsin6 dé) 


where, after simplification 
ds = dr'+7'd0’+7'sin’ Ody’ , 


i.e., 
A, = 1, Hav; H,=yrsinég. 
By substituting these values for H,, H., Hy in (4-1.31) we arrive at Laplace’s 
(ls))K0 
sin@ dg 


A 


) ou 
oy 


differential equation in spherical coordinates: 
! | 2( * sing a) + & (sino 
or el 00 


or 
(4-1.32) 


of. ou 1 au 
0 + , =0. 
( ) ry’ sin’ 0 ay" 


r' sind 


ae 
yr’ sin @ 60 60 


Here a= Pp, G2 = &, Q3 = 2; 
2S 255 


or finally 


1 @ 
a 


2(rd)s 
ror or 

2. Cylindrical coordinates. 

x = pcosg¢, y=psing, 


thus 
H,=1, H,= 0, 


H, —. 1 . 
Therefore Laplace’s differential equation in cylindrical coordinates has the 
(4-1.33) 


a2 
ou 
= 0.4 


a2 
ou 
a 


= 
OZ 


1 
ay 


a 2 
p oy 


ee 
dp 


form 
1 2. | 
In particular, if the sought function « does not depend on z as in plane 
(4-1.34) 


potential flow, then Eq. (4-1.33) simplifies to 
A a2 

( a) 4 os _(. 

p op 


i@ 
pe op\” dp 


Some particular solutions of Laplace’s differential equation 


4, 


Of great interest are the spherically and cylindrically symmetric solutions 
of Laplace’s differential equation, that is, those which depend only on the 


variables ry and p, respectively. 
The spherically symmetric solutions u = U(r) of Laplace’s equation are 


defined by the ordinary differential equation 
d{2aU 
SS) =0; 
( dr ) 


dr 


whose general integral is given by 
C, + C, ? 
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where C, and C, are arbitrary constants. For example, if we set C, =1, 
C, =0, then we find the function 


ee (4-1.35) 
r 
which is often denoted as the fundamental solution of the three-dimensional 
Laplace differential equation. 


In a similar way, by setting 
u = Uo) 


and by use of (4-1.33) or (4-1.34), we find the general form of the cylindrically 
or circularly symmetric solutions (in the case of two-dimensional problems): 


Up)=Cilnp+C,. 


For C, =—1 and C, =0 we obtain the function 


Geeti. (4-1.36) 
p 
which is also often called the fundamental solution of the two-dimensional 
Laplace differential equation. . 


The function U, = l/r satisfies the equation du =O throughout with the 
exception of the point 7 = 0, where it becomes infinite. To within a constant 
factor it coincides with the potential due to a charge e placed at the origin 
of the coordinates; the potential of this field is actually 


“=—, 
r 
The function In1l/p satisfies Laplace’s differential equation throughout with 
the exception of the point p = 0, at which it becomes logarithmically infinite. 
To within a factor it agrees with the potential of an infinitely long wire (see 
Section 4-5 §2), whose potential is given by 


u = 2e,In ab 
p 


where @é, is the charge density per unit of length. This function plays an 
important role in the theory of harmonic functions. 


5. Harmonic and analytic functions of a complex variable 


A very general method for the solution of two-dimensional problems for 
Laplace’s differential equation results if one employs the theory of functions 
of a complex variable. 

Let 


w= f(z) = u(x, y) + v(x, y) 


be a function of the complex variable z = x + iy; let u and v be real functions 
of the variables x and y. Of particular interest are the so-called analytic 
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functions for which the derivative 


dw . dw ~ f(z + dz) — f(z) 
— = lim— = lim ———_* 
dz 420 Az 4z--0 Az 
exists. The increments 4z = 4x + idy can approach zero in an arbitrary man- 
ner. In general, each of the paths by which dz approaches zero corresponds 
to a definite limit value. If w=/(z) is an analytic function, the limit 


value lim 4f/4z = f'(z) is independent of the choice of path. In this case, the 
4z-+0 


limit value is unique. 

A function w= f(z) is analytic if the partial derivatives u,, uy, Us, Vy 
exist and are continuous, and provided, moreover, that the real part w(x, y) 
and the imaginary part v(x, y) satisfy the Cauchy-Riemann differential equa- 
tions 


uy = —V;. hee 

These conditions are necessary and sufficient. We can derive them as fol- 
lows: 

Let w=u-+iv= f(z) be an analytic function. If we calculate the deriva- 
tives 


= . _ @w(z), _ dw 
wW,=u, +10, = ay A= dz 
dw(z)) _. dw 


Wy = Uy + lvy = 2,4 
i " ? az” dz 

and require that the value of dw/dz coincide with both expressions, then it 
follows that 


dw 


uz, + 1U, = Vy — ty = Ap 


from which the Cauchy-Riemann differential equations result directly. We 
shall not prove here that this is also sufficient. 

In the theory of functions it is shown that every analytic function defined 
in a region G of the z plane has derivatives of all orders and can be developed 
in a power series. In particular, for each such function, the real part u(x, y) 
and the imaginary part v(x, y) are twice continuously differentiable with respect 
to x and y. 

By differentiation of the first expression of (4-1.37) with respect to x and 
the second with respect to y we obtain 


Ux, + Uy, = 0 or 4u=0. 
Correspondingly, by reversing the scheme of differentiation we obtain 
Vix + Vy =O or 4v=0. 


The real and imaginary parts of an analytic function therefore satisfy 
Laplace’s differential equation. Two functions « and v which satisfy the 
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Cauchy-Riemann differential equations are said to be harmonic conjugate func- 
tions of each other. 
We consider now the transformation 


x=x(u,v) u=u(x, y) \ (4-1.38) 
y= y(U,v) v=v(x, y). 


This maps a region G of the x, y plane onto a region G’ of the zw, v plane 
such that each point of G uniquely corresponds to a point of G’, and con- 
versely. 
Now let 
U = U(x, ¥) 


be a real, twice continuously differentiable function which is defined in the 
interior of the region G. 

We shall investigate how the Laplace operator behaves under the trans- 
formation U = U[x(u, v), y(u, v)] = U(u, v). Tothis end we first calculate the 
derivatives 

U, = Uyt, + Uvrr, 0,= Uuu, + Uvvy 
Use is Tutte + Uy v? + QU ytd; + Utes + Ovex 
Usy => alls + U0, + 2U uvttydy + Uytty, + Uv5y 
from which we obtain 


Use + Uyy = Uualus + 3) + Uelvr + 05) 
+ 20 lusvs + Uydy) + Uulttes + Uyy) + Urlver + vyy) . (4-1.39) 


Now if « and v are harmonic functions conjugate to each other, then the 
transformation (4-1.38) is equivalent to those transformations which are brought 
about by the analytic function 


w=f2Z=arw, =x+iy. (4-1.40) 


In this case, then, because of the Cauchy-Riemann differential equations 
for « and v, the expression 


2 2 2 2 2 2 2 
t,t, = +0, = 0, 4+ 07, = 17'@)| 
U,V, + uv, = 0 


must be satisfied. Therefore from (4-1.39) we obtain 


Oex + Uyy = (Un + Une) | f(z) I? (4-1.41) 
or 
a 1 ; 
4.,,U = A,,,U. 4-1.41 
[faye lath 


By the transformation (4-1.40), the harmonic function U(x, y) in the region G 
is transformed into the harmonic function U = U(u,v) in the region G’ 
provided | f’(z) |? #0. 
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6. Transformation by reciprocal radii 


In the investigation of the properties of harmonic functions one often 
uses the transformation of reciprocal radii. By a transformation of reciprocal 
radii of a sphere of radius @ we mean a transformation with the following 
properties: 

1. To each point M there corresponds a point M’‘ which lies on the same 
straight line drawn from the origin of the coordinates through the point M. 

2. The radius vector r’ of the point M’ is related to the radius vector 
r of the point M by the expression 


2 
rr=a or pal, (4-1.42) 
r 


In the following, we shall assume a = 1, which is always possible by a suit- 
able choice of the unit of length. 

We shall now show that a harmonic function u(p, g) of two independent 
variables is transformed by a transformation of reciprocal radii into a harmonic 
function 


t 
f . 


v(o’, g) = u(p, ~) with p= ; (4-1.43) 


The function u(p, y) and, therefore, the function v(1/e, ~), considered as 
functions of the variables p and 9g, satisfy the differential equation 


2 a ou au 
a ea (are 256 
Aner a0 ( 0p ) ag” 


and 


2 
ov av 
) 0. 


re] 
*4 = a eet —_ = 
p p,gU Oop dp ay” 
From this, by passage to the variables p’ and y, it follows that 
dv _ , ov 3p! y BU 


e ap — pe de’ dp Gp’ ’ 
ie., v(p’, y) satisfies the equation 4,,,v = 0, since 


a dv av 
ppg? = fate ae) Hage 0. 


We proceed now to functions of three variables and show that 
or’, 0, ) = rulr, 8, ¢) (7 = =) (4-1.44) 


satisfies Laplace’s differential equation 4,6,0=0. If u(r, 0, y) is a harmonic 
function of the variables 7, 0, y, then 4,,6,y% =0 is valid. 

The transformation (4-1.44) is called the Kelvin transformation. 

Next, we can show by differentiation that the first summand of Laplace’s 
differential expression assumes the form 
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ae <( 2 a) = oh 2 ou _ id a'(rw) (4-1.45) 
r or or or r or r or 
Consequently, 
a(ru) 1 | es 3 a ae zu) l Z| 
: = —| ——— g— —- —>; |=9 
PE a Sy Ee a0 (sin a0) * sin’0 ag" 
or 


av  1f 1 @/... ,4 1 av 
ie er a0 (sin 7) + sin'@ = | 
Now, however, 


Ov ov or! = yi Ov_ 
ar Or’ ar or’ ’ 


so that v satisfies Laplace’s differential equation 4,6,,.v =0 since 
2 @ is a) al 1 a a) 1 a 
— — —(sindg— —|=0 
” Or (7 ar)" \Sine oo ae) inte ay’ 


7" Ae 0,90 a Oe 


or 
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In the present discussion we give a description of the integral of harmonic 
functions which will prove to be an important aid in the investigation of its 
general properties. One of the important consequences of this integral repre- 
sentation is the principle of the maximum which we shall use many times— 
for example, for the proof of uniqueness, as well as for the solution of boundary- 
value problems. Further in the subsequent paragraphs the interior and ex- 
terior boundary-value problems for Laplace’s differential equation will be 
formulated. Finally we shall prove the uniqueness theorem and the continu- 
ous dependence of the solutions on the auxiliary conditions (the stability). 


1. Green's integral formulas; integral representation of the 
solution 


In the treatment of elliptic differential equations we shall often use Green’s 
formula, which can be shown to be a direct consequence of the formula of 
Ostrogradski. 

In the simplest case this formula has the form 


\\ \Grdeavas = | | Reos Van, (4-2.1) 
pr) OZ £ 


where T is a definite region of space bounded by a sufficiently smooth surface 
+; furthermore, R(x, y, z) is an arbitrary function which is continuous in 
T + » and which in T possesses continuous partial derivatives; 7 is the angle 
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between the z axis and the exterior normal to the surface X. The correct- 
ness of this formula is obtained by integration with respect to z. Ordinarily 
we write the Ostrogradski formula’ in the form 


\(4e + a + oe deo | Pees a +Qcos8+ Reosy}da, (4-2.2) 


where dz = dxdydz is the element of volume, and a= (nz), B= (ny), r= (nz) 
are the angles between the exterior normal m to the surface S and the 
coordinate axes; P, Q, and R are arbitrary differentiable functions.” 

If we denote P, Q, R ascomponents of a vector A= Pi+ Qj + Rk, then 
the Ostrogradski formula can also be written as follows 


\\ \div Ade = | | Ando, (4-2.2") 
T D2 
where 
diva & 22 a O25 2K 
a oy éz ’ 
and 


A,= Pcosa+Qcos8+ Rceosr 


denotes the component of the vector A in the direction of the exterior normal. 
We proceed now to the derivation of Green’s formulas. 
Let u = u(x, y, z) and v = v(x, y, z) be two functions which including their 
first derivatives are continuous in 7+ ¥ and which in T possess continuous 
second derivatives. 


If we set 
Gv av av 
P=u-, Q=u-, te, 
G oy az 


then by the use of the Ostrogradski formula we obtain the so-called first 
Green’s formula 


\\ |udvaz = | [uz ao — || \(etieg tice)” (4-2.3) 
T x) On r)\Gx Ox Gy ay 6z 0z 
where 4 = ’/ax" + a’/ay” + a’/az” is the Laplace operator, and 


= cosa + cos pe. + cos ge 
Ox ay az 


>| 
2a 


is the derivative in the direction of the exterior normal. 
By use of the relation 


78 In the following, it is always assumed that the Ostrogradski formula is applicable 
in the region considered. 

t Editor’s note: In the English literature the formulas of Ostrogradski and Green 
are identical. 
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grad u gradv =pu-pv ae ig EEUU 08 
ax dx ay dy az az’ 
Green’s formula can also be represented in the form 
\\ |av de so \\ |ru-po de +| [2 do (4-2.3") 
T T Py 
By interchanging the roles of u and v there follows 


\\ [vdude = aN \ro-rude + | [oe de (4-2.4) 
T Tv Z on 


If now we subtract the identity (4-2.4) from (4-2.3'), we obtain the second 
Green’s formula 


\\ [(udy = paidees | \Sr 2 ve ldo (4-2.5) 
T ¥ On on 


The region JT can be bounded by several surfaces. Green’s formulas also 
remain applicable in this case in which the surface integral is extended over 
all surfaces which bound the region T. 

As we have already seen (Section 4-1 § 4), the function U,(M) = 1/r, where 
r=V(x — x)? + (vy — Yo) + (z — 2)? is the distance between the points M(x, y, z) 
and M,(xo, 0, 20), satisfies Laplace’s differential equation. 

Now let u(M) be a harmonic function which including its first derivatives 
is continuous in 7 + ¥ and which in T possesses a second derivative. Fur- 
ther, let us consider the function v = 
l/ruu,, Where M, is any interior point 
of T. Since this function in T possesses a 
point of discontinuity at M(x», vo, Zo) the 
second Green’s formula in T cannot be 
applied directly to the functions z and v. 
However, v=I1/ruu, is bounded in 
T — Kk. with the boundary ¥ + 2, where 
Ke is a sphere of radius «, with center 
at M, and surface 3, (Figure 45). 

Now if we apply the second Green’s 
formula (4-2.5) to the functions « and v 
FIG. 45. in T — Kk, then we obtain 


\\\ (wae = du) de = | \eZ(F)-+ fee 
T-Ke Yr r z on\r r on 
a /1 1 ou 
Eg \ | or (>) 7 las on de 


On the right side of this relation the last two integrals depend only on e. 
For the derivative in the direction of the exterior normal to ¥, we find 


2-(=) =-Z(-) 
ae rs 60 or\r 


(4-2.6) 


rae & 
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‘Therefore, 


| \u (—)de = =| |. (api = el (4-2.7) 
pap on Yr € Ze E 


where x” is a suitable average value of u(M) on Se. Further, the third in- 
tegral can be transformed as follows 


Aa * * 
| |; a da = =| | Se aa — i Ane® (<*) = 4ze ($4) ’ (4-2.8) 
re) 7 On € Jz,j On é on an 


where (du/an)* is a suitable average value of the normal derivative du/én on 
e. If we substitute the expression (4-2.7) and (4-2.8) into (4-2.6) and note 
that 4(1/r) =0 in T — Ke, then 


Weel OOs ls Gare roe, | 


(4-2.9) 


Now if we let the radius « approach zero, we obtain: 
1. lim u* = u(M,), since u(M) is a continuous function and u* is an average 
2—0 


value on the sphere of radius e with center point M,; 
2. lim 4ze(@u/dn)* = 0, since from the continuity of the first derivatives 
e—0 
of u(M) in T, the boundedness of the normal derivative 


oe = F008 « + Fe cos f + eeos 7 


in the neighborhood of ™M, follows; 
3. according to the definition of an improper integral, 


vol o(-b4)«=fh be 


The passage to the limite—0 therefore yields the fundamental formula of 
the theory of harmonic functions: 


dru(Mo) = — | \[wrse( y \- u $t ldar — {| | Hae. (4-2.10) 
= T 


On \Yuor Tur On Y 


If we apply formula (4-2.10) to a harmonic function u(M), (4du = 0), then 


we obtain 
uM) = | i[ es ( u ) |eer . (4-2.11) 
Z 


zn Yup on On \ rup 


Therefore, the value of a harmonic function at an arbitrary interior point 
M can be expressed in terms of its values and its normal derivative on the 
boundary of the region. Here we assume the continuity of the function u 
and its first derivatives in the closed region. We shall prove directly that 
each of the integrals 


| Jaw Det: and | Naa u \AP)den (4-2.12) 
Z Tup Z 


Onp \ rup 
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where yp and » are continuous functions, represents a harmonic function. That 
is, since the integrands including their derivatives are continuous throughout 
with the exception of the boundary ¥, the derivatives of arbitrary order of 
(4-2.12) can be formed by differentiation under the integral signs. Moreover, 
since the functions 


] | 1 o/l 0o/il ofl 
d —— renee —_ ——, a7 ——— bel _— — 
Yup = ae) of ( r eos oe on ( r )eos pac ag ( r )ees a 


satisfy Laplace’s differential equation with respect to the variable points 
M(x, y, 2), the functions (4-2.12) by the generalized superposition principle 
(see the lemma on page 63) similarly satisfy Laplace’s differential equation 
with respect to x, y, z. 

Hence we arrive at an important conclusion: Every harmonic function, 
in the interior of the region in which it is harmonic, possesses derivatives 
of all orders.”® Further we note that a harmonic function in a region TJ at 
each point M, in T is analytic (i.e., it can be developed in a power series). 
This assertion also results from the integral representation (4-2.11). 

Corresponding formulas hold also for harmonic functions of two independent 
variables. Let S be any region in the x, y plane and C its boundary curve. 
Further let be the direction of the exterior normal (with respect to S) to 
thiscurve. Then if v=I1n(1/rm,p) is introduced where rx,p = V (x— Xo)? +(¥— Vo)? 
is the distance from a point M, in the interior of S, then, by similar consid- 
erations as above, instead of (4-2.10) we arrive at the expression 


oH == | | e(nz-) agate. oe se = | |InT duds, (4-2.12") 
C on YMoP aoP on Ss r 


where ™M, is an arbitrary fixed point in the region S. 
For a harmonic function «(M) it follows that 


u(M,) = 5 | [in=- u--(in=) las (4-2.12") 
Qn jc r on on r 


2. Some fundamental properties of harmonic functions 


Harmonic functions possess the following important properties: 
1. If v(M) is a harmonic function in a region 7 which is bounded by 
the surface ¥, then 


| |r 256: (4-2.13) 
s 


where S is an arbitrary closed surface which lies entirely in the region 7. 
If in the first Green’s formula (4-2.3) an arbitrary harmonic function v (Jv=0) 
is introduced and w = 1 then formula (4-2.13) follows. From (4-2.13) we con- 


79 Jf for a function « which is harmonic in T the condition that it and its first de- 
rivatives are continuous on the boundary ¥* is not fulfilled, the theorem still remains 
valid. By this we mean that each point M is enclosed by a region, including its boundary, 
lying in the interior of T. 
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clude that the second boundary-value problem (4u = 0 in T, du/@n = fs) pos- 
sesses a solution only if 


| [rae =o. 


This property of a harmonic function can be interpreted as a condition that 
no sources exist in the region T. 

2. If w(M) is a harmonic function ina region JT, and M, is a point lying 
in the interior of 7, then 


u(M,) = | \udo (4-2.14) 
2a 


1 
Ana’ 
where ¥, isa spherical surface with radius @ and center point M, which lies 


entirely in the region 7. This property is stated by the average-value theorem, 
which reads: 


Theorem. The value of a harmonic function at any point M, is equal to 
the average value of the function on an arbitrary spherical surface ¥, with 
center at M,, provided ©, lies entirely in the region in which «(M) is harmonic. 


For the proof of this proposition we apply formula (4-2.11) to a sphere 
K. with center M, and surface »,: 


Ani MNS | I» Z(+)-+ Fe |e 
La on \ r r on 


If we bear in mind that 


ad. ee Be aad | \ghae=0 
Yr a x4 


+(-) =) 
an\r/J/lso Or\r 


(the direction of the exterior normal to %, coincides with the direction of 
increasing radius) then we obtain 


as well as 


1 
a 


r=a 


i 
uM) = qa |, (ude, 


which was to be proved.” 
For two independent variables the analogous theorem is valid: 


80 For the proof of this theorem we have used Eq. (4-2.13). This, however, assumes 
that the derivatives also exist on the spherical surface. If a function u(M), which is 
continuous in the closed region 7 + 3, satisfies the equation 4u = 0 only for interior 
points of 7, then this conclusion would not be correct for a sphere %,,, which borders 
the boundary ¥. However, if the theorem for each a < ap is true, then as adap) we 
obtain 

2). 
u(Mo) = —3 u(M)do. 
4nao 


“ao 
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1 
WES = | ies. (4-2.15) 
2na Ca 


where C, is a circle of radius a@ about the center MM). 

3. If a function «(M) is continuous and defined in a closed region T+ 
and satisfies Laplace’s differential equation du =0 in the interior of 7, then 
it assumes itS maximum and its minimum on the boundary /% (principle of 
the maximum). 

If the function «(M) were to assume its maximum at an interior point 
M, in T, then w# = u(M,) 2 u(M) for each M in T. 

Now enclose the point M, with a sphere of radius p whose surface ¥, 
lies entirely within T. Since by hypothesis u(M@M,) is the maximum of the 
function «(M) in 7+ 3X, then w|:s S «(M,). Therefore, by use of the average- 


value formula (4-2.14), provided that everywhere under the integral signs we 
replace u(M) by u(™M,), we obtain 


r 
“p 


u( My) = wl |) ieee a | [uM do = My). (42.16) 


Zp 


Now if we assume that at least one point © exists on 2, such that the 
inequality u(M) < u(M,) is valid, then obviously in the last formula the in- 
equality sign must hold, which in turn implies a contradiction; consequently 
on the entire surface 5, we must have u(M) = u(M,). 

If po is the minimal distance of the point M, from the boundary ¥,, 
then «u(M) = u(M,) is also valid for points belonging to ¥,™. Hence, because 
of continuity, it also follows that at those points M* which belong to the 
intersection of ¥,™ and ¥ the relation «(M*) = u(M,) is valid. Therefore our 
theorem is proved; and the last conclusion shows that the maximum xu(M,) 
is assumed at least at one point on the boundary. 

It is easily seen that u(M)=u(M,) must be valid in the entire region 
when the region 7 is connected and if at least at one interior point M, the 
maximum is assumed. 

To demonstrate the above, we select another arbitrary point M in T 
and connect it with M, by the polygonal line Z (Figure 46), whose length is 
designated by 7. Let M, be the last current 
point of ZL through the spherical surface 
\,™. At this point, then, «(M,) = u(M)) is 
still valid. Now we enclose this point by 
the spherical surface Y,™, where pr’ is the 
minimal distance of the point M, from the 
boundary. We obtain another such point 
M, as the last current point of Z through 
the spherical surface ¥,". By this procedure, 
we arrive after a finite number of steps 
(the number f of necessary steps is certainly 
not larger than 1/p‘”’ if p‘"’ denotes the 
FIG. 46. minimum distance between ZL and ¥) ata 
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spherical surface which contains the point M‘’. From this it follows that 
u(M°’) = u(M,). Because of the arbitrary choice of the point M and the 
continuity of u(M) in the closed region T+ 5 we conclude that u(M) = u(M,) 
holds everywhere (including the boundary). Of all harmonic functions, there- 
fore, only the constant functions can assume their maximum at an interior 
point. 

The corresponding statement is also true for the minimum. 
Conclusion 1: 

If « and U are continuous in 7+ *% and are harmonic functions in T 
for which 


u=<xU on 2» 


then also uw < U holds at all points in the interior of T. 
The function U — wu is therefore continuous in T — X, harmonic in 7; hence 


U-u2z0 on ». 
Consequently, according to the principle of the maximum we must have 
U-—u20 


at all points in the interior of T—precisely our assertion. 
Conclusion 2: 


If w« and U are continuous in the region 7 + * and are harmonic functions 
in T for which 


lu|sU on » 
then also 
|u| <sU 


at all points in the interior of 7. 
From the above assumptions it follows that the three harmonic functions 
—U,u, and U satisfy the relation 


—-UsusvU on 2. 
However, it follows by a twice-repeated application of Conclusion 1 that 
—-UsustJdU 
at all points in the interior of 7, or 
[ul <sU 


in the interior of T. 


3. Uniqueness and stability of the solution of the first boundary- 
value problem 
Let us consider a region TJ which is bounded by the surface Y¥. Then 


the first boundary-value problem for Laplace’s differential equation in the 
region T reads as follows: 
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Determine a function « which 
(1) satisfies the equation Ju = 0 in the interior of the region T; 

(2) is defined and continuous in the closed region T + 4, i.e., both in the 
interior as well as on the boundary. 
(3) on the boundary & assumes a prescribed value. 

Condition (1) requires that the sought function is harmonic in the interior 
of T. To require that the function also be harmonic on the boundary would 
result in additional limitations for the boundary values. This requirement 
is superfluous. On the other hand, continuity in the closed region (or any 
other corresponding condition) for the uniqueness of the solution is necessary. 
If we waive this requirement, then each such function, which in T is equal 
to a constant C and coincides on ¥ with the prescribed function /, could be 
considered as a solution of the problem, since the conditions (1) and (2) would 
also be fulfilled. 

We now prove the uniqueness theorem: 


Theorem. The first interior boundary-value problem for Laplace’s differential 
equation is uniquely solvable. 


We assume that two different solutions uw, and u, exist which are continu- 
ous in the closed region 7 + 3, satisfy Laplace’s differential equation in the 
interior of T, and on the boundary 2 assume one and the same value /. 
Then the difference u = u, — u, has the following properties: 
4du = 0 in the interior of T. 

u is continuous in the closed region T + 2. 
3. uls= 

Consequently, u(M) represents a continuous and harmonic function in 
the interior of ZT which on the boundary is equal to zero. As is known, a 
continuous function assumes its maximum in aclosed region. Therefore we 
must have u=0. That is, if « #0 and for at least one point wu > 0, then uw 
must assume its maximum at an interior point of the region, which is impos- 
sible. In exactly the same way we show that uw is never negative in T. 
Consequently, 


ae ae 


u=O0. 


We turn now to the proof of the continuous dependence of the solution 
of the first boundary-value problem on the boundary conditions. As stated 
previously, a problem is said to be determined physically if a small change 
in the conditions which determine the solution of the problem—in our case 
the boundary conditions—implies a small change in the solution itself, that 
is, ‘‘the solution is stable.’’ 

Let u, and uw, be two functions which are continuous in 7 + 2 and harmonic 
in the interior of T, for which the magnitude of the difference of the boundary 
values does not exceed ¢ > 0. Then throughout the region under considera- 
tion, 
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This assertion follows directly from Conclusion 2 in the previous section, 
since U =e is a harmonic function. 

Therefore we have proved the continuous dependence of the solution on 
the boundary conditions and the unique solvability of the first interior boundary- 
value problem. 


4, Problems with discontinuous boundary conditions 


Often one has to deal with a first boundary-value problem with discon- 
tinuous boundary conditions. Naturally, a continuous function in the closed 
region cannot be a solution to this problem, and we must therefore modify 
the formulation of the first boundary-value problem accordingly. 

Let a piecewise continuous function /(P) be defined on a curve C which 
bounds a bounded region S. We seek a function w(M) with the following 
properties: 

1. u(M) is harmonic in the interior of S. 

2. «u(M) continuously approaches the boundary values at all points where 
these are continuous. 

3. u(M) is bounded in the closed region $+ C. 

We note that the additional requirement of boundedness is essential only 
in the neighborhood of the points of discontinuity of f(P). Therefore, the 
following theorem holds: 


Theorem. The solution of the first boundary-value problem with piecewise 
continuous boundary conditions is uniquely determined. 
Let w, and uw, be two solutions of the stated problem. Then we have for 
the difference v = wu, — 2: 
1. vis a harmonic function in the interior of S; 
2. vu continuously approaches the value zero on the boundary with the excep- 
tion of the points of discontinuity of f(P) at which v can be discontinuous; 
3. v is bounded in $+ C;|v| <A. 
We now construct the harmonic function 
UM) =e n=. 
tHl t 
Here « denotes any positive number, D is the set theoretic diameter of the 
region S, and yr; is the distance of the zth point of discontinuity P; under 
consideration. The function U(M) is positive since all the summands are 
poSitive. 
Further we enclose each point of discontinuity P; with a circle A; of 
radius 6 and let 6 be sufficiently small so that each summand 


D 
eln— 
ri 
of the corresponding circle C; is larger than A, i.e., let eln D/i > A. Then, 
in the closed region S = U K;, v iS continuous. 


According to the Srinciple of the maximum, U in this region is a majorant 
of v: 
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|o(M)| s UM). 
For a fixed point M in S, as «0 we obtain 


lim UM)=0. 
e&--0 


Therefore, 
since v is independent of ¢; or 


which was to be proved. 


5. Isolated singularities 


We shall now investigate the singularities of a harmonic function. If P 
is an isolated singular point in a region in which the function u is harmonic 
then two cases are possible: 

1. The harmonic function is bounded in the neighborhood of the point P. 
2. The harmonic function is unbounded in the neighborhood of the point P. 

We have already dealt with singularities of the second type (for example 
In l/r). The following theorem shows that singularities of the first type can- 
not occur: 

Theorem. Ifa bounded function u(M) is harmonic in the interior of a region 
S with the exception of a point P, then u(M) at the point P can be defined 
such that the function u(M) is harmonic throughout S. 

For the proof of this theorem we choose a circle Ks of radius @ about 
the center point P, which lies entirely in S, and consider a harmonic func- 
tion vin the circle which coincides with the function uw on the circumference 
Ce of the circle Ka.” 

The difference 

w=u-—v 
then has the following properties: 
1. With the exception of the point P, at which w is not defined at all, it is 
harmonic everywhere in Ka. 
2. It continuously approaches the boundary value zero on Cg. 
3. It is bounded in the closed region Ka + Ca, (|v| < A). 

As in the proof of the previous theorems (Section 4-2 § 4), we again con- 

struct the non-negative harmonic function 


U(M) =eln&. 
rT 


Here « denotes a positive number, a is the radius of the circle Az, and 7 is 


81 The existence of such a function will be shown in Section 4-3. Its construction 
therefore does not depend on the theorem proved here. 
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the distance of the point M from the singularity P. Further we choose a 
circle Ks with center point P, whose radius 6 is such that on its circumference 
the value of U is larger than A. Then we consider the region Ka — Ks. 
The function w in the closed region 6 < r < a is continuous and on its boundary 
{w{|<U. On the basis of the principle of the maximum, therefore, the posi- 
tive function U is a majorant of w: 


[w| Ss U(M) for 6SrdSa. 


Now if we fix any point M on Ke, which does not coincide with P, and let 
é approach zero, we obtain 


lim UM) =0, 
e—0 


thus 
w=0. 


Therefore, the function u, with the exception of the point P, coincides with 
the function v everywhere in the region S. Now if we set u(P) = v(P) then 
we arrive at the function “ =v, which is harmonic everywhere in S. There- 
fore our theorem is proved. 

Similarly, we proceed to the proof of the theorem for the three-dimen- 
sional case in which the function U(M) = 2(1/r —1/a) can be used as the 
majorant function. 

For the proof of this theorem we should assume that the function z 
remains bounded in the neighborhood of the point P. The proof also remains 
valid if instead of assuming the boundedness we assume only that the func- 
tion 7, in the neighborhood of the point P, satisfies the inequality 


| u(M)| < e(r}log —~ , (4-2.17) 


YPM 


where e(v) is an arbitrary function which as yO also approaches zero. This 
requirement indicates that u(M) in the neighborhood of P increases slower 
than log l/rpy. 

Therefore if the function u(M) is harmonic with the exception of a point 
P in a region S, where as M-— P it increases slower than log l/rey, then 
in the neighborhood of P, u(M) is bounded, and the value u(P) can be defined 
so that w is harmonic in the entire region S. 

This is also the case for three independent variables. If a harmonic 
function u(M) in the neighborhood of an isolated singular point P increases 
slower than 1/r: 


IM) | <er)—e-, er) 0, =r 0, (4.2.18) 


Yup 


then it is bounded in the neighborhood of this point, and the value w#(P) can 
be so defined that u(M) is also harmonic at the point P. 


6. Regularity of a harmonic function at infinity 


A harmonic function u(x, y, z) is said to be regular at infinity if for r= ry 
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the following conditions are fulfilled: 


ges, 22s. 22. ees. (4-2.19) 
r ox r oy r Oz r 


The following theorem is valid: If a function #, outside of a closed 
surface ¥, is harmonic and as r—oo tends uniformly towards zero, then it 
is regular at infinity. 

The assertion that w tends uniformly towards zero as r— oo requires 
also that a function e*(r) exist such that 


lu(M)| <e(r), &*(r) 0, ro, (4-2.20) 


where r denotes the radius vector of M. 
For the proof we use the Kelvin transformation 


u(r’, 0, yp) = ru(r, 9, ¢) with y= —, 


The function v so obtained is then harmonic everywhere in the interior of 
the surface ©’, which arises by the transformation of reciprocal radii from 
S. An exception is the origin of coordinates at which » has an isolated 
singularity. “s 

From the condition (4-2.20) it follows that in the neighborhood of the 
origin of coordinates the function v satisfies the inequality 


1\ 1 ] 
| u(r, 6, o) | Se (=) = er") 


with 


iu] 
Be 

x 
= 
ES 

Il 


(5) for r' > 0. 


Therefore, v(r’, 0, ¢), on the basis of the last theorem in Section 4-2 §5, 
is bounded and harmonic for 7’ = 7%’: 


lo(r',0,9)| SA for ¢r Snr, (4-2.21) 
from which it follows that 
/ 
u(r, 0, y)| = Gel <4 for r2=rn=—. 
r r ro 
Since now for r’ = 0, v is harmonic, we can write: 
OU KE V2) OF Vs oe Fe ois aH 
ax =a(5 ua’, ¥',2') 
Bog ee lpia ox av ay’ ov. Gz : 
eae E ax | ay ax az’ a iF trees) 
where 
e=4y', yoty, jf Sgt 
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If we now calculate the derivatives dx'/dx, dy'/dx, d2'/ax and consider the 
boundedness of the first derivatives of v in the neighborhood of the point 
r' = 0, we find 


Ou 


ou) A 
ax F 


r 


= for r>- om, 


Corresponding estimates are obtained for du/dy and du/dz. 


fa 


7. Exterior boundary-value problems; the uniqueness of the 
solution for two- and three- dimensional problems 


In the formulation of the exterior boundary-value problems we have to 
distinguish between two and three independent variables. 

We consider first the three-dimensional case. Let T be an unbounded 
region which can be bounded by a closed bounded surface ¥. The exterior 
first boundary-value problem then reads as follows: 

Determine a function (x, y, z) which satisfies the following conditions: 
4u = 0 in the unbounded region 7. 

w iS everywhere continuous, including on the surface &. 

uls = f(x, y, z), where f is a prescribed function on &. 

u(M) tends uniformly to zero as M> o. 

A simple example will show that the last condition is essential for the 
uniqueness of the solution. To this end we consider the following problem: 
Determine a solution of the exterior boundary-value problem for a sphere 
Sr of radius R with a constant boundary condition 


ee 


u\|sz = const. = fo. 


If Condition 4 is dropped, then both the functions uw, = f, and u, = f,R/r as 
well as the functions 


u= at, + Buy with a+ fB=1 


are admissible solutions of the problem. On the other hand we have the 
following theorem: 


Theorem. The exterior first boundary-value problem for the three-dimensional 
Laplace differential equation has a uniquely determined solution. 


If «; and w#, are two solutions which satisfy Conditions 1 to 4, then their 
difference « = “4, — u, represents a solution which satisfies the corresponding 
homogeneous boundary condition. Since Condition 4 for the function w is 
also fulfilled then for every ¢ > 0, an R* can be found such that 


|u(M)|<e for r= R*. 


If the point M lies ina region 7” (Figure 47), which lies between the surface 
Y and a sphere Sy (r = R*), then obviously uM) <«. This follows from the 
principle of the maximum applied to the region 7’. Since ¢ can be chosen 
arbitrarily we conclude that w, in TJ’ as well as in the entire region T, vanishes 
identically. Therefore we have demonstrated the unique solvability of the 
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exterior first boundary-value problem in the three-dimensional case. 
The exterior first boundary-value problem in the two-dimensional case 
reads as follows: 
Determine a function u(x, y) which satisfies the following conditions: 
du =0 in the unbounded region 2 under consideration whose boundary 
forms a closed curve C. 
2. u is continuous everywhere and also on C. 
ule = f(x, y), where f is a prescribed function on C. 
4. u(M) is bounded at infinity, i.e., a number N exists such that |u(M)| < N. 
Here the requirement that the solution is equal to 
zero at infinity would also be sufficient to prove that 
there could not be two distinct solutions. However, this 
would be too strong a requirement and in general the 
problem would not be solvable. 
The following theorem is valid: 


—_— 


~ 


Theorem. The exterior first boundary-value problem for 
FIG. 47. the two-dimensional Laplace differential equation has a 
uniquely determined solution. 


From the existence of two distinct solutions wu, and wz, it follows that 
their difference u = u, — u, represents a solution of the first boundary-value 
problem with homogeneous boundary conditions. Further, because of Con- 
dition 4 we have 


lu|SN=N,+N2, 


where JN, and JN, are such that |#,|<s N;, |u| S N2. We denote by 2, the 
complement of 2, so that 2 + 8, represents the entire plane. Further we 
select a point M, on 2,, and also a circle of radius R with center point 
M,, which lies entirely in 2, (Figure 48). Then 
the harmonic function In1/ry4, has no singularity 
in the region 2; the function In7yy,/R is positive 
in all of S and on C. 

Further, let Cx, be a circumference with radius 
R, and center point M, which entirely contains the 
curve C, and let 2’ be the region bounded by C 
and Cr,. The function uz, defined by 


a In7v/R 
FIG. 43. ae WTR 


(4-2.23) 


is then a harmonic function which is equal to N on the circumference Cr, 
and is positive on C. From the principle of the maximum it follows that 
ux, 1S a majorant of the absolute value of u(M) in the region JY: 


|u(M)| < ur(M). 


We fix M and let R, increase unboundedly. Obviously, then, as R,— ©, up (M) 
approaches zero, so that u(M)=0. However, since M can be chosen arbi- 
trarily, the unique solvability of the problem considered is demonstrated. 
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We can also prove the unique solvability of this problem by using the 
transformation of reciprocal radii. With this transformation the curve C in 
this case is transformed into the curve C’, so that the region lying in the 
exterior of C is transformed into the region lying in the interior of C’. Thus, 
the point at infinity transforms into an isolated singular point in whose neigh- 
borhood the function v remains bounded. From the theorem of the harmonic 
functions in Section 4-2 §5, it then follows that v is harmonic at the origin 
of coordinates and the solution is unique. 

From these considerations it follows that a harmonic function which is 
bounded at infinity tends towards a definite limit value as M—- 0. 

The difference in the formulation of the exterior first boundary-value 
problem for two and three variables can be clarified by the following physical 
example. Given a sphere of radius R whose surface is held at a constant 
temperature z,, find the stationary temperature distribution of the surrounding 
space. The function u = u,R/r represents the solution of this problem which 
vanishes at infinity. 

We consider now the corresponding two-dimensional problem. Thus, let 
a circle of radius R be given, on whose circumference a constant temperature 


u ls = fp = const. 


prevails. In this case «= f) is the uniquely determined bounded solution of 
the problem and no further solution exists which would be equal to zero at 
infinity. Earlier we emphasized the essential difference in the relation of 
harmonic functions at infinity for two and three independent variables (for 
example, the relation of 1/r and In1/r at infinity). 

Also, for spatial and plane unbounded regions the principle of the maxi- 
mum remains valid. This we know from the considerations which parallel 
the arguments in the proof of the uniqueness theorem. From this follows 
again the continuous dependence of the solution on the boundary conditions. 


8. The second boundary-value problem, regularity at infinity, 
and the uniqueness theorem 


A function uw is said to be the solution of the second boundary-value 
problem if it and du/dén are continuous ina region T+ 2, and if u satisfies 
Laplace’s differential equation in T and onthe boundary * satisfies the pres- 
cribed condition 

Ou 
on I 


The solution of the second boundary-value problem is uniquely determined 
to within an arbitrary constant. 

We proceed to the proof with the additional assumption that the function 
u(M) has continuous first derivatives in the region T+ 2.” 


= f(M). 


8 In order to simplify the proof, we assume the continuity of the first derivatives 
in [7+ 5. Under more general assumptions, the uniqueness theorem was proved by 
M. V. Keldysh and M. A. Lavrentev (Doklady A. N. SSSR 16, 1937). See also V. I. 
Smirnov, op. cit. footnote 15, Part IV. 
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Let us assume that u, and #, are two distinct continuously differentiable 
functions in 7+ ¥, each of which satisfies the equation 44 =0 in T and the 
condition 61/62 |: = f(x, y,z) on &. The difference m= m, — #, then satisfies 


Ou 2h 

on |r 
Now if we set v =u into the first Green’s formula (4-2.3) and take into con- 
sideration that dz = 0 and @u/én|z =0, we obtain 


=~ 2 “ 2 
Nellge) Gaye) = 
T Ox oy oz 
However, because of the continuity of the function and its first derivatives, 
it follows that 


ee NY 
Ox oy oz 
1.€., 
«= const., 


which was to be proved. 

The method of proof used here can also be applied to the case of an un- 
bounded region when the function under consideration is regular at infinity. 
First of all, we prove the following theorem: 


Theorem. In the case of an unbounded region, Green’s formula (4-2.3) is ap- 
plicable to functions which are regular at infinity. 


Therefore, we consider an unbounded region T whose boundary we denote 
e. by .. Further we choose a sphere of radius 
R and denote by Tr that part of our region 
which lies entirely in this sphere. The 
region Tr is then bounded by that part of 
the spherical surface Y, which belongs to 
T and by the surface Y, which forms a 
a £ portion of the surface ¥ (Figure 49). Now 
FIG. 49. if we apply Green’s formula in the region 
Tr to the two functions uw and v which are 
regular at infinity, we obtain 


\\ |udvdr = — || ese +e Ou ov i ai * ae 
TR TrRIL OX OX oy “ay Gz G2 


+| | «fede +| | naa. 
rj On Spi On 


By using the regularity of the functions « and v we estimate the integral 


over pr: 
A 
ov 
| | «2 do = 
Sp on 


(4-2.23) 


| |. cosa + vycosB + v,cos7)da 
“Rr 


A 3A , | 3A", o2_ 122A" 
do|\ <“24sR' = 
| le pee’ 


ae RO 
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Hence, there follows 


R-w 


lim | | «2 dao =0. 
ae On 


The integral over Tx on the right side as R-» oo tends toward the integral 
extended throughout the entire region T. This integral exists since the in- 
tegrand, because of the regularity of « and v at infinity, approaches zero as 
1/R‘. If, however, the limit value of the integral over %,, which is equal 
to the integral over Y, exists, then the limit value of the right side of (4-2.23’) 
also exists and is given by 


lim \| |udvds a \\ |udvds ; 
R-o TR T 


Therefore we arrive at the formula 


Ou dav Ou ov ou dv ov 
wees ee ee —dao. 4-2.24 
I \xdvde \\ iL a ae + ay ay + ae as ler | a do ( ) 


Hence, the applicability of the first and consequently also of the second Green’s 
formula in the unbounded region, under the assumption that the functions 
which occur are regular at infinity, is proved. 

We are now in a position to prove the following uniqueness theorem: 
Theorem. The second boundary-value problem for an unbounded region pos- 
sesses a uniquely determined solution which is regular at infinity. 


If in formula (4-2.24) we set v = u = mw, — uw, and bear in mind that du = 0 
and du/dn|zs =0, then we obtain 


\\ [ut + uy + u)dr = 0. 
T. 


Hence, because of the continuity of the derivatives of «, it follows that 
liga) uy=O0, is= 0, and i = const. 
Now, however, at infinity « = 0, so that 
u=O0, 
i.e., 
Uy =U , 
which was to be proved. 
There now remains the question of whether or not the uniqueness of the 
solution of the first boundary-value problem can also be proved by this method. 
Let uw, and u, be distinct solutions of the first (interior) boundary-value 
problem. We then apply formula (4-2.3) to the function u=u4,—u, and v=u 


in the region 7. Let ¥ be the bounded boundary surface of 7. Then we 
obtain 


\| [duds =— \\ [tut +, + )dt + | \. Lae : 
r Tr s} on 
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where by consideration of the expression 
4fu=0, u|lr=0 


the equation 
\\ [ext + ut u:)dr =0 
T 


results. Consequently we find 
t#,=t, =a, = and “u=const. 


The function «on the surface ¥ is equal to zero. Wecan therefore conclude 
that 


u=0 and U; = Up. 


This proof is incorrect, however, since in the method of proof the existence 
of the derivatives of the sought function on the surface » was assumed. The 
proof of uniqueness which is based on the principle of the maximum does 
not contain this weakness. 


4-3. SOLUTION OF THE BOUNDARY-VALUE PROBLEMS FOR SIMPLE 
REGIONS BY SEPARATION OF VARIABLES 


For simple regions, the solution of the corresponding boundary-value 
problem can be treated by separation of variables. Accordingly, certain 
auxiliary equations occur which make it necessary to use special classes of 
functions. This discussion will be limited, however, to those problems which 
can be solved by means of trigonometric functions alone. Later, in the in- 
vestigation of certain special functions, we shall consider the solution of other 
problems. 


1. The first boundary-value problem for the circle 


We begin with the solution of the first boundary-value problem for the 
circle. 
Determine the function « which satisfies the equation 


4u=0 (4-3.1) 
inside a circle and the boundary condition 
“= f (4-3.2) 


on the periphery, where f is a prescribed function. 

Let us first assume f to be continuous and differentiable; later we shall 
drop the differentiability requirement and also the continuity of f (see Sec- 
tion 4-2 §4). We shall consider both the interior and the exterior boundary- 
value problems. 

We first introduce the polar coordinates p, ¢ whose origin lies at the 
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center point of the considered circle of the radius a. Eq. (4-3.1), as is known, 
has the form 


2 
op p oy 

in polar coordinates (see formula (4-1.34)). We now investigate the separation 
of variables, i.e., we seek the solution in the form 


u(p, p) = R(p)G(¢) . 
By substitution into Eq. (4-3.3), we obtain 
djdp-(o(dRidp))_ _— @" _ 


=i, 
Rip @ 
where 42=const. Hence, we obtain for ® and R the two differential equations 
o'' + }260=0 (4-3.4) 
and 
d dR 
—( p—)-AaR=0. 4-3.5 
PAG ae) eee) 


From Eq. (4-3.4) there results 
Oy) = AcosVio + BsinViay. 


Moreover, we note that the single-valued function u(o, y) under a change of 
the angle y by an amount of 2z is assumed to equal its original value 


u(p, y + 2x) = u(p, ¢Y) « 
Consequently, 
Dy + 2x) = Oy), 


i.e., @(y) is a periodic function of the angle gy with the period 2z. This, 
however, is possible only when 1/4 = n is an integer and 


%,(y) = A,cosng + B,sinng. 
We assume the function R(p) to be of the form 
R(p) = p*. 
With this and (4-3.5), 
n=p or p=+n, n>O 
results after replacing R(p) by p*. Consequently, 
R(p) = Cp” + Do”, 


where C and D are arbitrary constants. 

For the solution of the interior problem we have R(o) = Cp” (u = +n), 
ie., D=O0. For, if D#0, then u(p, y) = R(p)®(y) for o =0 would increase 
unboundedly and would not represent a harmonic function in the circle. By 
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contrast, R(p) = Dp” (“# =— xn) must be assumed for the solution of the exterior 
problem, since this solution must be bounded at infinity. 


Therefore we have found the following particular solutions of our prob- 
lem:™ 
un(o, ¢) = p' (A, cos ng + B, sin ng) for p Sa, 


tnlp, g) = at (A, cosny + B, sin ng) for p2=a. 
p 


The sums of these solutions, 


Ma 


u(o, v) = ¥ p"(A,cosny + B, sin ng) for the interior problem 


n=0 


and 


u(o, p) = > Lae cos zy + B, sin 2g) for the exterior problem, 
n=0 0 
are also harmonic functions, provided they converge. 

Now in order to determine the coefficients A, and B, we use the boundary 
condition 


co 


u(a, ¢) = Y a(A,cosny + Basinny) =f. (4-3.6) 


n=0 


We assume that f can be written as a function of the angle g. Then the 
Fourier series for f has the form 


(yg) = os + Lila cose + f, sin ng) (4-3.7) 


with 


a= — |’ Tid) d¢, On = u \" T(¢) cos nddd 
a tt Jon 


Fr é 


Br = = |" FG) sinngde . 


By comparison of series (4-3.6) and (4-3.7) we then obtain 


83 The Laplace differential expression in polar coordinates (4-3.3) loses its meaning 
for 9 =0. Therefore, we still have to prove that dun = 0 also for »=0. For this proof 
we shall use not polar but rectangular coordinates; the particular solutions 


p™cosng and p"sinng 
are then the real or imaginary parts of the function 
preinre = (peiv)” = (x + ay)” : 


it is a polynomial in x and y. Now, however, it is clear that a polynomial which satis- 
fies the equation 4u = 0 for p > 0 also is satisfied for p= 0, because of the continuity 
of the second derivatives of this equation. 
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for the interior problem and 


Ay =F , An =a,a" , By = 8,0" 


for the exterior problem. In this manner, we have found a solution of the 
interior first boundary-value problem for the circle in the form 


up, ~) = ce + Ss (£) (a cos ny + 8, Sin ny) (4-3.8) 
nol 
and the solution of the exterior problem in the form 
ao a a\" . 
u(p, y) = > +3 (<) (a, cosny + Brasinng) . (4-3.9) 
n-1 p 


In order to prove that these functions represent the sought solutions, 
we also have to prove the applicability of the superposition principle. For 
this purpose we show the convergence of the series, the termwise differen- 
tiability, and finally the continuity of the functions represented by it on the 
circumference of the circle. Both series can be subsumed in the homogene- 
ous formula 

— 0 


u(p, ») = ¥ t"(a,cosng + Basin ny) + a 
= 
where 


<1 for psa (interior problem) 


<1 for p2Za (exterior problem) 


els ab 


and an, &, are the Fourier coefficients of /(¢). 
To prove that series (4-3.8) and (4-3.9) for ¢ < 1 are arbitrarily often term- 
wise differentiable, we set 


Un = t"(a,cosny + f, sin ng) 
and calculate the kth derivative of the function w, with respect to ¢: 
Oty nok 4 ; T 
aot = tn | xcos ( mp + ks) + B, sin (ne + k x)| , 
Hence we obtain the estimate 


O*tutn 
ay" 


< t'n"2M , 


where M is the maximum of the absolute values of the Fourier coefficients 
a, and fB,, 1.e., 


lan| <M, |Brl<M. (4-3.10) 
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Now we choose a fixed value po < a (for the interior problem) or 0, =@"/po > @ 
(for the exterior problem) where ft) = po/a <1. Then, 


¥ fn'(lan|+1Bal)S2MS tint, tst, 
n=1 n=l 


from which because of the convergence of the series on the right we infer 
the uniform convergence on the left for ¢ S$ tf) < 1 and arbitrary k. Therefore 
series (4-3.8) and (4-3.9) at each point lying inside (outside) the circle can be 
differentiated arbitrarily often with respect to gy. Correspondingly, we show 
that series (4-3.8) and (4-3.9) inside (outside) a circle of radius po < a can be 
differentiated arbitrarily often with respect to p. 

Now p> was chosen arbitrarily under the given restrictions. Therefore, 
series (4-3.8) and (4-3.9) at each interior (exterior) point of the circle are term- 
wise differentiable. Consequently, the superposition principle is applicable 
and the functions (4-3.8) and (4-3.9) satisfy the equation 4u = 0." 

For the proof we only used the fact that the Fourier coefficients of /(¢) 
were bounded (formula (4-3.10)). However, this is valid for every bounded 
function (indeed for every absolutely integrable function). Therefore, provided 
/(y) is a bounded function, the series (4-3.8) and (4-3.9) define functions which 
satisfy the equation ss 


4du=0 for ¢<1. 


We shall use this fact later for the generalization of the results found 
in this section. 

We turn now to the proof of the continuity of the solutions in the closed 
region ¢?<1. It is easy to see that we must go into the properties of the 
function f(y) more precisely. 

Because of the assumed continuity and differentiability of f(p), it follows 
that f(y) can be developed in a Fourier series and that the series 


> an| + | Bal) (4-3.11) 


converges. On the other hand, we have 


| an | 
| Bn | 


so that series (4-3.8) and (4-3.9) converge uniformly for? <1. The functions 
represented by them are therefore continuous on the circumference of the 
circle. Finally, formula (4-3.11) shows that the function (4-3.9), as the solution 
of the exterior problem, is bounded at infinity. Therefore, we have proved 


| ta, cosng | Ss 
|¢"6, sinng |S 


8 The Laplace differential equation is also satisfied for p = 0; if, therefore, the de- 
rivatives with respect to the polar coordinates are expressed through the derivatives in 
terms of the cartesian coordinates, we can easily see that the functions (4-3.8) and (4-3.9) 
are differentiable for ¢ < to arbitrarily often with respect to x and y. On the basis of 
footnote 83, it follows that 


du =0 for p=0. 
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that series (4-3.8) and (4-3.9) completely satisfy the conditions of the problem. 


2. Poisson's integral 


We shall first transform formulas (4-3.8) and (4-3.9) to a simpler form. 
For this purpose we consider, for example, the interior problem. Correspond- 
ing results hold also for the exterior problem. 

By introduction of the expression for the Fourier coefficients into (4-3.8) 
and by an interchange of the order of summation and integration we obtain 
first of all 


u(p, p) = \ t(¢) {> + ay (£) (cos nf cos ny + sin ng sin ng} dp 
1 x 1 2 n (4-3.12) 
== \" {z+ F (LY cosmty—w bay. 
Tw J—x n=1\ @ 
Now we use the following identity: 
+ + Ft cos Magyar LS reine 4 eine) 
2 n=1 2 2 n=1 
~ = {! + 5 [(telov)y* + car 
n=1 
1 1 te'e-v? te te) 
i Lat. p 
So t = -— < 1 ° 
21-—2tcos(g—¢) +? a 
If we introduce this result into (4-3.12) we obtain 
1 (7 1— pla 
eevee a I ae 
i ea | 7 (p'/a") — 2(p/a) cos (vy — ¢) + 1 ? 
or 
1 nr a’ _ p 
ee > i. 4-3.13 
u(p, ¢) On \" fe) p' — 2apcos (vy — ¢) +a” d ( ) 


This formula for the solution of the first boundary-value problem for the 
interior of a circle is the Poisson integral, and the expression under the in- 
tegral sign 

a os 


Ale. a 8) = an coste— a + a 


is called the Poisson kernel. For p <a, we have K(p, 9, a, ¢) > 0, since 
2ap <a’ +p for p#a. 

The Poisson integral was derived under the assumption that p > a; for 
p = a, expression (4-3.8) loses its meaning. However, 
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because the series from which we obtained the Poisson integral is a continu- 
ous function in a closed region. 
Consequently the function defined by 


1 x a 2 p 
= b) $———_—§_§_— dy f. <a, 

u(p, ¢) = 427 |" fs — 2apcos(y — ¢) +a’ a oe on (4-3.13’) 
S(9) for p=a 


is a solution of the equation 4% =0 for p <a, and in the closed region, in- 
cluding the boundary p =a, it is continuous. 
The solution of the exterior problem has the form 


1 ce 0” —a 
<s ees eee eee f >a, 

u(p, y) = 42a \" fs — 2apcos(y— ¢) +a ? Be Ee (4-3.14) 
I (9) for p=a. 


Under our initial assumption that the function /(~) is continuous and 
differentiable, we proved that the solution can be represented by a series. 
Finally, by means of the above-cited identity, we arrive at the Poisson in- 
tegral. 

Now we shall prove that the Poisson integral represents the solution of 
the first boundary-value problem when the function /(@) is continuous only. 

The Poisson integral represents the solution of the Laplace differential 
equation in the region p < a(t <1) for an arbitrary bounded function /(9). 
Therefore for p <a (t < 1) the Poisson integral is identical with the series 
(4-3.8) and the equation 4u =0 is satisfied for every bounded function /(¢). 

It still remains to be proved that the function u(p, 9) in our case continu- 
ously approaches the boundary values. For this purpose we choose any sequence 
of continuous and differentiable functions 


File), fol), ..-5 Sk(@), oes 


which converges uniformly towards the function f(¢):* 
lim f(g) = f(y). 


The sequence of boundary functions then corresponds to a sequence of harmonic 
functions 7,(p, ¢), Which are defined by (4-3.13) or (4-3.8). 

From the uniform convergence of the sequence {/f:(¢)} it follows that 
for every ¢ > 0, a &)(e) > 0 exists such that 


I file) — farly)|<e for k>Als), L>0. 


For the functions z#,(r, g) which are solutions of the first boundary-value 
problem it follows from the principle of the maximum that 


| tt(p, %) —teilp, g)|<e for pSp, k>Akils), es 
Consequently the sequence {z,} converges uniformly towards a definite 


85 We shall not concern ourselves how it arises; such a sequence can be chosen in 
many ways. 


4-3. SOLUTION OF THE BOUNDARY-VALUE PROBLEMS 277 


function w= lim uo, y). The limit function w(p, g) is continuous in the closed 
region, since all functions w,(e, y) which are represented by the integral 
uo, 9) = — > Sil) dd 
Ho. = 5. \" aa SE ful 
are continuous in the closed region. Finally we have 
1 r a = o 

; — >.> So) ed for <a 
u(p, v) = lim us(p, y) = 42 ie — 2ap cos (g — ¢) + as OES : 

k -o 
f(g) for p=a 


since the sequence {/f;,(~)} converges uniformly towards f(y) and therefore 
the passage to the limit can be carried out under the integral sign. 
The function 


mete a’ — p 
ue, =3-\" saat op Tel wy 


is thus, for every continuous function /(g), a solution of the Laplace differen- 
tial equation which can assume the continuous boundary values given on the 
circumference of a circle. 


3. Discontinuous boundary values 


We now show that formulas (4-3.13’) and (4-3.14) for every piecewise 
continuous function f(g) represent the solution of the boundary-value problem, 
i.e., that this solution in the entire region is bounded and tends continuously 
to the boundary value at the points of continuity of the function /f(¢). 
Therefore also it is a unique solution (see Section 4-2 §4). If g denotes 
any point of continuity of the function f(y), we have to prove that a 6 exists 
for every « > 0 such that 

| u(o, 9) — F(Po) | <eé, 
provided 
lo—al<de) and |p— gol < de). 
Because of the continuity of f(y), a 6.(e) can be found such that 

| f(y) — (Po) | < = 
holds when 

le — Pol < dole) 
We consider now two continuous differentiable auxiliary functions f(y) and 
f(y) which satisfy the conditions 


fle) = fle) +z for Lp — gol < dale) 


f(y) = f(g) for |e — ol > dole) 
and 
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€ 
S(¢) = f(Po) — 2 


Sy) S f(¢) for |e— ol > do(e) 


but are otherwise arbitrary and for which formula (4-3.13) is applicable. 
Then if we define the functions #(p, g) and u(p, gy) by the formula (4-3.13) 
for f and f, then these are harmonic functions which have the functions f(¢) 
and /(¢) as boundary values. 

Since the Poisson kernel is positive, then 


for le- Yo | < do(¢) 


U(p, p) S ule, v) S Up, ¢) 


because 


Sig) S fig) S$ fg) - 


Further, from the continuity of #(, g) and z(p, yg) on the boundary for y = @, 
it follows that a 0,(e) exists such that 


lilo, 9) — fly) | S> 
for 
|e—a| <4,(e), le — Pol < dx(e) , 
and 
jute, ~) — fig) | S—> 
for 
lo —al < di(e) , ly — @o| < di(e) . 


From these inequalities we find 


(0, ~) S flpo) +> = fig) + ¢ 


f (Go) — € = f (Po) — 


= u(p, ¢) 


to] 


for 
lo —al < de), lp — gol < He) 5 = min (dp, dy). 
If now we collect these inequalities, we obtain 
f(Po) —€ S ule, y) S uo, yp) SU, y) S fly) + 
or 
luo, ~)—Sf(po)l<e for |a—p| < He), |p — gol < Ae) 


and hence the continuity of u(p, g) at the point (a, ¢). 
We shall now show the boundedness of u(p, y). Since the Poisson kernel 
is positive, then 
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] 2n a—p 
. <Mt >—- $+ —_—— dg =M, 
u(p, ¢) ral a’ + p* — 2ap cos (gy — ¢) i 


provided |f(~)| < M. Now, however, we have 


L(" (a’ — p’)dd _ 
— oS EL! 
2x} p — 2apcos(y—¢) +a 


since the left side, as was proved earlier, represents a harmonic function 
which tends continuously toward the boundary value f=1. Such a func- 
tion, however, is identically equal to 1. Correspondingly, we [could] show 
that u(p,~) > M, for f > M, and therefore prove the boundedness of the 
absolute value of z(p, ¢). 


4-4. GREEN'S FUNCTION (SOURCE FUNCTION) 


The use of Green’s function is a convenient aid in the analytical treat- 
ment of boundary-value problems. In this section we give the definition 
and basic properties of the Green’s function for the Laplace differential 
equation as well as the construction of the Green’s function for a class of 
simple regions (circle, sphere, semi-infinite body). The construction follows 
by using the method of images in electrostatics. 


1. Green's function for the equation 4u =O and its basic 
properties 


Let «(M) be a function which with its first derivatives in a closed region 
T bounded by a sufficiently smooth finite surface »’, is continuous; further, 
let w(/) in the interior of T possess continuous second derivatives. Then, 
as was proved in Section 4-2 §1, the integral representation 


uM.) = 7-| \| l a (PS ( u ) [dee Z| | Au te, (4-41) 
4nSr)Lrpy, an On\ rem, 4a) Jr) rumo 


is valid. If w«(M) is a harmonic function, the volume integral equals zero; 
if «w(M) satisfies the Poisson equation, the volume integral represents a 
known function. 

Further let v(M) be a harmonic function which nowhere possesses singu- 
larities. The second Green’s formula 


\\ | (u4v — vdu)dt = | IC — vt) do 
? rJ\ an on 


then yields 


(r= | \(#- 1 \ do —- \\ | vAudt . (4-4.2) 
5 on on T 
By addition of (4-4.2) and (4-4.1) we obtain 


u(M,) = | | (os —- ue) da — \\ | a -Gdt, (4-4.3) 
5 n on r 
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where 


G(M, M.) = = Be iy (4-4.3') 


TVs Mg 


is a function of two points M,(x, y,z) and M(é,7,C). The point M, is held 
fixed so that the variables x,y,z play the role of parameters. 

In the interior of the region T the function G(M, M,), except at point 
iM = M, where it possesses a singularity of the form 1/4zr, everywhere 
satisfies the equation 


4G =0. 
We now choose v(/M) so that 
Glr=0, 
i.e. 
vls=— ae 
: 4zr 


The function G defined in this manner is called the Green’s function of the 
first boundary-value problem for the Laplace differential equation du = 0 (or 
also, the function of an instantaneous point source of the first boundary-value 
problem for the differential equation Ju = 0). It permits us to give a direct 
representation of the solution of the first boundary-value problem for the 
equation J“z=0. From (4-4.3) follows 

u(M,) = = |x do =— | | 57 ao ’ PSA hes (4-4.4) 

rj on r On 

It must also be noted that formula (4-4.4) was derived by the use of 
Green’s formula, where certain conditions concerning the functions #(M) and 
G(M, M,) as well as the boundary © were assumed. Moreover, the expres- 
sion dG/dn occurs, whose existence on S is not immediately seen from the 
definition of G. 

In the derivation of (4-4.4) we proceed from the existence of a harmonic 
function w(/4) which assumes the value f on Y. For the region in which 
the Green’s function exists and for which the Green’s formula is applicable, 
formula (4-4.4) thus yields an explicit representation of only such solutions 
u(M) of the first boundary-value problem as satisfy the conditions for the 
applicability of the Green’s formula. (This formula also proves the uni- 
queness of this class of solutions of the first boundary-value problem.) 

A detailed investigation by A.M. Liapunov showed that under very 
general assumptions formula (4-4.4) represents the solution of the first 
boundary-value problem for a wide class of boundaries—the so-called Liapunov 
surfaces (see Section 4-5). 

We turn now once more to the definition of the Green’s function G(M, M,) 
which was introduced by means of the function v(M/)—itself a solution of the 
first boundary-value problem for the equation 4y = 0 with the boundary-values 
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vjy = —l/4zr. This gives the impression that here this one problem (the 
determination of the solution uw of the first boundary-value problem) would 
lead back to another of equal difficulty (the determination of v as the solution 
of the same problem). This is not the case, however, since the knowledge 
of the Green's function allows the boundary-value problem to be solved for 
an arbitrary boundary condition (u/s =f), while for the determination of the 
function G itself only the boundary-value problem with the particular 
boundary condition (v|s = —1/4zr) is to be solved. This problem is consider- 
ably simpler, as we shall see from a series of examples. 
In electrostatics, the Green’s function 


Ge) =a 
Anr 


represents the potential®® at a point M of a point charge which is found 


inside of a grounded conducting surface ¥ at the point M. 

The first summand 1/4zr is obviously the potential of the point charge 
in free space whereas the second summand uv represents the potential of the 
fields which arises from the charges induced on the conducting surface ¥. 
The construction of the Green’s function therefore follows from the deter- 
mination of the induced fields. 

In the following, we shall investigate several properties of the Green’s 
function. We shall assume that the region considered is such that the Green’s 
function G(M, M,) exists for it and possesses a continuous normal derivative 
@G/dn. Moreover, we assume that Green’s formula is applicable on 2. 

1. The Green's function is positive everywhere in the interior of T. 
G is equal to zero on the boundary of the region and is positive on the 
surface of a sufficiently small sphere about the pole. Therefore G must be 
positive according to the principle of the maximum in the entire region. 
Further we note that (dG/dn)|s <0, which follows directly from the positivity 
and the condition G|s=0. 

2. The Green’s function is symmetric with respect to its arguments 
M(x, y,z) and M(é,n, €): 


G(M, M,) = G(M,, M) . 


86 [It is well known that the potential » of a point charge of magnitude e ina 
medium with dielectric constant e in the cgs system is given by v=e/er. Hence the 
Green's function corresponds to a charge of ¢/4% in absolute electrostatic units. If, on 
the other hand, we use the so-called Giorgi system, in which Coulomb’s law has the 
form f = ee’/4xer, then in vacuum (e = 1) the Green’s function G(M, Mo) corresponds 
to a unit charge. 

In heat-conduction theory, the stationary temperature of a point-forming heat source 
of intensity g is determined by the expression q/4mzkr, where k is the coefficient of 
thermal conductivity. Therefore, G(M, Mo) is the temperature at the point M, provided 
the temperature of the surface of the body is equal to zero and at the point Mo a heat 
source exists of intensity gq = k. 

If the units of length are so chosen that & = 1, then the function G(M, Mo) cor- 
responds to a source of unit intensity. 


282 ELLIPTIC DIFFERENTIAL EQUATIONS 


For the proof, we consider two spheres 3, and 5, of radius « with Mo and 
M3 as center points; thus let M¢ and M34’ be two arbitrary fixed points in 
T (Figure 50). By 7: we shall designate the region which results from T by 
the removal of the regions enclosed by ¥, and ¥,. Now if we set 


u=G(M,Mi), v=G(M, M7’) 


and apply the Green’s formula 


\\ | (udv — vdu)dt = \\ («2 — vat) do (4-4.5) 
Te r,+2,+2\ On On 


to Te, we obtain 


a ! 
|, \[ece ar) SSR MO) —, my) SOL | a 


+| |[ cu M26! Mo) _ Evy, my) dow —0 
5 on on 


since because 4G = 0, the left side of (4-4.5) is equal to 0, while the integral 
over ¥ vanishes because of the boundary conditions. 

Now, if we let « approach zero and consider the singularity of the 
Green’s function, we obtain the expression: 


G(Mo, Mo’) = G(Mo', Mo) 
or 
G(M, M)) = GM, M) . 


The above-proven symmetry of the Green’s function is a mathematical 
expression of the principle of reciprocity in physics: A 
source Situated at the point M, has the same effect ata 
point M as the same Source Situated at point M has at 
point M,. The principle of reciprocity is of a very 
general character and arises in different physical fields 
(electromagnetics, elastic, etc.). 

In the two-dimensional case the Green’s function 
G(M, M,) is defined by the following conditions: 

1. 4G =0 everywhere in the region S under con- 
sideration, except at the point M= M,. 

2. At M=M,, G(M, M,) has a singularity of the 
form 


FIG. 50 1 1 


3. Glo=0 if C is the boundary of S. In this case the Green’s function 
has the form 


G(M, M,) = ce In 
2a 1MMo 


+ o(M, M)) ’ 


87 Liapunov derived this theorem in the application to the class of so-called Liapunov 
surfaces. 
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where v is any harmonic function everywhere continuous and on the boundary 
satisfies the condition 


v| Sei : 
0 a 


The solution of the first boundary-value problem for 4 =0 is then given by 


uM.) =—\ sds, fSule. 
o ON 


2. The method of images in electrostatics (the electrostatic 
image) and the Green’s function for the sphere 


A method often used for the construction of the Green’s function is the 
method of images in electrostatics. Its fundamental idea in the construction 
of the Green’s function 


G(M, M,) = 


+ v 

ATTY amo 
arises from the fact that the induced field v can be represented by the field 
of the charges which are distributed on the exterior of the surface Y and 
are so chosen that the condition 


1 


vl: = —— 


is Satisfied. These charges are called the electrostatic image points of the 
unit charge found at the point M,, which, if & were not present, would 
produce the potential 1/4zr. In many cases the choice of such charges causes 
no difficulty. We shall give three examples for the construction of the 
Green’s function by means of the method of electrostatic images. From the 
representations of the Green’s function, which will be given for the three 
examples, the continuity of the first derivatives of G on 2 will be obvious. 

As the first example we consider the Green’s function for the sphere: 
Given a sphere with radius R whose center lies at the origin of coordinates 
O, find the corresponding Green’s function. 

For the determination of this function we place a unit charge at the 
point M, and choose the segment OM, on the radial line passing through MM, 
such that 


Poi = R’, (4-4.6) 


where po = OM, and po, = OM, (Figure 51). 

Figure 51 shows the correspondence of the point M, with a definite 
point M,, by a transformation of reciprocal radii. The point M, is called 
the point conjugate to M,. This construction is reversible, that is, the point 
M, can be regarded as the point conjugate to M,. 

We prove now that the distances of all the points P lying on the spherical 
surface are proportional to M, and M, respectively. Therefore we consider 
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the triangles OP.\/, and OPM, (Figure 51); they are similar since the angle 
at O is the same for both triangles and the adjacent sides are proportional: 


ook 4. OM R 
R O1 R ~ OM, * 


However. from the similarity of the triangles 


ro 

—— 4-4.7 

ri R O1 ( ) 
follows, where r=|3HP|,7r:=|34,P|. From 
(4-4.7) we obtain 


n= on 


for all points of the spherical surface. There- 
fore, the harmonic function v= —(R'oo)(1/r) 
FIG. 51. on the spherical surface assumes the same 
values as the function lr,. It obviously 
represents the potential of the charge found at ./, of magnitude —R/p). 
Therefore the function 


G(P, M,) = n(= ees ~) (4-4.8) 
=A\1o Po “1 
is the sought Green's function for the sphere; thus it is a harmonic function 
which at jf, has the singularity (1/4=)(1/r.) and is equal to zero on the spherical 
surface. 

The solution of the first boundary-value problem can then be obtained 
from formula (4-4.4). 

We now calculate the normal derivative 


S-212)-20)] eo 
on = Az Lon\ ro Oo on\ Ty 
where » is the exterior normal and 7; = %,M (in general, Af does not lie on 


the spherical surface). 
For the derivatives of 1’y, and 1/r, along the normal n we have 


ofl ra] 1\ or 1 
ra Ged be (>) — = —>cos(ro, n), 
On\”lo Oro Yo on To 


F (2) 3 (2) 1 oly) 
—(—)=- —) = = ——cos(r, 7”), 
OnNnK\N, or, Yr; on Yr) 
since 
o”> — cos(ry, n), oh =cos(ri, 7m). (4-4.11) 


For cos(ro, m) and cos(r,, m) we easily find 
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R’ + ro — po 
s(ro, 2) = ————_———_——* 4-4.11' 
cos (ro, 7) Rr, (4-4.11°) 
Rt+ri-— oi P 
cos (ri, n) =———————+ 4-411” 
ee 2Rr, ( 
With the help of (4-4.7) we obtain 
2 rl 
R’ + x ro = = 2 2 2 
cos(r1, Aj ee ho. PU oe 
ore, 2poro 
Po 
since according to the definition of the points M, the relation 
R 
A. = 
Po 
holds, and 
aide v 
al an To on « 
Po 
By using (4-4.10), (4-4.9), (4-4.11/), and (4-4.11’’), we find 
aG -2[43-4 po ee eed ees eee 
on s 4x r, 2RYr R’rs Po 200% = 4zR To : 
Consequently u(M,), with the use of (4-4.4), equals 
uiM,) =| | ¢(P) Ri = Pa, (4-4,12) 
: 4xR z= ro ; 


We now introduce a spherical coordinate system whose origin lies at the center 
of the sphere. Now let R, 0, gy be the coordinates of the point P and pp, 
0, % the coordinates of the point M,; let y be the angle between the radius 


vectors OP and OM). Formula (4-4.12) can then be written in the form 


R 2aen R’ pa 6 : : 
= 9, 9) SS ooo ined 4-4.12 
(po ; Yo, Po) An | | I #) (R’ oo 2Rpo cosy + aye Pia une ( ) 
where™ 
COS 7 = COS @ COS A + Sin A Sin 0) COS (y — Gp) . (4-4.13) 


This formula is called the Poisson integral for the spherical surface. 
By the same method the Green’s function can also be constructed for 
the region lying exterior to the sphere: 


88 The direction cosines of the vectors OP and OMs are therefore equal to 
(sin #cos g, sin 8 sin g, cos 8) or (sin 0) COS Yo, Sin Oo Sin yo, COS Mp) . 
Thus 
CoS 7 = COS @ - COS Mp + Sin @ Sin Mo (COS Y COS Yo + Sing Sin go) 


= COS 0 COS Mp + sin @ sin Go cos (gy — go) . 
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G(M, M,) = n(=- z ~-) (4-4.14) 
r1 P1 To 
Here r, = MM, is the distance of a fixed point M, lying outside of the sphere, 
7. = MM, is the distance of the point M, conjugate to Mi, pz is the distance 
of the point M, from the origin of coordinates, and R is the radius of the 
sphere. 

If we bear in mind the distinction between the direction of the normals 
for the interior and the exterior problem, then we obtain 


(91, 01, Pi) = | ao eee. y) sin Od0dy, 
4x }o Jo [R® — 20,:Rcos7 + pil” 

where cos7 is given by formula (4-4.13) (the subscript zero is there replaced 

by 1). 


3. The Green’s function for the circle 


The Green’s function for the circle can be obtained in the same manner 
as the Green’s function for the sphere. In this case the Green’s function 
assumes the form 


ie ie ep. (4-4.15) 

on YF 
If we repeat the arguments of the previous 
section from formula (4-4.6) to formula 
(4-4.8), we obtain for G(P, M,) the repre- 


sentation 


FIG. 52. on 


where p =OM,7= MP, 7, = MP, and R= OP is the radius of the circle 
(Figure 52). We see immediately that the harmonic function so defined on 
the boundary C is equal to zero, 


Glo=0. 


For the solution of the first boundary-value problem the normal derivative 
dG/dn on the circumference C must be calculated. The calculation proceeds 
as for the sphere and yields 


aG 1 R—9i 


on o ~ 2nR rs 


Now let p, @ be the polar coordinates of the points P lying on the circum- 
ference and po, @ the coordinates of M,. Then, first of all, we have 


ro = R’ + po — 2Rpo cos (0 — 0) . 
If we substitute this expression for 7 into the formula 


2 2 
U(po, Oo) = 5) uP) z mas 
0 


Qn To R 
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and note that 
u(P) |o = f(@) and ds = Rd 
then we obtain for the function u(M,) the expression 


1 i R* — pi 


; 6)=— RP? 1 2  9P, nnel(A — A.) 
(Po, Ao) 2x jo R’ + po — 2Rp. cos (6 — 4) 


t(0) de, (4-4.17) 
the so-called Poisson integral for the interior of a circle. Except for the 
signs this formula also gives the solution of the exterior problem. 


4. The Green's function for the half space 


The notion of the Green’s function and formula (4) are also valid for an 
unbounded region of space, provided the functions considered are regular at 
infinity (see Section 4-2 § 6). 

To determine the Green’s function for the half space z > 0, we place at 
the point Mo(x%», yo, 2.) a unit charge which produces in the unbounded region 
of space a field whose potential is defined by the function 


| 


4n T MoM 


’ Finis =Viik— se) ye Zy)*) * 


We easily see that the induced field » is the field of a negative unit charge 
placed at the point M,(x,, y, —29), which is the mirror image of the point 
M, in the plane z = 0 (Figure 53). The function G(M, M,) is equal to 

1 = 1 
A4nro dur, ’ 


G(M, M) = 


where 
r= MM =VE—*E TOW te Be 
n= MM=VG—aF TOS eT ee. 


G(M, M,) is equal to zero for z=0 and has the required singularity at the 
point M. 


Zz We now calculate 


M(x, 2) OO apse ee Oe 
Mol Xo» Kos Zo) on 2=0 ~ 0z 2z=0 
Obviously, 
6 1/258 42482] 
éz An ro ri 
| For z=0, we thus find 
: wa OG) _ 9G) te 
Yaa. xy, Jor~ o) on z=0 dz 2=0 nro ; 


FIG. 53 The solution of the first boundary- 
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value problem is therefore given by 


u( Mo) = 3) ; [a sPidop , 


Qn Y MoP 


where %, is the surface z=0 and f(P)=u|,=). Thus we can also write 


gE og ie ao Mt hy as -4.18 
ogg ee) za | Me (P= yaya pape Ce ee) 


—@ 


4-5. POTENTIAL THEORY 


The function 


1 
VES Poa aa oe 
which represents the potential of the field of a unit mass (charge) placed at 
the point M,(&, 7, f), is a solution of Laplace’s equation. Here &, 7, and € 
are interpreted as parameters. The integral of this function with respect to 
the parameters is called the potential. It has a significant meaning both in 


physics and also in the development of the methods of solution for boundary 
value problems. a 


Je 
a 


1. Spatial potential (Newtonian potential) 


Let a mass m, exist at M,(é, 7, €). According to the law of gravitation, 
the attracting force on a mass m placed at the point M(x, y, z) is 


F= iam (4-5.1) 


—- 
Here r= M,.M and 7 is the gravitational constant. By a suitable choice of 
units we can make y = 1. Further, if we set m=1, we obtain 


The projections of this force on the coordinate axes are 


X =Fcosa= a) 

Mo 
YF cos. = ee ea) (4-5.2) 
Z = Foosr = —" 2-8) 


where a, 8, and y are the angles between the vector F and the coordinate 
axes. 


Through 


F = grad u 
or 
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we introduce the so-called potential u(x, y, z) of the force field.” In our case 


we have 


By superposition of the force fields, the potential field of # mass points can 
be expressed by the formula 


Mi 
> - 


We treat now the case of a continuous distribution of mass and consider 
a bounded region of space T with a density distribution p(&, 7, €). In order 
to determine the potential of this spatial region at a point M(x, y, z), we 
divide T into sufficiently small volume elements Jz and assume that the in- 
fluence of a spatial element Jz is equivalent to the influence of a mass con- 
centrated at an interior point (€, 7, C) of dz.°° 

For the X component of the force acting on the point M we then obtain 


with 
r= (x—€) +(y— 7) + (z—0). 


The X component of the potential of the total region T at M is obtained 
by summation of the individual potentials over all spatial elements, i.e., by 
integration over T: 


x=—\| Vester. (4-5.3) 
T r 


Therefore we obtain for the potential of a spatial region T at the point M 
the so-called Newtonian potential 


u(M) = \\ Jonas ; (4-5.4) 


If M lies outside of 7, then this follows directly by differentiation under the 


88 The potential introduced here should not be confused with the energy potential 
of a force field. Potential here is understood in the sense of the force function in 
mechanics. 

9 More precisely stated, it is assumed that the influence of a body T of mass m 
on a point lying outside a convex region T containing this body can be replaced by the 
influence of a certain concentrated force with the same mass m which lies in the interior 
of T. 
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integral sign.** We calculate the higher derivatives in a similar way. For 
each point M lying in the exterior of T, u(M) satisfies the Laplace differential 
equation. 

In the following we shall use the above-mentioned properties of the 
potential and formulate a series of theorems under the condition that p(é, y, ¢) 
is a bounded (and also integrable) function. We do not intend to develop 
the theory under the most possible general assumptions. 

If the point M lies in the interior of 7, then we cannot directly conclude 
that X = 0u/dx. We shall go into the necessary additional investigation later. 


2. The planar problem (logarithmic potential) 


We now investigate a special mass distribution which depends only on 
the two coordinates x and y. Obviously then the potentials on each of the 
planes v = const. assume one and the same value. 
Therefore it is sufficient to consider the potential 

at the points (x, y) which lie in the plane z = 0. 
First we shall determine the potential of a 
homogeneous infinite straight line L. For this we 
Pp x choose the z axis.in the direction of this straight 
Pa line. Let the linear density (i.e. the mass per 
unit of length) be equal to w. For an element 4z 
FIG. 54. ona point P(x, 0) (Figure 54), we obtain the attract- 
ing force whose component with respect to the x 

axis is 


Zz 


Az Az 
AP = Eesha 
R (x? ae 2’) 


xX 
AX = AF cosa = I aa ior ere 


Hence it follows that 


i Pa Sere es 7 Oe ee 

ii (+ 2°? L xe rte ae 

2= tga. 

r 

If P(x, y) is an arbitrary point, then the attracting force acting on a point 
-—> 

at O obviously is in the direction of OP and its magnitude is equal to 


91 A sufficient condition for differentiation under the integral sign, with respect to 
a parameter, for an integral of the form 


f(M) =| FM, Pie(Pydrp 


is the continuity of the derivative of F(M, P) with respect to the parameter and the 
absolute integrability of g(P). Ordinarily this theorem is formulated only for y(P) = l, 
although the proof for this and the general case are not different. 
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where 
paVFTF. 


The potential of this force is called the logarithmic potential; it is equal 
to 


Vi oan ss (4-5.5) 
p 


which we recognize directly by differentiation. 

The logarithmic potential represents a solution of the two-dimensional 
Laplace differential equation which is circularly symmetric with respect to 
the point »=0 and at this point becomes y 
logarithmically infinite. Thus the potential 
of a homogeneous straight line represented 
by formula (4-5.5) produces a planar field. 
The representation of the potential in the 
form of an integral was derived only for a 
bounded region.” 

We note that in contrast to the spatial m» 
potential, the logarithmic potential at infinity FIG. 55. 
does not equal zero but has a logarithmic 
singularity there. 

For the components of the attracting force at point P (Figure 55) we find 


PUY) 


X = Fcosa = —2p , cosa = 
pe 


7 |x 


Y =Fsina = —2n— , sina ==. 
p p 
If several points (an infinite straight line with 
distributed mass) exist, then because of the super- FIG. 56. 
position of the force fields the potentials at the 
point P can be added (straight line). 
In the case of a region S with continuous density distribution (Figure 56), 


92 In the calculation of the potential of an infinitely long straight line, the potential 
of the individual elements cannot be integrated directly since an improper integral 
would result. The potential of an element dz is therefore equal to 

dz 
4u= ed 
y p + 22 


so that formal integration would yield the improper integral 


UF) je = 
w= |" 
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the components of the attractive force on the point P can be expressed by 
the double integrals 


oe é, a ley d 
Y= -2 ; —__4— 1 ___q d 
\ jes rs ra 
and for the potential we find 
1 
’ pamrres 2 , f 1 ——_—_——— d ’ 4-5,.7 
ts, 9) = 2) Vl, 9) In el (4-5.7) 


which we can prove by differentiation if the point lies outside the region S. 
If P lies inside of S, then an additional investigation is necessary in the 
proof. 


3. Improper integrals 


Potentials and components of gravitational forces can be represented by 
integrals whose integrands become infinite when we consider their value at 
the points at which the attracting masses are placed. 

If the integrand at any point of the region of integration is infinite, the 
integral as is known cannot be defined as the limit value of the integral 
sum. In this case, therefore, the integral sum has no limit value, since the 
summand corresponding to the element of volume containing the singularity 
can arbitrarily change the magnitude of the sum, depending on how one 
selects the corresponding intermediate points. The integrals of such functions 
are defined as improper integrals. 

Let F(x, y, z) be a function which becomes infinite at an arbitrary point 
M(xo, Yo, 2) in a region T. We then consider the integral over a region 
T — Kz, where Ke denotes an arbitrary neighborhood of the point M, whose 
diameter does not exceed «. 

If now the sequence of regions Kz shrinks in an arbitrary manner about 
the point M, and if the sequence of integrals 


L= \| \F dt En —> 0 
T-Ke, 


has a limit value independent of the choice of Ke,, then the limit value is 
called an improper integral of the function F(x, y, z) over the region T and 
is usually denoted by 
\\ \Fae. 
T 


If at least one sequence of neighborhoods Ke exists such that as e«,-0a 
limit value J exists, whereas for another sequence {Ke,} this limit value has 
another value or does not exist, then the limit value / is called a conditionally 
convergent improper integral. Naturally, for the consideration of a condi- 
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tionally convergent integral, a sequence of neighborhoods {Ke,} must exist 
through which it is defined. 

We limit ourselves here to the consideration of those cases in which the 
integrand has an isolated singularity, such as integrals of the form 


\\ | Sau (4-5.8) 
T 


where C and a> 0 are constants and 


Y= Tuy = V (x0 — §)? + (Mo — 0)? + (2 — 6) 


and M, denotes a point in 7. Without loss of generality we can assume T 
to be a sphere of radius R about M,. Further, we choose as neighborhoods 
Ke, spheres of radii «, about M,. For the calculation of the sought limit 
value of the corresponding sequence of integrals we first obtain 


fn n 
\\\ cae =| ap sinodo\" Sadr = 2n 2c" ay 
0 


T-Ke, Liat 0 tn Tf En ae 
1. aca)” 
i r for a3 
= 3-—a en 
A4rC [In re, , for c= :35 


Now if we let «,—0, then it can be shown that the limit value exists for 
a <3 but not for a2 3. 

Now let F(x, y, z) be a nonnegative function and let the following limit 
value exist 


= iim {| _ Fae, 
&n--0 T—Ke, 


where Ke, represents spheres of radii e, about a 
Caan 


M. Further let {Ke,} be an arbitrary sequence 

of regions, which shrink to the point M. Then, 

also, for this sequence of neighborhoods the 

limit vatue of the corresponding sequence of 

integrals exists and the value of this limit 

value is independent of the form of the Ke,. 

For the proof we proceed from the fact that FIG. 57. 

each of the regions Ae, can be enclosed by 

two spheres Ke, and K,, , whose radii én, and ¢,, together with e, approach 
zero (Figure 57). Since the integrand is always nonnegative, we obtain 


Wea, Fo 2SNl. 4 oe ff Pm 


| 


It follows, however, that 


tim | F de = lim ||| Bape, 
n—o© )))r—Ke, no )) )r-Ke, 


since the limit value of the outer integral exists and coincides with it. 
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Thus we have the following results: 
In the case of three independent variables, the improper integral 


\\ J at (4-5.8) 


exists, provided a < 3, and does not exist if a2 3. 


In general, if the critical value a which determines the convergence of 
the integral of the form (4-5.8) is equal to the number of independent 
variables, then in the two-dimensional case the integral 


| \ Sao 
Jp 


converges for a < 2 and is divergent for a 2 2. 

We shall now establish the following criterion for the convergence of 
improper integrals: 

To guarantee the convergence of an improper integral 


\\ \Fe, y, z)dx dy dz (4-5.9) 


it is sufficient that a nonnegative function F(x, y, z) exist for which the 
improper integral over the region T converges and such that the inequality 


| F(x, y, 2)| < F(x, y, 2) (4-5.10) 


is valid. 

For the proof, we consider any sequence of regions Ke, which entirely 
contains the singular point M,. Because of the convergence of the sequence 
{I,} of the integrals of F(x, y, z), an NM(e) exists for each e > 0 such that 


Vis, ~ In = [|| Fac 
Ken —Ke, 
1 2 


is valid when 2,, 2 > Me). Since F(x, y, z) is a majorant of | F(x, y, z)|, we 
can write 


ee aL =|\\| Fdz 
Ke, —Ke, 
1 2 


<eé 


s ||| Flde = |\| Pires 
1 2 1 2 
(4-5.10’) 


when 7,, ”, > N(e) holds. On the basis of the Cauchy convergence criterion, 
the condition (4-5.10’) is, however, sufficient for the convergence of the 
sequence 


toward a limit value 
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We easily see that this limit value is not dependent on the choice of the Ke,. 
Therefore, the existence of the improper integral (4-5.9) is completely proved. 
If, on the other hand, a nonnegative function Fix, y, 2) can be found 
such that F(x, y, z) = Fix, y, 2), and if the improper integral of F diverges 
over the region 7, then the integral of F also diverges. 
Conclusion: 
If for a function F(M, P) which becomes unbounded at P= M the ine- 
quality 


FM, Pi<<, a<3, 


a 
Tur 


is satisfied, then the improper integral 
\\ [FM P)dzp 
T 


converges over the region T which contains the point M. 


As is known from the theory of integrals containing a parameter, the 
continuity of the integrand with respect to the parameter and the independent 
variables is sufficient for the continuity of the integral with respect to the 
parameter. For the improper integrals considered here, however, the in- 
tegrands are not continuous functions and therefore the above criterion is 
not applicable. 

To find a criterion for the continuity of improper integrals which depend 
on a parameter, we shall consider the improper integral 


V(M) = | F(P, M)f(Phdep , (4.5-11) 


for which F(P, M) at P=™M is unbounded but with respect to M is a con- 
tinuous function, whereas /(P) is a bounded function. 

An integral (4-5.11) is said to be uniformly convergent at the point M) 
if for every e > 0 a O(e) exists such that the inequality 


| Vs ie(M)| = 


| F(P, M)f(Plder|< 
Ts (8) 


is valid for each point M whose distance from M, is less than d(e), and for 
every region 75... which contains the point M, and whose diameter d S d(e). 
We prove now that at the point M, a uniformly convergent integral 


ViM) =| FP, M)f(P) der 
T 
represents a continuous function. Thus we have to show that for every 


e > 0, a 6(e) can be found such that 


| V(Mo) — ViM)| <e 


is valid when 


— 
|MM,| < Ge). 
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First, inside the region T we select a subregion 7, which contains the 
point M, (Figure 58), and split the integral into two summands 


V=V,+ v2, 


where the integral V; is taken over 7, and the integral V, over T, = G— T\. 
We shall consider later the magnitude over 7,. The following estimate is 
valid: 


| V(Mo) — ViM)| S | Vo(Mo) — Vi(M)| + | Vi(Mo) | + | Vi(M)] . 


Each summand standing on the right can be made smaller than e/3 for 


sufficiently small |M,M|. Now if we choose 7, in the interior of a sphere 
of radius 46(e/3), we obtain 


| Vi(Mo) | = and =| V(M)|'s = 
when 
— j € 
|M,M| <6 (+) 
The existence of such a 6’ follows from the uniform 
FIG. 58. convergence of the integrals (4.5.11) at the point M,. By 


the selection 7,, 7, also is determined. 
Since MM, lies in the exterior of 7,, V2 is a continuous function at this 
point. From this follows the existence of a 6’’(e/3) such that 


€ 


| V2(M) —_ Vi(M) | =3 ’ 


provided 


Now if we set 


then we obtain 
——- 
|ViM)—-V(M.)|Se« for |MM|s6é, 
whereby the continuity of a uniformly convergent integral is proved. 
These results are valid not only for spatial integrals but for surface and 


line integrals as well, a fact that we shall utilize in the following calculations. 
We consider now a potential 


VM) =\| | ace (4-5. 12) 


Yue 


and the components of the corresponding attracting force 


4-5. POTENTIAL THEORY 297 


¥(M) = -\\ | (y — nde (4-5.13) 
T MP 


at the points which lie in the interior of the attracting body. The improper 
integrals (4-5.12) and (4-5.13) converge when the density p(M) is bounded, 
p|\(M)| < C. For the potential V(M) this is obvious since 

lel < e F a=1<3. 

r r 
For the components of the attractive force the assertion follows from the 
inequality 


De a am a=2<3 
r r 


® 


since |x —€&] <~yr. 
As an illustration of the uniform convergence of an improper integral 
we show that the integrals (4-5.12) and (4-5.13) are continuous functions. 
Therefore, we have to prove that the integrals (4-5.12) and (4-5.13) con- 
verge uniformly at each point M. 


First, 
Ih Je2elseffnlte 
Ts) Yup K3°) Yup 


is valid,** where K#® is a sphere of radius 6 about M, which contains the 
region Ts. For the calculation of the integral on the right over the sphere 
K3° we introduce suitable spherical coordinates whose origin is at the point 


M. Then obviously 
= = i ee 
<=C 
Clr rur\ Ke J rue 


where Kis is the sphere of radius 26 about M. Now if «> 0 is prescribed, 
then we have only to choose 


= 8Cxa’ , 


b sd) =a. 
T 


Thus the condition for the uniform convergence of the integral V is satisfied. 
By a corresponding consideration for the integral 


X(M) =\\ | a ia Oe 


T Yue 


83 The integral (4-5.12) results from integral (4-5.11) for F(M, P) = Urue, f(P) = p(P). 
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we obtain 


x—€ 
in ae Yap ee 


when 


dtp 
alleles 


65 de) = 


ee 
8nC - 

Therefore the potential V and the components X(M), Y(M), and Z(M) of 
the attracting force in the entire space are shown to be continuous functions.” 


4. The first derivatives of spatial potentials 


The integrands of the integral 


xu = —\\ \ parE dee, YM),  Z(M) 
T 


Y uP 


are the derivatives of the integrands of 


ran =f eae 


TMP 


If the differentiation under the integral signs is carried out for the function 
V(M), then 


yee. peeve, gael. (4-5.14) 
Ox oy Oz 
i.e., V is the potential of a field with components X, Y, and Z. 
If the point M lies outside the region 7, then 


is a continuous function with respect to the two arguments M(x, y, z) and 
P(é, 7, €). Consequently, in this case differentiation under the integral sign 
can be easily carried out. 

The higher derivatives can be calculated by differentiation under the 
integral sign at all points exterior to 7. Hence it follows on the basis of 
the lemma from Chapter 3, Section 2 that the potential outside the attracting 
mass Satisfies the Laplace differential equation 


4V=0. 


We shall now show that the derivatives of the first order of the potential 
V also can be obtained by differentiation under the integral sign when the 
point M considered lies inside of the region TJ. 


94 The uniform convergence of the integrals V(M) and X(M) was shown under the 
assumption that the density » is bounded (| |< C). Consequently, these integrals also 
are continuous at the points of discontinuity of the function p, in particular on the 
boundary of the region covered with a continuous distribution of mass. 
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For the proof we use the boundedness but not the continuity of the 
function p(x, y, z) (| p(x, y, z)| <C). It follows that V(x, y, z) also is continuous 
at the boundary points of 7. These points can be considered as points of 
discontinuity of the function p(P) which vanishes outside of T. 

We shall now prove that for every « > 9 a d(e) exists such that 


V(x + Ax, y, z) — V(x, y, 2) 


—-X\< 
4x . 


when 
|4x| < d(e). 


To this end we enclose the point M,(x, y, z) by a sufficiently small sphere 
Ks, whose magnitude will be fixed later, and split V into two summands 


V — VY, + V, ’ 
where V, corresponds to integration over 7, = Kj, and V, to integration 
over T, = T— Kf}. Then 
Vix + Ax, y, 2) — Vix, y, 2) 
Ax 


_ Vilx + 4x, y, z) — Vilx, y, 2) ie Vilx + Ax, y, 2) — Vilx, y, 2) 
a Ax Ax ° 


For an arbitrarily fixed 7,, we have 


tim Vee + 4x, ¥, 2) = Volt ¥ 2) ye a +) 
a Ax =x=|| oe, % a dc, 


since M, lies outside of 7. 
Now the following estimate is valid: 


x - Vie dx, 9.2) — Vik, 2) <|%- Vi(x + Ax, y, 2) — Volx, ¥ 2) | Ba 
adi 4x 
Vilx + Ax, y, z) — Vilx, y, 2) 
+ | 
Ax 


Each of the summands occurring here can be made smaller than e/3. First 
we find 


x1 =|{I [o2 Sas 
Ty, r 


since |(x — 6)/r| <1 and |p| <C. Further, we have for the third summand 


=4nCd! < = | (4-5.15) 


0 Jo 


cna ry’ sin 9d9dgdr 
0 r 


<c| 


| S| =| Vi(x + Ax, J, 2) a Vi(x, J, 2) 


Ax 
1 1 | 
ran se 7) 


r= V U(x + Ax) — EP + (y — 9)? + (2 — 0)? 
PH V (x = + (yy)? +e — Cc). 


with 
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The sides of the triangle M,MM, are equal to 7,7,, and |dx|. Hence it 
follows that 


Jr—n|s Axl, 


Steeles Soa ale eles 


since for arbitrary numbers @ and b 


so that 


ab = —(a* +0). 


a 
2 


Therefore, 


and 


Slee 
TJ" Kosi S11 


where Ki! is a sphere of radius 25’ about M,. 
By a suitable choice of 6’ the inequality 


IS < a 12nd" = 6xC6' < = (4-5.16) 


can be satisfied. If we choose 6’ according to the condition (4-5.16), then the 
inequality (4-5.15) also is satisfied. Now we set 7, = Kj’® and therefore also 
T,=T-T,. 

The first equation of (4-5.14) applied to the region 7, so selected means 
that for every ¢ > 0, a 6’’ exists such that 


Va(x + Ax, y, 2) — Velx, y, 2) _ Tle 
dx 3 
when | dx] < 4”. 
Finally, if we choose 6 = min {é’, 6’’], we obtain 
a ee for |dx| <6. 
dx 
Therefore, it is proved that 
oV_y,, 
a aX. (4-5.17) 
The expressions 
av aV 
—_- = d — = J 
By Y an a 


can be proved similarly. 
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Therefore we have proved that by differentiation under the integral 
sign the components xX, Y, Z of the force field are the components of grad 
V. 


5S. The second derivatives of spatial potentials 


The improper integral 


SN NZS hy eae es. : 
I\ Jan rl ee a \\ \e(-3 rv a mer 


does not converge absolutely at an interior point P of the bounded region 
T. Here the majorant of the magnitude of the integrands has the form 


£ with «=3. 
r 

In the following, a formula will be given which permits the calculation 
of the second derivatives of the potential V(M) in the region TJ when the 
continuity and the continuous differentiability of the density p(x, y, z) are 
assumed in the neighborhood of point P. Above all, the investigation is not 
applicable at a boundary point at which the density as a rule has a point of 
discontinuity. 

We again write the potential V(M) in the form 


V=V,+):2, 


where as before the summands refer to the two regions 7, and 7,. Here 
T, = Ks denotes a sphere of radius 6 about M, in which the density p(x, y, 2) 
is differentiable. 

The second derivatives of V,; can be obtained by differentiation under 
the integral sign since the point M, lies outside of 7:, e.g., 


AV, a (dV, - af 1 
=— (—?)= £,7, C—+4(— Jar. 
ax” Ox Ge) Nh, Jo ‘ oar(>) 


For the first derivative of V, with respect to x we find 


Sf re)e--Wh freee asm 
40)--40). 


By applying the Green’s formula, the integral (4-5.19) is transformed 


ae = SeNa Cr) = VI Sele) 


a 
=-| wa) cos ade + || | Sede 
ee 4 TJ 7 


since 
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where 3° is the spherical surface bounding 7; and a denotes the angle 
between the exterior normal to the surface Ys and the x axis. The first 
summand is a differentiable function at the point M), since M, lies outside 
of Y¥°. Similarly, if the second summand is differentiable in the neighborhood 
of the point M,, then 9p is differentiable in 7,. From this it follows that at 
the point M, the second derivative of the function V, exists. Consequently, 


Cm a ee 2(-) ce Bae 
GE | sl P55 r cosads +\|\5(--) sede 


For the second summand at M, the following estimate holds: 


[LRG Mel of] meee, sn 
Ox\ r JOE TJ 
provided 

dp 

eld Oa Oo 

aa 


If we apply the mean-value theorem to the surface integral, we obtain 


af. = cosa, _ eae 
—\ sol ee( = )eosede =—| ue) e°Se" de = —p ao 


Here p”* is a suitable intermediate value of the density at a point of Y?°. 


Further, 
a/l x—é 
agg gs Oe 
and 
cos" 1 1 2 4 
ple yf eota tanta tne 

By passage to the limit as 6-0, we obtain 

. a’V, . re) l An 

=i] = ee. te, agate : 
lim ae lim| | wae | Pax : Jeosade | 3 o(™M,) . (4-5.21) 


The equation 


is true for every 6. Since, moreover, its left side does not depend on 6, then 


ev, (/#Vi av, Ar afl 
= =——/)(M | ef : 
ax* lim ( axe ax ) 3 tls ea \\ Jea( r ae. ee) 


The existence of the limit value 


ee l\, _ a1 
Ul, Jat) “|i leony) ae 


follows from the existence of the second derivative @°V/dx* proved above. 
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This integral was obtained by a special choice of passage to the limit, and 
indeed the sphere was shrunk to the point M,.°° This is indicated in formula 
(4-5.23) by the bar above the integral sign. In general, a change in the shape 
of this region implies a change of the limit value; the integral (4-5.23) is 
conditionally convergent (in the sense of the above definition). Accordingly, 


aV = a / i Az ; 
= (Mz) = \\| poe (-) de ~ = pM) . (4-5.24) 


From this we see that the calculation of the second derivatives of the 
potential by formal differentiation under the integral sign would lead to an 
incorrect result. 

Analogous expressions hold for the derivatives a’V/ay’ and @’V/dz2’. By 
substitution of the three derivatives into the expression for the Laplace 
operator we find 


_#V av av 
7 Oe dye? ae 


= ie a a a 
7 |e [ r( r ) T Oy (-) + oF (+) — 4xp(Mo) (4-5.25) 


= —4np(M,) 


AV 


since l/r is a harmonic function. 
Therefore the spatial potential satisfies Poisson’s equation 


AV = —4zp 
inside the body, and the Laplace equation 
4V=0 
outside the body. 
The inhomogeneous equation 
4u=—f (4-5.25') 


possesses the particular solution 


nell 


dn r 


~ 


provided / is differentiable in a fixed region T. 

From this it is evident that the solution of a boundary-value problem 
for the inhomogeneous Eq. (4-5.25’) can lead back to the solution of the cor- 
responding boundary-value problem for the Laplace equation dv = 0, in which 
the sought function is put in the form w= mz) + v. 


98 The limit value (4-5.23) can be regarded as the principal value of the integral. 

96 Formula (4-5.25) was derived under the assumption that the function p(M) was 
differentiable. This condition can be replaced by weaker conditions. However, the 
continuity of p(M) would be insufficient for the validity of (4-5.25), since continuous 
functions p(M) exist for which the spatial potential possesses no second derivatives. 


304 ELLIPTIC DIFFERENTIAL EQUATIONS 


6. Surface potentials 


As the Green’s formula shows: 


UM) =z | \| Ls u“ au (=) |aoe 
dn By Yup on on r 


(see Section 4-2), every harmonic function can be represented by integrals 
which are surface potentials. 

We will now determine the potential of the field of a surface Y loaded 
with a mass. For the definition of the surface density p(P) at the point P 
of ©, we proceed in the following manner. Let {*y} be a sequence of sur- 
face elements which shrink down to a fixed point P on ¥, i.e., the relation 


lim dy = 0 

yo 
holds provided we understand a, to be its surface area. Each 3, corresponds 
to a mass layer m, which is considered as a function of ov, i.e., it can be 
written in the form m= m(o,). Thus we denote the limit value 


uP) = lim m(av) = dm 
o,—-0 dy dap 
as the surface density of the surface Y at the point P.*’ The potential of 
this mass load can then be represented by the surface integral 


VIM) = | ioe Gis (4-5.26) 


the so-called potential of a single layer. 

Another type of a surface potential represents the potential layer whose 
definition we shall now develop. 

We consider a dipole which is 
formed by two masses — 7 and mw 
situated at the points P; and P, and 
at a distance J/ (I-igure 59) from each 
other. The product mJ/ = N is called 
the moment of the dipole. For the 
potential at an = arbitrary point 


(2-1) =n 2 (1-2), 
Yo Y; dl io) al 


where 7, and 7, are the distances of the points M from 7, and 7», respectively. 


M(x,y,2) 


97 If the mass with spatial density p is distributed into layers of thickness h on the 
surface ¥ and the field is considered at the points whose distances from the surface 
are large in comparison with h, (h/r <1), then the consideration of the thickness 
of the layer in general is unimportant. It is suitable however to consider, instead of 
the spatial potential with density », the corresponding surface potential with a surface 
density 4 = ph. 
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If d/ is small in comparison with the distance to the point M (4//r, « 1), 
then by use of the mean-value theorem we can write 
V = n—Z i 2 2 2 
Ty” r=V(x— EP + (y— 9) + (2-0). 
Here the vector lJ is along the direction from the repelling mass to the at- 
tracting mass, and ¢ is the distance of the point M(x, y, z) from a fixed inter- 


mediate point P(é,7, €) of the interval JI. 
For the derivative in the 2 direction we obtain 


d {1 1 cosy 
—(— }=-5cos(r, 1) = 
ee, eos ) r 
where the vector r is directed along the dipole to a fixed point M, whereas 
gy is the angle between the vectors J and r. Hence, the potential of the 
dipole is 


r) 


V(M) = nt ; (4-5.27) 
where WN is the moment of the dipole. 

Now let two surfaces ¥ and x’ (Figure 60) which are parallel and at a 
distance 6 from each other be loaded 
with a mass in such a way that the 
mass of each of the elements of 2’ 
accordingly is equal and opposite to 
the magnitude and the signs of the PS 
corresponding element of ». By n, we 
denote the normal common to the 
surfaces ¥ and X’, which are directed 
from the repelling to the attracting 
masses. Now if we let 6 approach zero, 
then we obtain the double layer as the totality of two infinitesimally close 
layers whose densities have opposite signs. If» is the surface density of the 
moment, then the moment of the surface element dap equals 


dN = vdop. 
For the potential of the element doe at the point M(x, y,z) we then have 


d (=) dap = v(P)—E" dep , 


M(x,y,2) 


FIG. 60. 


“dnp Tup Yup 
—_ 
where ¢ is the angle between n and PM. 
The integral 
d 1 
WM) = — | | ( )APidoe (4-5.28) 
zs) dnp \ rap 


is catled the potential of a double layer. This definition obviously cor- 
responds to the case in which the outer side of the surface acts so as to 
repel and the inner side acts so as to attract. 
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— 
If y, is the angle between the interior normal and the direction PM, 
then 


w =| | Be Plder 
rj Y mp 

If the surface is not closed then we have to regard it as two-sided, since 
the potential of the double layer is defined only for such surfaces. 

The potential of the single and double layers assumes, in the two- 
dimensional case, the form 


v=| PA as (4-5.29) 

ta] uP 

w= -| AP) (in J as = | £OSP1 Eds (4-5.30) 
o dnp Tue o Yup 


where C is an arbitrary curve, yp is the linear density of the single layer, v 
is the moment density of the double layer on the curve, and g, is the angle 
between the interior normal to the curve and the direction to the test point. 

If the test point M(x, y, z) lies exterior to the surface (i.e., outside of the 
attracting mass), then the integrands in the equations 


1 


vim) =| | WP) —der 
wim) = — | |p d ( u \ dor 
ay dnp Yup 


including their derivatives of arbitrary order are continuous functions of 

x,y,z. Therefore the derivatives of the surface potential at the points which 

lie outside of the surface Y can be calculated by differentiation under the 

integral sign. Hence it follows on the basis 

of the superposition principle that the sur- 

face potential everywhere outside the at- 

c tracting mass satisfies the Laplace differential 

equation. The functions (4-5.29) and (4-5.30) 

é obviously satisfy the two-dimensional Laplace 
differential equation. 

P At the points on ¥, the surface potential 

FIG. 61. can be represented by an improper integral. 

If the surface possesses a continuous curva- 

ture, then we can prove directly that the potential of a double layer exists 

at those points of the surface where the curvature is continuous. To give 

the proof for the case of two independent variables 


y 


w =| COSB ge 

oO r 

we consider the curve C in the x,y plane and select as the origin of 
coordinates the point P. The x axis coincides with the tangent to the curve, 
the y axis with the normals at this point (Figure 61). In a fixed neighbor- 
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hood of the point P, the equation of the curve can be written in the form 
y= yx). 


Now C, by assumption, has a continuous curvature, i.e., y(x) possesses a 
continuous second derivative. Consequently, 


2 


y(x) = y(0) + xy/(0) + 55 3!"(9x) < - ie ge ly 


where, because of the special choice of the coordinate axes, it follows that 


loo 


y(x) = ory (9x). 


Therefore, we have 
an i} 2 up PPP Aa Se 
paVEt payee [Fe] =r/14x[2 | 
YI) 
r Eton) 2, 
afi+x[ 2 > | 


and 


Further, for the curvature, 


results from the expression 


Therefore, 


This expression shows the continuity of (cos¢g)/r along the segments of the 
curve and therefore also the existence of the potentials of the double layer 
at the points of the curve C, provided »v is bounded. 

In the three-dimensional case, the potential of the double layer also exists 
at the points of the surface considered, since the function 


COS Y 


2 
r 


has an integrable singularity of order 1/r. The existence of the potential of 
a single layer presents no difficulties. 
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7. Liapunov surfaces and curves 


The requirement that the surface » considered possess a finite curvature, 
is conSidered superfluous for the existence of the corresponding surface 
potential. 

As is Known, the potential of the single and the double layer are im- 
proper integrals at the points of X. We shall show that these integrals for 
a definite class of surfaces, the so-called Liapunov surfaces, converge, if the 
density of the layer is bounded, that is, if |»(P)| < C, C = const. 

A surface » is called a Liapunov surface if the following conditions are 
satisfied: 

1. At each point of » a well-defined normal (tangent plane) exists. 

2. A number d> 0 exists such that the elements "> of the surface ¥ 
parallel to the normals at any point P of S& which lie within a sphere of 
radius d about P do not intersect » more than once. These surface elements 
Sp are called a Liapunov neighborhood. 

3. The angle 7(P, P’)=(np, ne-) formed by the normals at two points 
P and P’ satisfies the condition 


r(P, P') < Ar’, (4-5.31) 


where ¢ is the distance between the points P and P’, A is a fixed constant, 
and0<6S1. 

Now let P, be an arbitrary point of ». We then choose a rectangular 
coordinate system whose origin is at P, and whose z axis is in the direction 
of the exterior normal. The x, y plane then coincides with the tangent 
plane at this point. Because of condition (4-5.2), a po exists such that the 
equation of the surface Y can be written in the form” 


z=f(x,y), (4-5.32) 
provided 
p=VE+S < po. (4-5.33) 


Now let Y>, be a neighborhood of the point P, on the surface ¥ deter- 
mined by the conditions (4-5.32) and (4-5.33). 

From the existence of the normals at each point on the surface (Con- 
dition 1) the differentiability of f(x, y) follows. The direction cosines of the 
exterior normals, therefore, are given by the formula 


2y 1 


ex 
cosy = TCO . 
Vilte+2 


COSA SSS cos B So 

Vleez? 2 Vive ret 

Because of the special choice of our coordinate system, however, z,(P,) = 0, 

and z,(P,) = 0. We assume the surface xP, to be so small (i.e., po is sufficiently 
small), that 


98 If the function f(x, y) [in the neighborhood of the point Po has a continuous 
second derivative, then the surface satisfies the Liapunov conditions. Consequently, 
surfaces with continuous curvature belong to the class of Liapunov surfaces. 
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(4-5.34) 


Further, we denote by n>, the projection of the vectors np on the x, y plane 
and by a’, #’ the angles formed by the vectors np with the x axis and the 
y axis, respectively. Obviously then, 


cosa=sinycosa’ cosf=sinysina’. 
Condition (3) now asserts that 


sing <7 < Arpp, , 


hence 
cosa| < Arve,: |cos B| < Ar>p,, (4-5.35) 
and since 
zp SSE gp OSE with bin2) 
cosy cosy cosy 
then 
|z:|<2Arpr,,  [2,| < 2Arbp,. 


If we now apply Taylor’s formula to z=/(x, y) in the neighborhood of 
the point P,(0, 0), we obtain 


2(x, y) = 2(0, 0) + xz.(X, ¥) + yz,(%, 9), 


where 
O<*<x, Oy Sy. 
From this follows the estimate 
l2(x, »)| < 4Arze, . (4-5.36) 


The estimates (4-5.34) and (4-5.36) now permit the proof of the proposition 
that the potential of the double layer 


wim) =| | SSP Pidoe (4-5.28) 
rl 7 ue 

at points of the surface Y represents a convergent improper integral, pro- 
vided © is a Liapunov surface. Now let M= PP, be a point on the surface 
x. If we choose our coordinate system again in the above-described manner, 


we can write the equation of the surface ¥ in the neighborhood of the point 
P, in the form 
z=f(x, y), 
where the function f(x, y) satisfies the inequalities (4-5.34) and (4-5.36). 
Now if @ is the angle between the direction of the interior normal at 


sie 
the point P(é, 7, ¢) and the direction PP,, then we can easily obtain the 
relation 
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¥ 
|cos¢| =|$-cos.a + — cos f +—cos7 <|cosa| + |cos| -= 
r r 


5 § 5 § 
< Arpp, + Arpr, + 4Arpr, = SArpr, 
and 


cose 
2 


s OATE : O<d<1. (4-5.37) 


Further, we can write the integral W(M) as the sum of two integrals: 
W= W, + W, . 


Here W, denotes the integral over the surface ¥}, containing the singular 
point P,, and W, is the integral over the remaining part of the surface, 
that is, it is extended over Y —\},. For proof of the convergence of W it 
is sufficient to show the convergence of W,, since the integrand of W, re- 
mains finite everywhere. In polar coordinates p= /é?+7? and @ in the 
x, y plane, 


ee dé dy a pdp do 
cosr cosy 


holds, so that by a transformation of the variables we obtain 


Wi=| [SSP Pidan = |") SSP Ppp 
Zp 


0 Jo 4 PPo COSs7 


On the basis of the estimates (4-5.34), (4-5.36), and (4-5.37) and because p < r 
we have for the integrands 


uP? ——|s P= 
Y cosy 


This form of the majorant function F, however, guarantees, in the case 
of two independent variables, the convergence of the improper integrals (see 
Section 4-3). 

It can easily be shown that for a Liapunov surface the potential of a 
single layer 


YV(M) = | | BL P)deop (4-5.26) 
£ 


Yup 
also converges at points of this surface. Let it also be noted that the 
potential for a more comprehensive class of surfaces converges. 

In the two-dimensional case the potential of the single and double layers 
converges at points of the curve considered [see formulas (4-5.29) and (4-5.30)], 
provided this potential exists ona Liapunov curve. The conditions for these 
curves are analogous to Conditions 1-3 for the Liapunov surfaces. 


8. Discontinuities of the potential of a double layer 


We shall now prove that the potential of a double layer at a point P, 
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on the surface 2 is a discontinuous function, for which the relations 


W 1(Po) = W( Po) + 2nv( Po) 


W4( Po) = W(P,) — 22v( Py) (4-5.38) 


are valid. Here W,(P)) denotes the limit value of the potential of the 
double layer for an approach to the point P, from the inner side, and W 4(P)) 
the limit value for an approach from the exterior side of the surface.” 
In the case of two independent variables, the corresponding formulas 
have the form 
W, (Po) = W(Po) + x( Po) (4-5.39) 
W (Po) = WP») — mv(Po) . 


For simplicity, we shall limit ourselves to the proof of these formulas for 
two independent variables. 
The potential of a double layer is represented in this case by the integral 


WM) =| OOS ids. 
o YmP 
We begin with an arbitrary element of arc ds, whose end points are P 
and P,. Through the point P we construct acircular arc of radius MP about 


M. This cuts the ray MP, at the point Q@. Then we can write to within 
terms of higher order 


dscosg=dze, do = dw (4-5.40) 


(Figure 62), where ds = PP, and do = PQ, while dw denotes the angle by which 
one observes the arc ds from M. The sign of dw coincides with the sign of 
cosg. Consequently, dw > 0, provided g (the angle between the interior 


normal at the point P and the vector PM) is less than 2/2, and dw < 0, pro- 
vided g > 2/2. If dw > 0, 1e., go < 2/2, then the point M is seen from the 
‘interior’ side, and if dw <0 (g> 72/2), by contrast, it is seen from the 
“exterior’’ side of the curve C. From this it follows that the angle by which 


one sees an arc P,P,, from the point M equals the angle P,MP;, which de- 


scribes the ray MP, when the point traverses the arc P.P,. 
We now consider the potential W° of a double layer with constant 
density » =», =const. The ray MP describes the angle 


2n providing the point M@ lies in the interior of curve C 
Q=4 x providing the point M lies on the curve C 
0 providing the point M lies in the exterior of curve C 


when the point P traverses the entire curve C. From this we find for the 
potential W°: 


99 If XS is an unclosed surface, we have to decide which normal shall be designated 
at the point Po as ‘‘interior’’ and which as “‘exterior’’; this choice is completely arbi- 
trary. We have only to observe that for unclosed surfaces the potential of the double 
layer is defined only for two-sided surfaces. 
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2rV9 providing the point M lies in the interior of curve C 
W® = Qu =4 rv providing the point M lies on the curve C 
0 providing the point M lies in the exterior of C. 


Therefore, the potential with constant density is a piecewise constant func- 
tion and is given by 
W? = Wo + Tyo 


0 
A> W$—z% 


(4-5.41) 


when Wt, Wo, W% are the values of potentials in the interior, on the curve, 
and on the exterior of the curve C, respectively. 
Correspondingly, for three independent variables: 


GUO O = Hp (4-5.42) 
r 

where dw is the solid angle subtended by the element 
do of the surface ¥. Now let do’ be an element of 
the spherical surface which we obtain when we let 
a cone whose vertex is at point M and whose base 
is the surface element do intersect the sphere of 
radius MP about M.-.We then obtain for the spheri- 
cal surface element 


M FIG. 62. do’ =dacos¢. 


From this formula (4-5.42) also follows. The above 
observations with regard to the signs of dw also remain valid here. This 
leads to the relations. 


Arvo provided M lies inside of ¥ 
W* =w2=42z2, provided M lies on ¥ 
0 provided M lies outside of ¥ 


by which the piecewise constant function W° is determined. Further, we 
arrive at the formulas 


Wr= WS + 2x and = WS — 2x (4-5.41’) 


in which W;, W*, denote the values of the potential W° inthe interior and 
in the exterior of the surface ¥, while W’ is the value of the potential on ¥. 

We proceed now to the consideration of the potential of a double layer 
with a variable density and show that at the points of continuity of the 
density, relations exist which correspond to formulas (4-5.41) and (4-5.41’). 

Let P, be a point of the surface ¥ at which the function v(P) is con- 
tinuous. Further, let W° be the potential of the double layer with constant 
density » =»(P,). Then the function 


KM) = WM) — WM) =| lu — oJ RE dar, 
Ay MP 
as we Can prove immediately, is continuous at the point P,. Therefore, it 
is sufficient to prove the uniform convergence of the integrals J(M) at the 
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point Py). Let us prescribe an arbitrary number « > 0. From the continuity 
of oP) at the point P, it follows that for an arbitrary prescribed n>Oa 
neighborhood »%, exists of Py on the surface ¥, such that 


|2(P) — v( Po) | <7 
when P is in ¥,. Now we write the integral J(M) in the form 
f=]+h, 


where /; is extended over *, and /, over ¥,= 5 —JS3,. From the definition 
of &, it then follows that 


ee | < Br , 
where By is a constant which for all M satisfies the inequality 
| Selo < Bs (4-5.43) 
z Y uP 


but which does not depend on the choice of the surface %,. More details 
will be given later about this constant. 

If we now select 7 = e/Bs, we know that for every e > 0 there actually 
exists a 3, containing a Py such that for each point M we have 


l\i(M)| <e. 


From this, however, follows the uniform convergence of the integral [(M) 
at the point P, and therefore also the continuity at this point. 

If Wi(P.) and Wa(P,) are the limit values of the potentials Wy as M—P 
on X* and 3X”, respectively (¥" and ¥~ denote the interior and the exterior 


sides of %’), then 
Wi(Po) = W4(Po) + I Po) = W%Po) + Po) + 2xv) = W(Po) + 22v( Po) 
and analogously 
W al Po) = W(Po) — 2xv( Po) . 


Therefore, the validity of (4-5.43) is proved. 

The above proof holds for surfaces which satisfy the boundedness con- 
dition (4-5.43). For convex surfaces in which each ray from the point M 
cuts the surface twice at most, we find By < 8x; for surfaces composed of 
a finite number of convex pieces, Bs likewise is bounded. Therefore the 
proof given here holds for a very wide class of surfaces. 

These calculations also remain valid for functions of two independent 
variables, except that here formula (4-5.41) has the form 


W1(Po) = W(Po) + z( Po) 
Wa(Po) = W(Po) — x Po) . 
9. Properties of the potential of a single layer 


In contrast to the potential of the double layer, the potential of a single 
layer 
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1 


TMP 


VM) =| | aw P)do p (4-5.26) 
is continuous at points of the surface ¥. For the proof it is sufficient to 
show the uniform convergence of the integrals V(M) at points of the surface 
v 


If Py is an arbitrary point of the surface Y, we can write the potential 
V(M) in the form 


jt 
v=| | w(P)dep + | Pde ViVi 
I,J 7p rnd TMP 
Where +; is a sufficiently small part of Y which is contained in a sphere of 
radius 6 about the point P. We shall consider the magnitude of 6 later. 

We consider now a coordinate system whose origin is at the point P, 
and whose z axis is in the direction of the exterior normal at P,. Let M(x, y, z) 
be an arbitrary point whose distance from P,(0,0,0) is equal to MP, < 6. 
Further, let ¥; be the projection of Y, on the x, y plane and KX acircle of 
radius 26 about M(x, y, z) which lies entirely in Yi. If we assume the 
boundedness of the density p(P) 

|u(P)| < A 

and note that 
da’ dédn 


~ cosy cosy 


and 
r=V(x— &)P + (y — Ph + (2 - CP BV (x -— FP + (y— nh =e, 


we obtain the estimate 


vim < al | aay 


—S— Ss do’ 
Va- +o tat) cosy 
< 2a\ \ a a 2A\ —————— 
V(x — oF + (vy — 9 cM) V@— 2 + 
when 6 is so small that cosy > 1/2. 


Now we introduce the polar coordinates » and ¢ in the x, y plane with 
origin at Af’. Then we can write 


= 28 72x 
Vi(M) < 24 | \ = = 24\ | pdpde 8Axé. 
Ag IV (x =e? + (y = 9) ojo 9 


For 6 = ¢/8xA, 

Vi(M) <e, 
when MP, < 6. Consequently, at each point Py, on Y, V(M) converges uniform- 
ly and therefore is a continuous function. 


On the other hand, however, the normal derivatives of a single layer 
have discontinuities on ¥ of the same kind as the potential of a double layer. 
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The exterior and interior normal derivatives of V, that is, dV/dn, and 
dV/dn;, are defined as follows. Let P, be an arbitrary point on 2. Through 
P, we draw the z axis, which then can have the direction of either the ex- 
terior or interior normal. 

We now consider the derivative dV/dz at a 
point on the z axis. We denote by (dV/dz),; and 
(dV/dz), the limit values of the derivative dV/dz 
as the point M approaches the point P, from 5* 
or XS, respectively. If the z axis has the direction 
of the exterior (interior) normal, then this value 
is called the inner (outer) limit value of the deriva- 
tive with respect to the exterior (interior) normal 
at the point P,.'” FIG. 63. 

Now we investigate the discontinuity of the 
inner normal derivative of the potential of the single layer on Y. The deriva- 
tive dV/dz at a point M of the z axis directed along the interior normal is 


equal to 
aM) | [PI a ( l aor =| |<e8f w(Pider (4-5.44) 
r I 


dz On\ Tup Y MP 


where ¢ is the angle between the z axis and the vector MP. Now we draw 
through P (Figure 63) the normal PQ and the straight line PN parallel to 
the z axis (the normals at P,). We denote by @ the angle NPQ. This coin- 
cides with the angle between the normals at the points P and P,.’*' 

The expression for the potential of the double layer W(M) contains the 
factor cosg/r*> where g = « MPQ. Since the angle MPN equals x — ¢, 


cos(x — ¢) = cosycosé + sing sindcos2 = —cos¢, 


where 2 is an angle defined by the surface and PQ.'” From this it follows 
that 

aV(M) _ 

02 7 


2 


=| \(ucoso) Ss aa = | wsing cos 057% da 
z r I 


=— W,— (M) (4-5.45) 
where W,(M) is the potential of the double layer with density p, = pcosé. 


100 The limit value of the difference quotient (V(M) — V(Po))/MPo as M — Po is equal 
to the existing limit value of the derivative with respect to the exterior normal ap- 
proached along the exterior normal, or equal to the limit value of the derivative with 
respect to the interior normal approached along the interior normal, according to the 
manner in which M approaches the point P, when these derivatives are continuous 
along the normal and on ¥. 

101 Obviously, as P -» Po, 9 and sin@ approach 0. If the surface in the neighborhood 
of Po has finite curvature, i.e., if its equation can be written in the form z= f(z, y), 
where f(z, y) is twice differentiable, then sing is a function differentiable with re- 
spect to x and y; consequently, sing < Ar (for Liapunov surfaces sing < Ar'®). 

102 If the PQ direction is chosen as the axis of a new polar coordinate system, 
then this formula coincides with formula (4-5.13). For the geometrical significance of 
this angle, see footnote 88. 
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W,.(M) has discontinuities on ¥. If the integral JM) is a continuous func- 
tion at Py, then ((M) converges uniformly at this point (see footnote 101). 
By consideration of formula (4-5.45) we obtain at the points of discon- 


tinuity of Le 
(=) 
oz T 


( ) 
oz A 
Now we set 


($) = —W.(Ps) — KPa) 
0z 
[-|, |x cosa)-<2 oe do — | |wsina cosoSne de | 
Py Zz r M=Po 
=| Va cos You 
z YP \P 
— 
where ¢ is the angle between the z axis and the vector P,P. If we note 
that 4:(Po) = u(Po), then 
aVv aVv 
—) =(—) —2ru(P, 
ea) (Sr), ion 2 


(=) = ( a ~) 4 2xu(P,) (4-5.47) 
ony A On /o 


— Wi(Po) — 2 t,( Po) — I(Pp) 


I 


= W.(Po) + 2z t4( Po) SF I(Po) . (4-5.46) 


results, since by convention the z axis has the direction of the interior 
normal. If the z axis is in the direction of the exterior normal, the sign of 
cosy changes and we obtain 


Gn.) =) + Qnue(Po) 
Ona) 1 6n4/ 


av. av 
Cale ‘Coy — 2nu(Po) « (4-5.48) 


In the two-dimensional cases there are corresponding formulas; we have 
only to replace 2a by z 


10. Application of the surface potential to the solution of 
boundary-value problems 
The surface potential is a convenient analytical tool in the solution of 
boundary-value problems. We consider the interior boundary-value problem 
for a curve C. 


Determine the function #, which is harmonic in the region 7, bounded by 
the curve C, and on C satisfies one of the boundary conditions 


first boundary-value problem: ule =f 


second boundary-value problem: —|=f 
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The exterior boundary-value problem reads correspondingly.'™ 
We write the solution of the first interior boundary-value problem as 
the potential of a double layer 


WM) =| LSP YP dsp = -| (10 


Jo Yup o dip 


)APidse : 


rer 


For an arbitrary choice of v(P?) the function W(M) satisfies the Laplace 
differential equation interior to C. On C, W(A/) is discontinuous. There- 
fore if the boundary condition is to be fulfilled, we obviously must have 


W,1(Po) = I(Po) : 


By using formula (4-5.41) we obtain the equation 


rv( Ps) + | SOSP (Pidsp = SUPs) (4-5.49) 


Jo Fror 


for the determination of 2(P). If so and s are the values of the length of 
the arcs on C corresponding to the points Py and P, then Eq. (4-5.49) can 
also be written in the form 


mu(So) -+ ("ate s)u(s)ds = f(So) , (4-5,50) 


0 


where L is the length of the curve C and 


Pees (in) — £089 (4-5.51) 


dnp rrry rrr 


is the kernel of the integral equation. Here we are dealing with a Fredholm 
integral equation of the second kind.’ For the exterior problem we obtain 
the corresponding equation 


— mvu(So) + |Ats , SUs)ds = f(So) . (4-5.52) 

For the second boundary-value problem we find the equations 
interior boundary-value problem: — rp(so) + cer s)p(s)ds = f(So)  (4-5.53) 
exterior boundary-value problem: Tp(So) + ices , S)u(s)ds = f(s9) (4-5.54) 


1038 for the formulation of the second boundary-value problem, it makes no difference 
whether in treating the interior or the exterior problem, the inner normal is always 
selected as the normal in the boundary condition. 

10 Linear integral equations with fixed limits of integration are called Fredholm 
equations: 


6 
first type: \ K(x, s)e(s)ds = f(x) 


6 
second type: g(x) + \ K(x, s)e(a)ds = f(x). 
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where 


Riwyeee (in) = S080 (4-5.55) 


oe pry PP» 


when its solution is written as the potential of a simple layer'® 


uM) =| In u 


o mp 


u(P)ds p . 


The questions which relate to the solvability of these equations will be 
P(s) discussed in Section 4-5 §11. 

In the following we shall treat the boundary-value 
problem for a simply connected region for which the cor- 
responding integral equations are easily solvable. 

1. The first boundary-value problem for the circle. \f the 
Also) curve C is a circle of radius R, then the interior normal 


p’ at the point P is in the direction of the diameter and is 
FIG. 64, 
cosg 1 
ry - 2R° 


since y is the angle of P,PP’ (Figure 64). The integral equation for the 
function v(s) therefore assumes the form 


v(So) + =| selves a Lass ; (4-5.56) 
fa] ig 


The solution of this equation is the function 


v(s) = + f(s) + A, (4-5.57) 


where A is a constant yet to be determined. If we put this expression for 
the solution in (4-5.56), then 


Afi) +A ++ ap(—f) ip A) Ke); 

v xa)e2R\x ra 
from which we obtain for A the expression 

1 
A= — aR | fds . 
Therefore 
Us) = Ly(s) — aR | f(s)ds (4-5.58) 
3 4x°R Jo ; 


is the solution of the integral equation. 
For the corresponding potential of the double layer we obtain 


105 We easily see that K(so, s) = Ki(s, so). Such kernels are called adjoint and the 
corresponding equations, adjoint integral equations. 
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—{ ©OSP i, _{ cosyf 1, 1 \Je tse 
W(M) = U(P)dsp = — f(s) -—>—~\ s(s)ds ds . 
o Yup o Yr Tt An’R Jo 


If M lies interior to the curve C, then the right side of the last formula is 
transformed as follows 


w ==| SSE sisds =( | f (sds) | et ds 
(9) Cc 


m4 4x’?R Co 
= -| SOSP Fs\ds — Cera f(s\ds) -2n (4-5.59) 
nso + 4x’ R Jog 


nt fF COSE: Nak 
- =m r 2K )fisvds i 


Now we sce from 4OPM (Figure 65) that 
Ka cose, _1_ _ 2Reosp =r _ 2Rreosy = 9° 
r 2R 2Rr a 2k? 
R= py 
cay ee eas en ES ee 4-5.60 
2R[R? + ps — 2Rp,cos(V — O)] my 
Then 
m= Rk’ +r —2Rreos¢. 
Finally, if we substitute expression (4-5.60) for AK into (4-5.59), we obtain 
Poisson’s integral 


“w= Who, Oo) =. 


Qn (R® — ps) f(0)d0 
A pa JOO 4-5,61 
oR+ay— 2Rpo COS(d — Oo) 


as the sclution of the first boundary-value problem for the circle. 
These considerations show that for every continuous 


function /(@), a harmonic function is defined by formula 
(4-5.61) which continuously approaches the boundary value 


S(O). Cm 


If f is only piecewise continuous, then the function 
W, because of the properties of the potentials of the 
double layer, also is everywhere continuous where / is 
continuous. Further, from the boundedness of /, 


a ee oer FIG. 65. 
follows the boundedness of the function W from (4-5.61): 
R? — pi 


1 Qn 
W(00, 0 < C=) SF HI = C: 
| Wp, 90) | a Ce a po — 2Rpo cos(d — Go) ° 
then'® 
1 (7 = 0% 
—\ > hil = 1. 4-5.62 
al R? + p% _ Z2Rio cos(¢ — Oo) ‘ \ 


108 equation (4-5.62) results from the fact that the left side represents the solution 
of the first boundary-value problem for f = 1 (see page 281). 
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2. The first boundary-value problem for the half space. Let us determine a 
harmonic function which is everywhere continuous in the half space z 2 0, 
assumes a prescribed value f(x, v) on the boundary z= 0, and at infinity is 
equal to zero. 

We write the solution of this boundary-value problem as the potential of 
a double layer: 


Wx, 2) = | “setae, ydtdy, rr=(x—éP +(v—7)? +2’ 


In the present case, 


cosy z ra 


roo [Cx = €)F + (vy — 7)? + 2778 


and for the kernel of the integral equation we find 


1 / cose 
—| — =0.% 
ral _ Me: 


Therefore, the density of the potential of the double layer is given by 


W(P) = af P) 


Mae 


and the function sought is equal to 


ee Pere So 2 Z 
u(x, ¥, 2) = x\__| (ix — ey) + Gv — n) ee ype nde dn. 


ars 


It can now easily be shown that a(x, y,z) tends to zero uniformly as r = 
Vt ty? + 22-0 when / has this property also. 


11. Boundary-value problems and their equivalent integral 
equations 


In the solution of boundary-value problems for the Laplace differential 
equation with the help of the potentials of the single and double layer we 
arrived at Fredholm integral equations of the second type (4-5.50). 

The conditions for solvability of the Fredholm integral equation of the 
second kind with continuous kernel and bounded (integrable) right side are 
similar to the solvability conditions for systems of linear algebraic equations 
(to which the integral equation leads if the integral is replaced by a correspond- 
ing integral sum). 

The first Fredholm theorem reads as follows: 


Theorem. An inhomogeneous Fredholm integral equation of the second kind 
has one and only one solution if the corresponding homogeneous equation 
has only the zero solution. 


The Fredholm theorem is directly applicable to curves of bounded curva- 
ture, since here the kernel of the integral Eq. (4-5.50) is continuous. 


The Fredholm theory, however, is also applicable if one of the iterated 
kernels 
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KP, P,) = | JP, M) K°"(M, P;) dow 


K‘)(P, M) = K(P, M) 
is Continuous. 


Theorem. We now prove the theorem: If S is a Liapunov surface, then 
the iterated kernels of the corresponding integral equation are continuous 
from a certain index on. As we have seen earlier, for a Liapunov surface 
we have 
cose 

Yr? 


E 2-5 ° 
The iterated kernels can be written in the form 


Ki, A(P:, P:) = | | uP. M)KM, Biase. 
Pa 


If 
C; 
I Kil <a; (783= PM, ae OF t4.2)3 
then 
C 
| Kise] <emar for ata, <2, r=P,P,. 


Obviously, it is sufficient to prove this estimate for the case in which the 
point P, lies in the Liapunov neighborhood %, of the point P,. Therefore, 
instead of the integrals over 2), we can consider the integral over the pro- 
jection S, of this neighborhood on the tangent plane at the point P,, since 


oP, M) 


. r(P,M) 


IV 


=B>0, 


(where o(P, M) is the distance between the pro- 
jections of P and M on the tangent plane, B is a 
certain constant), and since the relation dso = dS/cos+ 
exists between the surface element do and its pro- 
jection dS; then according to formula (4-5.34), 


cosy > 1/2. 
The following lemma holds for a plane region: FIG. 66. 
Ga 
Ci 
Kile, 
‘% 
then 


\I|= 


2—-a@\—ae ° 


| | KP, KAM, Pi)dx dy| <- 
So 


Let R be the diameter of the region S,. Then we split the integral J 
into the integral /,, over a circle G, of radius 27 about P,, and J,, over the 
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remaining region G, (Figure 66). Now for a point M lying in G, we find 


2 r 3r 
2s (nsmtrs2n, rmSntrsnt+s=—s : 
r, 3 2 2 
There results for /, the estimate 
C 
ax R rama ’ a +a,<2 


Il < c.C,] | pondel'e 


a 
CR oa ta >2. 
Further, if we introduce in 7, the substitution 


= 7x 


ve R 


II 


, 
! 
r 


4 


then we obtain 


In| < 


1 CC, / / 
vara | qRa at dy'|. 
In the last integral, extended over the circle Gi of radius 27, ri is the dis- 
tance from the center and 72 is the distance from the bisection point of 
the radius. Consequently, this integral converges, i.e., it does not depend 
on ¢. 
From this it follows that 

C. 

lhl < ‘ 
r 


“pmaimae * 


Now if we set C; + C,=C, then we obtain the sought inequalities: 
C 
ala; ? 


Pipe 


CR®*+02-? ’ ay + Ae > 2 . 


ata,<2 


Accordingly, from a certain index on, the integral, which can be represented 
by the iterated kernel, is bounded and converges uniformly, i.e., they are 
continuous functions of their arguments. 

With the use of the first Fredholm theorem we shall now prove that 
the integral Eq. (4-5.50) has exactly one solution. 

We limit ourselves here to the consideration of convex curves which 
contain no straight line elements. In this case, the kernel of Eq. (4-5.50) is 
not negative, since 


K(P,, P)dsp = do , 


where dw is the angle formed by the arc dsp as seen from the point Pp. 
We consider the first interior boundary-value problem. The homogene- 
ous integral equation corresponding to Eq. (4-5.50) has the form 


eg |, Klse, Hutdeaw:. (4-5.63) 


0 
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As we have already seen (Section 4-5 §8), we have the relation 


L 
| K(so,s)ds=2. 
0 

With the help of this expression we can write the homogeneous Eq. (4-5.63) 
in the form 


‘450 + v(s)] K(so, s)ds =0. (4-5.64) 


Now let Po (sc) be a point of the curve C at which the function |>»(s) | 
assumes its maximum. Then the sum v(s3) + (s) has a constant sign. If 
now in (4-5.64) we set so = so and note that K(s,.,s) =0, we obtain 


v(so) + us) = 0 or v(s) = — v(sp) . 


This result, however, contradicts the continuity at the point so, if only 
(so) # 0. 

Consequently, the homogeneous Eq. (4-5.63) possesses only the zero solution 
so that the inhomogeneous equation for an arbitrary f(s) has exactly one solu- 
tion. ©’ 

The exterior second boundary-value problem leads, as we have already 
seen (Section 4-5 §10), to the integral equation 


p2(S0) + i: Kils, s)2(s)ds = f (5) , (4-5.54) 


whose kernel K, (so, s) is adjoint to the kernel K (sp, s), i.e., Ky (so, s) = K(s, So) 
now holds. 
We shall now consider the second Fredholm theorem, which reads: 


Theorem. The number of linearly independent solutions of a homogeneous 
Fredholm integral equation is equal to the number of linearly independent 
solutions of the adjoint equation. 


According to this theorem, the solution of Eq. (4-5.54) is uniquely defined. 
The exterior first boundary-value problem corresponds to the integral equation 


ey 4: \: K (50, s)v(s)ds = f(s) « (4-5.52) 


The homogeneous equation (f= 0) can, on the basis of the above considerations, 
be reduced to the form 


|" [v(So) — v(s)] K (so, s)ds=0. (4-5.65) 


0 


If so is a point at which |»(s)| assumes its maximum, then 
v(so) = v(s) 
results from (4-5.61).. Therefore 


107 If straight Jine boundary elements are present, then the considerations are some- 
what complicated but present no special difficulties. 
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v(s) = const.= vu» 


is the single solution of the homogeneous equation. On the basis of the second 
Fredholm theorem, therefore, the adjoint homogeneous equation has exactly one 
solution. 

The third Fredholm theorem reads: 


Theorem. If a homogeneous integral equation 
ti) 
g(x) = | K(x, s) y(s)ds 


possesses & linearly independent solutions, ¢;(x) (¢= 1,2, ---, &), then the in- 
homogeneous adjoint equation 


6 
(x) = | K(s, x) P(s)ds + f(x) 


a 


has solutions when 


6 
| fla) gilx) dx =0. 

If we apply the third Fredholm theorem to: Eq. (4-5.53), which corresponds 
to the interior second boundary-value problem, then we obtain 


|" s(s)ds =0 (4-5.66) 


as a solvability condition for this problem. We have already encountered this 
condition in Section 4-5 § 1. 

The solvability condition for the exterior first boundary-value problem has 
the form 


5 f(s)h(s)ds =0, (4-5.67) 
0 

where /A(s) is the solution of the homogeneous problem corresponding to (4-5.53). 
We shall discuss briefly the physical significance of this function. 

Let a cylindrical conductor, with cross section S, be charged up to a fixed 
potential V,. The total charge on the conductor is found on its surface; h(s) is 
the density of the surface charges. The potential produced by the surface 
charges is then the potential of a simple layer with the density / (s) and can be 
represented by formula (4-5.29). The normal derivative for an approach from 
inside the conductor is equal to 0, since there V= const. Therefore /:(s) satis- 
fies the homogeneous Eq. (4-5.53) and is proportional to the above-introduced 
function h(s), whereby the physical significance of this function is made 
clear. 

In conclusion, we can state that the integral equations to which the bounda- 
ry-value problems considered here lead are always solvable for the interior first 
and exterior second boundary-value problems, whereas the interior second and 
exterior first boundary-value problems must satisfy the conditions (4-5.66) and 
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(4-5.67). We shall not investigate the questions regarding the solvability 
of the remaining boundary-value problems.’*” 


4-6. THE DIFFERENCE METHOD 


1. The difference method for the Laplace differential equation 


In cases in which no analytical expression for the solution can be given, 
then besides considering the numerical methods for the solution of the corre- 
sponding integral equations, we can also go back to difference equations which 
arise from the differential equation. 

For a function of a single variable y = f(x), instead of the second derivative 
we can use the difference quotient 


A’f -7[(44-44] _ (fle th) = fix) — Lf) — fz] 
h h h? 


h? h 
_ Let Nt fle W=2fta) (4-6.1) 


Here 4*f = f(x+h) — f(x) is the first right-sided and 4-f= f(x) — f(x—h) is the 
first left-sided difference. In the case of two independent variables, the second 
differences read 


Alu =ulxth, y) + ulx—h, y) — 2u(x, y) 
Ayyt = u(x, yth) + u(x, y—h) — 2ulx, y) . 


The difference quotient for the Laplace differential expression obviously 
then has the form 


Am  uxth, y)+ u(x, yt+h) +ulx—h, y) + ulx, y—h) — 4x, y) 

pe eg ree (4-6.2) 

The transition from a differential equation to a difference equation corre- 
sponds to the transition from a continuous argument to a discrete argument. 

We take now anarbitrary positive num- 
ber h# and construct a network in the x, y plane 


consisting of two systems of straight lines at [[ | |] Lr 
right angles to each other, the lines of which L | 
are at a distance hk from each other (Figure 67), 4} ai 
and consider only the values of the function |{{ [| | | | H 
at the net points. t+ Ba — 
In the following we shall treat the first aa eed G 


boundary-value problem for the Laplace dif- LL RRR rr 
ferential equation in a region S, which is FIG. 67. 
bounded by the curve C. OnC let a bounded 

continuous function f be prescribed. 


108 For further details, see, for example, I. G. Petrovski, Lectures on Partial Dif- 
ferential Equations, Interscience, 1954. 
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For the difference method, the given region S is replaced by a network 
region S, which approximates S. We assume that the region S, consists of 
those squares of our network which lie entirely in S (one could also have 
chosen as the approximating region S, the totality of all the squares of the 
network which have at least one point in common with S). Let C, be the 
straight line segments bounding the region S,. Obviously the distance of 
each corner point of C, from the curve C does not exceed hV/ 2. 

Now at the corner points of C, we define a boundary function f,, which we 
take at each of these corner points to be equal to the value of the function / at 
the nearest point of the boundary C (or at one or more of the closest neighboring 
points if there are several).’” 

The first boundary-value problem for the difference equation corresponding 
to the Laplace differential equation can then be formulated as follows: 

Determine a function which at the net points Mi,(x;, y,) interior to the 
region S, satisfies the Laplace difference equation 


Cp) Ch) th) (h) (h) 
Midi eb Ui esi t Uji, et Ui pi 4 = 0, (4-6.3) 
where 
(h) 
i,k = U(X7, Ye) 


and assumes the value f/f, on Cy. 

For the solution of this problem we must determine the value of the net 
function uj at the interior net points My of the region Sy, and at each interior 
net point M;, the difference Eq. (4-6.3) must be satisfied. Thus we obtain for 
the determination of the net function a system of algebraic equations of the 
first order whose number equals the number of the unknowns. 

The system of difference equations possesses exactly one solution. 

To prove this proposition it is sufficient to show that the corresponding 
homogeneous system possesses only the trivial solution. 

The system of difference equations is a system of inhomogeneous equations, 
since the values w;,, at the corner points of C, are prescribed and are equal to the 
values of f,. The transition to the homogeneous system is therefore equivalent 
to the boundary function being everywhere equal to zero, f, =0. We shall 
show that in this case the solution of the difference system at all the net points 
of the region S, is equal to zero. 

Suppose a value w;,, # 0 exists; without loss of generality we can assume 


Hine, > 9. 

Further, let «;,,%, be the maximum of our net function, so that 
Ui k S Uig, ko 

at all points of My, in S,. However, the equation 


__ Mig-1, kg 1 tig.ky — 1+ Minti, kg + Mig, ko+t 
Wig, kg = pe ee 


109 The degree of arbitrariness in the selection can, because of the continuity of f, 
be made arbitrary small, when hf is chosen sufficiently small. 
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can hold only when 
Uig-1, kg = Mig, kg-l = Minti, ko = Uig, kgti = Mig, ko 


Proceding in this way for tij+1.495 @Mio+2.ko. Tespectively, we finally arrive at a 
boundary point and thus obtain a contradiction since, by assumption, the bounda- 
ry values are equal to zero. Also, the assumption wi,,%, < 0 leads to a contra- 
diction. 

From this it follows that 


u;,4=0 


at all interior points of the region S, i.e., the homogeneous difference system has 
only the trivial solution. Simultaneously, the uniqueness of the solution of 
the first boundary-value problem for the difference equations corresponding to 
the Laplace differential equation is proved. 

If we solve the difference equation, the net function results as an approxi- 
mate solution of the original problem for the Laplace differential equation. 


2. The method of successive approximation for the solution of 


difference equations 


The difference method in the present case consists of finding, instead of the 
solution of a boundary-value problem for the Laplace differential equation 4Ju= 
0, the solution of the boundary-value problem for the corresponding difference 
equation. For the basis of this method one has to prove that for sufficiently 
small #, the function m, differs arbitrarily little from u, the exact solution of the 
equation 44=0. We will not go into the proof of this here.’"® 

Instead, we shall consider in more detail the methods for the solution of dif- 
ference equations. The solution of the boundary-value problem by means of 
the difference method leads to the solution of a system of algebraic equations 
with many unknowns, of which there can be hundreds and even thousands. 
The solution of such systems using the methods of determinant theory gives rise 
to severe technical computational difficulties. On the other hand, the method 
of successive approximations is essentially more suitable. 

For systems of linear algebraic equations the method of successive approxi- 
mations proceeds as follows. 

We write the existing system of equations in the form 


14, = Ii — (Ayal, +++ ++i nltn) 
Us = fo — (Garth) +++ +@enttn) (4-6.4) 


Un = ts —— (Qnitit+ “ + @nn=iUani) ’ 


First we choose numbers 1, #2,--:, «2 as the zero-th approximation and sub- 
stitute these in the right side of the Eq. (4-6.4); then we obtain the first approx- 
imation 2,'’, w#e' +++, 4’. We continue this process. The (k+1)-th approxi- 


110 See I. G. Petrovski, op. cit., fn. 109. 
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mation then can be calculated from the formulas 


= ( 
wet) = fy — (Ayetty®) +++ +ainul®’) 
UTD = fy — (Angi) +++ + Grn) 


(k) 
een = = a (anf + wee +n, n-1 in—1) . 
Now if the successive approximations {wu} always converge towards a limit 


value 
lim «4 = 20,, 


k-@ 
then these limit values are the sought solutions of the systems (4-6.4). 

The method of successive approximations is not applicable to every system 
of equations. However, it can be used to solve the first boundary-value problem 
for the system of difference equations 4,%=0. The system of algebraic 
equations which correspond to the equations 4,4 =0, has the form 

us) fas itt, k + usar t uh. + Usp ; 
4 
where each equation is solved for the corresponding unknowns. 

We begin the successive approximation on the boundary on which the 
boundary values are prescribed. By C,! we denote the totality of the net points 
of the region S,, which are at a distance # from the corner points of the bounda- 
ry C,. Tocarry out the successive approximations at the points on C(”, the 
values of f, given on C, will be used directly. Further, we denote by C,” the 
totality of the net points of S, which are at a distance h from C4”. The succes- 
sive approximations of C’ are carried out using the values w:") on Ci¥. Corre- 
spondingly, we define the ‘‘zones’’ Ci’, C;*’,---. Then the last of each of the 
net points in S, belongs to one of the zones Ci, (1 =1,2,:::, N). WN is the 
number of the last zone C4”. 

Now let w;,, be the exact solution of the system of difference equations and 
us", the nth approximation of this system. Then the difference 


(nm) (n) 
Vik = Uy k — UG k 


’ 


on C;, is equal to zero, whereas in the interior of S, the equations 


(n—1) (n—]) (n—1) 


vi") = Vine + Vics t Vint k + UL eA (4-6.5) 
4 
hold. 
We prove that the difference sequence {v;"}} approaches zero: 
lim vi", = 
n-o 


Thus, we set max v{"} = A, and estimate the (7 + 1)-th approximation. Obvi- 
ously, 


(n4+1 3 1 
ver <s—A, on a 


tik = 
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holds, since in this case at least one of the summands in (4-6.5) is equal to zero. 
From this it follows that 


“i ] 
to = (2 ~a)An on = 6C}”, 
and, in general, 
(n+1) 1 (8) 
Vik < 1-— An on he 
For the last zone C,”’ we thus obtain 


1 : 
ves (2 ——)A, on Kes 


4% 
Therefore, 
< _)_ 
Anti SaAn, a= ~ qe? 
ie., limA,=0. 
N00 
If now we set min v;", = B,, we can similarly obtain 

lim B,=0. 

nto 
Consequently, 

lim vii =0 or lim 257% = Ui. & 


no No 


for all points M;.(x:, yz) in Sr. 


The convergence proved here is valid for an arbitrary choice of the zero-th 
approximation. However, the degree of convergence (speed of convergence, 
etc.) depends strongly on the choice of the zero-th approximation. 


3. Electronic integrators 


In recent times several mathematical machines have been used for the 
solution of systems of difference equations. 
The construction of these machines is based 
on the analogies that exist between different 
physical processes which are described by 
one and the same differential equation. 

For the solution of the Laplace differen- 
tial equation (and also certain complicated 
equations) electronic integrators are often 
used. To investigate one of the simplest 
electrical systems for the solution of the 
Laplace differential equation (which was con- 
sidered by Gerschgorin), we consider a net- 
work of equal ohmic resistances. One of its components is shown in Figure 68. 
Let V; be the potential at the point M;, and 7; the current in M,M;. 


Me 
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From Ohm’s law 


and Kirchhoff’s law 
Itjetisat j= 
there results 


Vit Vet Vat Vi 


Yo= 4 


Therefore the potential at an arbitrary net point of a compound electrical 
system of resistances is equal to the arithmetic mean of the potential at the four 
neighboring points. This relation, which corresponds to Eq. (4-6.5) of the dif- 
ference method described above, is of fundamental significance for the electro- 
nic integration of the Laplace differential equation. 

The simplest electronic integrator consists of a sheet in which the elements 
are suitably arranged. Between the elements are found equal resistances. For 
example, let us consider the first boundary value problem for a region S of the 
x,y plane. Let C be the boundary of S. 

We then choose, in the x, y plane, a network with distance h and construct 
in the above-described manner the region S, with boundary C,. At the net 
points of the boundary C,, by means of a special voltage distribution we apply 
voltages which correspond to the boundary conditions of the first boundary- 
value problem. The voltage distribution then obtained yields an approximate 
solution of the problem. 

In certain integrators the resistance between the individual net points can 
be varied. In this manner we find that equations with variable coefficients of 


the form 
2( 0B) +2 (act) =e 
Ox Ox oy oy 


ki =k (x,y), k, = k,(x, ¥) 


can be solved. Such electronic integrators were constructed by L. Ya. Guten- 
macher. Also, for complicated regions of the x, y plane these integrators make 
it possible to obtain a rapid solution of boundary-value problems. 

Still other methods exist for the machine integration of the Laplace dif- 
ferential equation—for example, the method of electrolytic tanks. 


with 


Problems 


1. Find the function « which is harmonic ina circle of radius @ and on the cir- 
cumference C assumes the value 


(a) wuwle=Acosg 
(b) ule = A+ Bsing. 
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2. Solve the Laplace differential equation 4u=0 in a rectangle 0S xa, 
0 Sy <6 with the boundary conditions 


Ulsao = Sily) , tt |y=o = f2(X) , tha; uly. = 0. 


Show that the formulas derived here define the solution of the problem for every 
piecewise continuous function which is prescribed on the boundary. Further, 
solve the problem for the special case 


fily) = Ay(O—y), fix) = Boos >—x, fr=fy=O. 
3. Solve the equation 4u = 1 for a circle of radius a with the boundary con- 
dition #|p-.=0. 
4. Solve the equation 4u = Axy for a circle of radius a with center at (0, 0) for 
the boundary condition # |p=2.=0. 
5. Determine the solution of the differential equation 4u = A+ B(x’ — y*)in a 
circular ringaSpSbif 


FF a ae Ou _o. 


p=a Op |=» 
The origin of coordinates is at the center of the ring. 
6. Construct the Green’s function of the Laplace differential equation (first 
boundary-value problem) for (a) a half circle; (b) a ring; (c) alayer (OSz</). 
7. Determine a harmonic function in a ring where @aSp<b, which satisfies 
the boundary conditions 


U|p=a = Filg) ’ U |p=> = T2(¢) . 


8. Determine the solution of the Laplace differential equation 4u =O in the 
half plane y = 0 with the boundary conditions 


0 for x <0 
0) = 
es) 8 for x>0 


9. Find a function «(p, y) which is harmonic in a spherical sector p< a, 0 So 
< gy, and satisfies the boundary conditions 


(a) tle=-0= N1, U|e=e = MW» U |p=a = Q2 (q, and gz are constants) 
(b) ft le oe = Os tt lpwa= SF (y's 


10. By the difference method solve the first boundary-value problem for du = 0 
ina rectangleO <x Sa,0S yy), with each side of the rectangle divided into 
eight equal parts. The boundary conditions read: 


theo = $(1 -2), u o= —sin— x, 10 |jag= W1ya9 = 0. 
Compare the results with the analytical solution. 

11. Calculate the spatial potential of a sphere of constant density p = po. Hint: 
Solve a =0 in the exterior of the sphere and Ju =4zp,. in the interior of the 
sphere and match the solutions on the sphere. 

12. Determine the potential of a simple layer distributed on a sphere with 
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density v=». Hint: Solve Ju =0 in the exterior and in the interior of a sphere, 
and for the matching of the solutions on the spherical surface use the condition 
that the potential of a simple layer is discontinuous across the surface. 
13. Solve the first boundary-value problem for a bounded circular cylinder 
(9sa,0S2zSsl): 

(a) On the end surfaces of the cylinder let the boundary value (first or second 
type) be equal to zero, while on the lateral surface it must satisfy 


U |p=a = f (2) . 


(6) On the lateral surface and on one of the end surfaces let the boundary value 
(first or second type) be equal to zero, while on the other end surface of the 
cylinder the condition is 


u=f(p), 


for example, f(p) = Ap(1 — (0/a)) . 
14. Solve the inhomogeneous equation 


Ju = — 


in an unbounded cylindrical region with homogeneous boundary conditions (first 
or second type) and construct the Green’s function. 

15. Find a harmonic function in the interior of a sphere which is equal to , on 
one half of the spherical surface and z, on the other half. 

16. Calculate for the density the series development using spherical functions 
for the charges induced on the surface of a conducting sphere due to a point 
charge. 

17. Solve the problem of the polarization of a dielectric sphere ina field due to 
a point charge. 

18. Determine the gravitation potential of a plane disc. Compare the solution 
with the asymptotic representation of the gravitation potential at large dis- 
tances. 

19. Find the magnetic potential of a circular current. 

20. Solve the problem of the excitation of a plane-parallel electrical field for an 
ideal conducting sphere. Solve the same problem for a completely nonconduct- 
ing sphere. 
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1. Asymptotic representation of the spatial potentials 
For the investigation of the spatial potential 


| ee 6 wees (4-7.1) 


vim) = \| d 


PUY 
at large distances from a body 7, we usually take the value of the potential as 
equal to a/R, where on is the total mass of 7 and R is the distance of the center 
of gravity from the exterior point 17. We shall now derive an exact asymptotic 
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representation for V.'" 

Let ¥ be a sphere about the origin which entirely contains the body P. Its 
center is at the origin of the coordinates. Outside this sphere the potential is a 
harmonic function. 

The distance of the test point M(x,y,z) from the variable source points 
M(x1,31,2,) in T (Figure 69), over which we integrate, is given by 


d=Vr+A—2rr,cosd, r=OM, 7r,=O0M,, (4-7.2) 
from which 
1 1 ] YT) 
Eo en at. — , 4-7.3 
d y Vita? —2ap ’ ony RE SeeS ( ) 
7, <r means a < 1; we therefore have the development 
1 | es 
a = > a n( ft) , (4-7.4) 
Y n=0 


where P,() is the Legendre polynomial of mth order.* If we substitute this 
expression into formula (4-7.1) and note that 1/r does not depend on the varia- 
bles of integration, we obtain 


vim) =—-\| | oS a"Pawdr = Vit Vit Va+::: 
T n=0 


= al | pdt + i \| | oriPi(u)dt all | oriPawdde ++. 
Yr T Y rT ry - 
(4-7.5) 
The first member here is equal to m/r, where m is the total mass of the body. 


This yields a first approximation for the calculation of the potential for large r. 
We now calculate the following terms in (4-7.5)._ The integrand of the second 


member is 


g — LYM + py + p22 


PP(e)n = per, = pricos rn 


The quantities x, y, z, and x do not depend on the variables of integration and 
can therefore be placed in front of the integral sign. Then the second term 
takes the form 


ide \\ | onPiG@de= < (Myx + Mry + Miz) = Me (xi oe 
T 


y' 
where 
m= || | oxde = Mz, M, = \\ | eye = My 
T T 


M,= \\ | p2idt = Mz 
T 


11 V.J], Smirnov, Part IIl:, op. cit. fn. 15. 
* See Whitaker and Watson, also Bateman in List of References 
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is the moment of the first order and x, y, Zare the coordinates of the center of 
gravity. Therefore, the second term is as small as I/r’. If the origin of the 
coordinates is at the center of gravity (x =0, y=0,Zz=0), then V,=0. 

We consider now the third term of the development. For the integrand, 
we have 


c/a ai 3(xx1 + yy, + 22)? — rir’ 
2 2rir’ 


priPle) =pri 
=5 [S(xix + yy + 212)’ — rir’). 
With the notations 
Mu = \\ | px xt (x=x1, y= Xe; Z= Xs) 
we obtain for V; the expression 
ee 5 \\ | priPalp)de 


_ ] 
~ 2? 


+ z'[3Ms3 — (Mi, + Mi + Ms3)] + 2-3xyMi2 + 2:3xz2zMi. + 2:3yzM2s} . 


{x[3M, = (Mi + Mo+ M33) + y 3M. — (Mi, + My. + Ms,3)) 


The polynomial inside the braces is harmonic, since it can be written in the 
form 


V3= 55 {(x° — y’) [Mir — Moz] + (2° —x’) [Miu — Mss] 


+ (y? — Zz) [Moz — Ms3s) + 6[xyMi2 + xzM,3 + yzM2s)} 
in which each summand satisfies the Laplace differential equation. The co- 
efficients standing in the square brackets can be expressed in terms of the 


moment of inertia with respect to the coordinate axes. The moment of inertia 
of a body T with respect to the x axis, as is known, is given by 


A: = \| | oly + zi)dt = Moz + May. 
T 


Correspondingly, the moments of inertia with respect to the y and z axes are, 
respectively, 
B= Myt+ Mui, C= Mit Me. 
From this it follows, however, that 
Mi—- Mn= B-—A, My, — a=C—A, M2—My,=C—B. 
Therefore we arrive at the following asymptotic representation of the 
spatial potential: 


’ + = = 1 
ee = 4 a (x¥ + y+ 22) +55 {(x° — y’)(B—A) + (y’— 2°)(C —B) 


+ (2° — x7)(A — C) + 6(xyMi2 + yzMos + zxMs,)} (4-7.6) 
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which is exact up to terms of the order of 1/r’. 
The representation (4-7.6) can be simplified to 


wit = y(B= A) + O8=2)(C— B) $= VA-O}, (47.7) 
provided the origin of the coordinates 
coincides with the center of gravity and 
the coordinate axes have the direction of 
the principal axes of inertia. 

This asymptotic representation of the 
spatial potential permits us to give the 
answers to a series of questions on the 
inverse problem of potential theory. This 
consists of determining the characteristic 
quantities of a body from its potential (or 
fromany of the derivatives of its potentials). 
That is, from the coefficients of the develop- FIG, 69. 
ment (4-7.6), we can calculate the mass, 
the coordinates of the center of gravity, and the moment of inertia. 


2. Problems of electrostatics 


In electrostatics the solution of Maxwell’s equations leads to the determi- 
nation of a scalar function, the potential y. Between ¢ and the electrical field 
strength E there exists the relation 


E= -—gradg¢. 
By using Maxwell’s equation 
div E = 4zp 
we obtain 
4y = —Arp . 


Therefore, the potential at points of space at which electrical charges are found 
satisfies the Poisson differential equation, and at points where no charges are 
found it satisfies the Laplace differential equation. 

1. The basic problem of electrostatics is to determine the field which is 
produced by a system of charges ona given conductor. Two different formu- 
lations of this problem are possible. 

(a) Given the potential of the conductor, determine the field exterior to 
the conductor and the charge density on the conductor. The mathematical 
formulation here reads as follows: 

Determine the function » which satisfies the Laplace differential equation 
4y = 0 everywhere exterior to the given conducting system, vanishes at in- 
finity, and on the conducting surface assumes the prescribed value 4: 


y \s; = Yi- 
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In this case, therefore, we arrive at the first boundary-value problem for the 
Laplace differential equation. Its unique solvability results from the general 
theory discussed above. 

(b) The inverse statement of the problem is also possible, i.e., given the 
total charges on the conductor, determine its potential, the charge distribution 
on its surface, and the field in the interior of the conductor. The solution of 
this problem leads to the following problem: 


Determine a function » which satisfies the Laplace differential equation 
4p = 0 


exterior to the given conducting system, vanishes at infinity, and on the surface 
of the conductor assumes a certain constant value 


y |s; = Const. 


and also satisfies the condition 


§ 99 ag = —4ne;. 
S; on 


Here e; is the total charge on the ith conductor. 

2. The unique solvability of the secondary-value problem does not result 
from the general theory; however, it can easily’ be proved. 

Let us assume that there are two distinct solutions yg, and ¢y, of Problem (6) 
above. Then their difference 


, 


go = $i— 2 
satisfies the equation 
Jo°=0 
and the conditions 
0 / 
y’ |s; = const. , § SP dg = P Phe 
S; on 


We imagine the given conductor to be completely enclosed by a sphere 2» of 
sufficiently large radius R and apply to gy’ the first Green’s formula in the 
region 7, bounded by the surface of the sphere ¥, and the conducting surfaces 
Sis 


F(t 
on Hees 2, ‘a Pan le 


| (re'ae = | g 
TR ; 


“R 


From this, because of the above conditions,''® we obtain 


lim | (Pode =0. 
TR 


R-—ew 


112 As a consequence of the condition g’|.2=90, the function gy’ is regular at in- 
finity (see page 270); then 


PP A 
\ gy! uv do>0 for Roo, 
+R on 
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Since the integrand is positive it follows that 
re’ =0 
or 
gy’ = const. 
everywhere in the region under consideration. By considering the condition 
g'|o2=0 


we finally obtain 


and hence the uniqueness is proved. 

3. From the uniqueness of the solution of the boundary-value problem for 
the Laplace differential equation it follows that the potential g of an individual 
conductor is directly proportional to its total charge e, i.c., 

e]jp=C. 


Therefore, if the charges e and ec’ = me lie entirely on a single conductor, then 
the corresponding potentials g and ¢’ must satisfy the equations 


4p =0, 4y'=0 
and the boundary conditions 


1 ay 1 dg! 
-_— —de=e, —_ — ——do = me. 
res § an oe 7 ee ca 


Consequently, 9’ — mg = 0, Le., g/g =e'le. 
On the surface of a single conductor we therefore have 


e'/gy' = e/g = C = const. 


The constant C is called the capacity of the single conductor. It does not depend 
on the charge on the conductor but is determined by its shape and size. There- 
fore, the relation 


e=Cpe 


exists for a single conductor. The capacity of an individual conductor is 
numerically equal to the charge when the potential of the conductor is equal to 
unity. If, in addition to the given conductor, still another conductor is present, 
its potential depends essentially on the shape and distribution of charges on the 
other conductor; indeed, for a system of conductors we have 


a= Ciigi + Ci2(Ge = $1) free CinlQn = 1) 
C2 Cri(y = 2) + C22 sere siti ConlPn = 2) 


Cra = Cus(Y1 a Pn) + CrrlGe >> Yn) + a + Gann 


where e; and g; are the charge and the potential, respectively, of the 7th 
conductor. The coefficient Cy, is the ‘‘partial capacity’’ of the zth conductor 
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with respect to the kth conductor. C;, can be defined numerically as the 
charge which must reside on the ith conductor in order for the kth conductor 
to maintain the potential when all the remaining potentials become zero. 

4. The matrix of coefficients Cx is symmetric: 


Cix = Cre: 


For simplicity we shall consider the case of two conductors; for a larger 
number of conductors the proof proceeds analogously. 

Given two conductors a and b, the determination of the coefficients Ca, 
and Cy. leads to the determination of the solutions wu"? and uw” of the equa- 


tions 4u'?=0 and 4u"’=0, which satisfy the boundary conditions 


(1) (1) (1) 
u ls, = 0), Uu Iyn=1, Uu |~ = 0 
1 oul? 
—— do = en” = Cau 
An Sa on 
(2) (2p (2p, 
u ls, =1, u ls, = 90, u |o=90 
1 ou” 2 
_— do =e) = Cres 
4n Sp on 


Now let Xx be a sphere of sufficiently large radius R which encloses 
both conductors a and 6. Then we apply the Green’s formula to the functions 
uw” and uw"? in the region Tr lying between the surface of sphere J, and the 
conductor surfaces S, and S;: 


(2) (1) 
a) Ou 2) Ou” 
| (u' du™ —u fu de = | wu) —— —y' a) o 
TR 


EptSatSp ( on on 


The integral on the left side of this equation vanishes. By using the 
boundary conditions and the conditions at infinity we therefore obtain 


(2) (1) 
| Ou re | ou oy 
Sp on Ss on 


or Cas =, Coa ’ 


which was to be proved. 

5. Asaconcrete example we shall consider the field of a charged sphere. 
On the surface of a charged sphere of radius a let the potential g be given. 
The field and the charge density (see Problem 1 above) on the sphere can 
be represented by 


g=2¢ and o = 


If the total charge e, on the sphere is given instead of the potential 4, then 


€o _ _ &o €o 


= ; = r>a). 
a otra ? ( ) 


Here the sphere has the capacity 
C=a, 
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1.e., in absolute units the capacity of a sphere is numerically equal to its 
radius. 

As another example, we shall investigate the spherical condenser (a 
system of two concentric conducting spherical surfaces). 

The inner sphere has the radius 7, and the potential V,; the outer sphere 
has a radius 7, and is grounded. Then the determination of the field inside 
of the condenser amounts to the determination of the function g which 
satisfies the equation 


4y =0 
and the conditions 


glry,=Vo, Plr,=O0. 


As one can easily see, in this case 


_ ite v.(—-~-) 
T2—T Tr Te 


so that the spherical condenser has the capacity 


T1712 
re—-n 


C= 


A complicated problem is represented by the calculation of the potential 
of a sphere when the second sphere is not concentric to the first. This 
problem is solved with the help of the method of images. Since the analy- 
tical solution is quite extensive, we shall not go into it here.’” 

The first sphere can be mapped onto a plane by means of an inversion.’ 
We shall now show that by means of a second inversion the determination 
of the potential of a plane surface and of a sphere leads to the calculation 
of the potential of a system of two concentric conducting spheres. 

For our purposes it is sufficient to consider, instead of a plane surface 
and a sphere, a straight line & and a circle K with the center 0 and radius 


14 


FIG. 70 


113 See Ph. Frank and R. v. Mises, Differential and Integral Equations of Mechanics 
and Physics, Vol. Il, Braunschweig, 1937, p. 713. 
14 Thid. 
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p (Figure 70). From the point 0 we drop the perpendicular OF on the straight 
line & (let J be the length of OF) and from the point F draw the tangent 
FD to the circle K. With FD as a radius we let the point F trace a circle 
H, which cuts the extension of the perpendicular line OF at a point S. We 
choose the point S as the center of the inversion. 

By this inversion, the straight line L = SO, which cuts the circle K at 
the point A, and the circle H are transformed into the straight line L and H 
perpendicular to each other, while the straight line & and the circle K are 
transformed into the circles E and K. 

Since orthogonality is preserved under an inversion, the circles E and K 
must be orthogonal to the straight lines L and H. This is possible, how- 
ever, only when the centers of the circles E and K coincide with the inter- 
section point B of the straight lines L and A. 

Consequently, the given inversion transforms the straight line and the 
circle into a pair of concentric circles. 

By some simple calculations we find the radii of the circles K and E: 


Vit—p? — Ul — p) 1 


cia eityeoel Care a 
Thus 
1 
uate VP p?+(l—p)’ 
erwr—n—_—_— —_—— 
VP= f= T=) 


6. As an example of another two-dimensional problem, we shall in- 
vestigate a cylindrical condenser which is formed of two infinitely long co- 
axial cylinders. Let a uniform electrical charge be distributed on one of these 
cylinders. Obviously, the potentials in all planes which are parallel to the 
normal cross sections of the cylinders are equal. The problem can therefore 
be treated as a plane problem and, instead of using the total charge, only 
the charge « per unit length need be given. 

If the exterior cylinder of radius 7, is grounded, whereas on the inner 
cylinder of radius 7, the charge « is given, then the field potential in the 
condenser is 


12 


y =2klIn 


rT; : 
and for the capacity per unit of length for the cylindrical condenser we 
obtain 


1 


es 21n (72/71) 


The above-considered example allows us to solve a somewhat difficult 
problem, namely, to determine the capacity of a wire which lies above a con- 
ducting surface. An infinitely long wire of radius p is placed above an infinite 
plane and at a distance / from it. Let acharge with density « (charge per unit 
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length) be distributed on this wire. This problem can also be solved as a 
two-dimensional problem. 


3. The basic problem of electrical exploration 


Several electrical methods are used in the investigation of the inhomo- 
geneities of the earth’s crust for the purpose of assaying the soil. The 
basic idea of electrical exploration using direct current consists of the fol- 
lowing: By means of grounded electrodes a current is passed through the 
earth from a battery. On the surface of the earth we measure the strength 
of the field so produced. From the results of the surface observations con- 
clusions can be drawn about the structure of the interior of the earth. The 
methods used here are based on the mathematical solution of the correspond- 
ing problem. 

The potential of the field of a direct current in a homogeneous medium 
satisfies the Laplace differential equation 


4AV=0, z>0 (4-7.8) 
with the auxiliary condition 
ar 220; (4-7.9) 
az z=0 


which asserts that the vertical component of the current density on the surface 
z=0 is equal to zero. This is the case since the half space z < 0 is non- 
conducting (air). 

We now ccnsider a point-forming electrode on the boundary of the half 
space at the point A. Obviously, the field potential satisfies 


= (4-7.10) 


where R is the distance from the source, g is the specific resistance of the 
medium, and / is the current strength. 

This function differs from the Green’s function in an unbounded space on 
the basis of condition (4-7.9) by a factor of 2. 

Now if we measure, by means of a resistance bridge, the potential dif- 
ference between two points M and N which Ne on a straight line through 
A, we obtain 


where dr is the distance between M and N. 
Under the assumption that the points M and WN lie sufficiently close to 
each other, we can write 


ViM) — Vi(N) 
4dr 


ov 
or 


sgcle 
~ Qar* * 


~ 
rm 


Here r is the distance of the point 0 (the center point of the segment MN) 
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from the current-conducting electrode. The current strength J, as is known, 
miust be considered since it can be measured during the observation. From 
this we obtain, for the resistance of the homogeneous half space, 


_ 2xr’ a 


Cae (4-7.11) 
If the medium is inhomogeneous then we call the quantity p determined by 
(4-7.11) the apparent resistance. We denote it by px; o, iS not constant. 

We shall now consider the problem of vertical electrical probing. Let 
the layers of the earth’s crust be horizontal, and let their resistance depend 
only on the depth: p = (2). 

In this case, the apparent resistance is a function of the distance r= AO. 
The problem raised by the vertical electrical probing thus consists of deter- 
mining the function p(z), which yields the ‘‘electric layer’’ of the medium 
with respect to a known value p;(r). 

We turn next to the problem of a two-layered medium. A homogeneous 
layer of density / and resistance pp is in contact with a homogeneous medium 
of resistance p,. 


_fe for OS2z<l 
plz) for bez. 


Obviously for distances r <«/ the apparent resistance p, iS equal to po, 
since the influence of the lower medium here is very weak. For large dis- 
tances (R >» /), by contrast, p, becomes equal to p,. 

Our problem therefore leads to the determination of the solution of the 
Laplace differential equation which in the layer 0 < z <7 is equal to Vp) and 
in the half space z >/ is equal to V,. At z=/ the potential must satisfy 
the continuity condition 


Voleat = Vi leat. (4-7.12) 
Also the normal components of the current density must be continuous: 
5 ov) iM (4-7.13) 
Po OZ |ext pr OZ |e=t 


At z=0 the potential V, must satisfy the condition (4-7.9), while at the 
point A, which we chose as the origin of a cylindrical coordinate system 
(vy, r, z), it must possess a singularity of the form (4-7.10): 


I 1 
V — Po a ; 4-7.14 
On Varn” na 
where wv, is a bounded function. 
The potential V, must be bounded at infinity. The functions V, and V, 
satisfy Eq. (4-7.8), which, because of the cylindrical symmetry of the problem, 
assumes the form 
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By separation of variables two types of solutions for V can result, which are 
bounded at r= 0: 


e*™ Jar). 


Here J, is the Bessel function of the zero-th order (see Appendix) and 2 is 
the separation parameter. We write the solution in the form 


— Pol | 1 
aaa en ca 


Vilr, 2) => [Ae + Bye) Jo(ar)da 


0 


+ |"(Aee™ + Boe) Jini 


where A,, B,, A;, B, are constants. The condition (4-7.9) relates A, and B,. 
We calculate the derivative 


7 y 0 Dol Zz | —XAz Az 
a —————— ee —_— + Aar)de. 
am = D) (Z py + ; ( AAvce ABoe \Jot \d 


Condition (4-7.9) then assumes the form 
[-(B SANGO: 
0 


This relation must hold for arbitrary r; therefore, 


Be= Ay . 
From the boundedness of V; as z—oo there follows 
B, = 0 . 
Therefore, 
Ving |" Ae Tiara , 
0 
and 


V(r, z) = \"tae™ + Ae + e)]Jo(ar)da . 


Here we have used the formula 


1] 
Vrit+ 2 


(see Appendix) and pl/2x = q. 
We have yet to determine the constants A, and A, from the conditions 
(4-7.12) and (4-7.13) at z=/, which leads to the system of algebraic equations 


= \" Jolarye*da (4-7.15) 


Ae ae 1) = Awe™ aes Geo 
J Aye™ 4) ~t4e™ Sire 4 o-™! ; 
Po Pi Po 


From this we find 
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—2Xl 


(1 == Poe 
Ay = 
: i + po) — (pi — pole 


~2Al 3» 


so the solution V, for the upper layer is given by 


oo -2Al 
Vilr, 2) =e | oo 4 PE te *)] Tanda: (4-7.16) 
Qn 0 1 = ke 
Here we have set 
Pi Po pf 
~P1 +? Po 
We shall now transform expression (4-7.16). Since |k| <1, we can write 
b —2A1 oo 
é y Bb” : Pi 


1 Pod ke™*™™ oe n=1 
and 


n=0 


Vo(r, 2) = ee § >Y |" Bre 2rtt2) 7 arldR Er arernenn para . (4-7.16’) 
0 


ee n=1 jo 


Thus, by use of formula (4-7.15) we obtain 
Tp ( ear 1 = 1 ) 
VY, ; — k Vr + (z— 2nl "V/ PRE Dale %: 
M092) Dele eon | ai Woe oA) 
This expression for solution (4-7.16) can be written immediately when 


the problem is solved by the method of images. If z =0, then for the poten- 
tial on the earth’s surface we obtain 


Ibo 1 = bh” 
ae -7.18 
Volr, 0) = Qn E a 22. n 4 am | , ¢ ) 


(4-7.17) 


from which follows 


ave Loy 1 oe ae ] 
OV ie ang AO es ays eT 3 
or an Lr’ cr 2, [r? + (2nl)?P? |? 


whereas for o,, according to formula (4-7.11), we find 


bY? 
m= oll +23 oan | 


co) R"(E/2)° 
7 [e2)* + np? | ql 
= of 3 of 22, [( £/2)? ne ay | p F(6 (4 7 9) 


where = r/l and /(&) are the expressions in the square brackets. For r <1, 
Pk ~ Po- 


In order to estimate the behavior of o for large r, use formula (4-7.19) and 
let r—> co (E> 00). The limit value of this nth term of the sum equals &”; 


hence 
=, Ok 
lim pe = {1 +25 &*) = of +75) 


= fee oo 2it fot (pr — Po) _ 
5 os aan ~i + Po — (01 — Po) 
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By a comparison of the experimentally determined data with the curve deter- 
mined by formula (4-7.19), we can determine p, from the values of p, for small 
y and p; from the values of p, for large rv. The thickness / of the upper 
conducting layer is determined according to the selection principle. It is 
equal to that value of / for which the empirical curve as a function of p(€) 
= p(r/l) coincides best with the curve calculated by formula (4-7.19). Here 
we Shall not dwell on the technicalities of the selection which can be carried 
out by means of bilogarithmic measurements.”* 

In the case of multiple layers, the curves for p, can be calculated analo- 
gously. The character of the electric layers of the medium under considera- 
tion is determined by the selection of those theoretical curves that coincide 
best with the empirical curves. By increasing the number of layers, the 
technicalities of interpretation become complicated, since the number of theo- 
retical curves entering into consideration is greatly increased. 

We have proved, therefore, that for different electrical layers pi(z) # p2(z) 
the corresponding apparent resistances also are different: 


pe (rv) # pe (7). 


Consequently, the problem—to determine the electric layer from the apparent 
resistances—appears from the mathematical side to have a uniquely deter- 
mined solution.’’® 

Problems analogous to those of electrical exploration considered above 
occur in different areas of physics and technology. Electrostatic problems 
of this type arise in the construction of electronic equipment, whereas heat- 
theory and hydrodynamic problems arise in different areas of technology (heat 
loss of buildings, filtration of water under a retaining dam, etc.).'’ The 
problem of the determination of a magnetic field in an inhomogeneous medium 
occurs, for example, in magnetic testing of materials. To determine an 
ultimate failure in a sample—for example, an air bubble below the surface— 
the metallic sample is placed between the poles of a magnet, and the magnetic 
field on the surface is measured. From the perturbations of the magnetic 
field, the presence of the defects is observed, and if possible their extent, 
the depth at which they occurred, etc., are also determined. 

For the solution of such problems several methods of analogy can be 
applied. Therefore the analogy between the potential fields of different 
physical processes is used.''® 

We consider now the potential field in an inhomogeneous medium (for 
example, a stationary temperature field, a magnetic field in an inhomogeneous 


118 See, for example, the excellent book by A.I. Zaborovskii, Electrical Explora- 
tion, 1943. 

116 AN. Tychonoff, ‘‘On the uniqueness of solutions of problems of electrical ex- 
ploration,’’ Doklady, 69, (6): 797 (1949). 

17 N,N. Pavlovskii, Theory of Motion of Ground Waters for Hydro-technical In- 
stallations and its Fundamental Applications, 1922, Ch. XIV. 

16 A.V. Lukyanov, ‘‘On the electrolytic simulation of spatial problems,’’ Doklady, 75 
(5): (1950). 
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medium, an electrostatic field, the velocity field of a liquid during filtering). 
The potential functions u(x, y,z) of these fields in each homogeneous sub- 
region satisfy the Laplace differential equatian 4¢=0. At the boundary 
between two regions G, and G, with different heat-conduction coefficients, 
magnetic permeabilities, etc., the condition 


holds in which k, and k, are the corresponding physical constants. 

On the boundaries of similar geometric regions the corresponding numeri- 
cal values of the potential or the normal derivatives of different physical 
fields are prescribed. We shall assume that the physical inhomogeneities of 
this region are not different geometrically and are distributed similarly. The 
ratios of the physical constants (heat conductivity, magnetic permeability, 
etc.) of an arbitrary pair of corresponding inhomogeneities are also equal. 
Then the values of the potential of this field at the corresponding points 
coincide numerically, since the potential solutions are one and the same 
mathematical problem and this problem permits only a single solution. 

The direct measurement of a temperature, in magnetic or other fields, 
is significantly more difficult than the measurement of a current field in 
an electrolytic tank. We replace it thereforé’in a suitable manner by meas- 
urements in such a tank. We can also choose the units in a suitable way. 


4. The determination of vector fields 


In addition to scalar problems, the problem often arises in electrodynamics 
and hydrodynamics of determining a vector field from the given rotation and 
divergence of these fields. 

We shall prove that a vector field A interior to a region G, whose bound- 
ary S is bounded, is uniquely defined when the rotation and the divergence 
of A are known in G, that is, 


rot. A=B (4-7.20) 
divA =C (4-7.21) 

and on the boundary S the normal component of A is prescribed: 
Anl|s = f(M). (4-7.22) 


The functions B,C, and f are not arbitrarily prescribed. Often the re- 
lations 


GB =6 (4-7.23) 
\\ f(M)dS = \\\ Cite (4-7.24) 
NS 3 G 


must be satisfied. Now we assume f to be continuous on the surface S and 
the functions B and C, including their derivatives, to be continuous in G; 
further, let the surface S be so constituted that the second interior boundary- 
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value problem with continuous boundary values is solvable for it. We shall 
solve our problem in three steps. First, we shall seek a vector A, which 
satisfies the conditions 


rot A, =0 (4-7.25) 
divA,=C. (4-7.26) 
From (4-7.25) there follows 
A, = grad. (4-7.27) 
If we assume g in the form 
Ss ze \\\, re (4-7.28) 
then we satisfy (4-7.26). Now we define a vector A, such that 
rot A,=B (4-7.29) 
divA,=0. (4-7.30) 
If we set 
A, =rot¢, (4-7.31) 


then the condition (4-7.30) is satisfied. 
If we substitute (4-7.31) into (4-7.29), we obtain 
graddivg— 46=B. (4-7.32) 
Now we require 
divg=0. (4-7.33) 
Then Eq. (4-7.32) for g assumes the form 
4p =— B. (4-7.34) 


We consider a region G, which entirely contains G and is bounded by 
a surface S,. We continue B into the region G, —G, where the following 
conditions are to be fulfilled: 
(a) The normal component B, of B on S is continuous (B itself in general 
is discontinuous), B,, = B,,. 


(6) B,=9 on S. (4-7.35) 
(c) InG,—G, divB=0. (4-7.23’) 


We show how this continuation of B into G:i—G can be realized and 
therefore set 


B= grad y in G,-—G. 
The condition div B= 0 yields 
4x = 0 in G,-—G. (4-7.36) 
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The boundary condition, according to (a) and (6), has the form 


cee Bair wou 3S (4-7.36') 
On 
ci. eae on Sy (4-7.36"") 
an 


where Bn; is the limit value of 4, from the interior side of S. For the func- 
lion y, we obtain the second boundary-value problem (4-7.36)—(4-7.36”). 

The necessary and suffictent condition for the solvability of this problem 
is Chat 


\\ ON igs: \\ B,dS =0 
SUS, on 9 


be satisfied, because the relation 


\\ B.S = \\\ ie s6 
S a 


is satisfied. 
If we set 
ww) =7-(\\ RASA (4-7.34) 
An a, rr 


with P? - P(x, y,z), Q—Q (é,y, ©), then (4-7.34) is obviously satisfied; the con- 
dition (4-7.33) also is satisfied. 
Therefore, we calculate the dertvatives 
Ops Ady Op 
ax’ dy ’ az 
If we represent the integral over G, as the sum of integrals over G and 
G,—-G and bear in mind the relation 


Ajo (ee Gye [flee ee 


then by parttal integration 


0 B 6B, 1 cosa 
— = = —*_ —dr- d 
Ox \\\, r ts \\I, 0 or se \\, oro r 


+ \\\ By, =\\\ OB, vat \\ (1). Sas —\\ B. LB G6 
a, q r Ss r r 


Ox ar 1@ 0& Ss, 


follows, where cos @ = Cos (2, X)|4, COS a, = COS (22, X) ls,, and 2 is the direction 
of the exterior normal to the surface. 
lor 0¢,/0x we find 


a, | AB. 1 L(( [Bee — Byleosa ye 1 cosa 
aera deg sO, yp CaaS 
ax dn \\\), ae Ae \\ r Sele 


Analogous expressions result for a¢,/dy and @¢,/éz. UWence, on the basis of 
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(4-7.23) and the continuity of the normal components of B on S (B,, = B,,), 
it follows that 


dive =7-\\I we ae—s-\\ Bas+ || {Bro ~ Bod) ag =. 
4n a, Yr An 3, r An Ss Y 


The vector A, defined by (4-7.31) satisfies (4-7.29) when the vector ¢ satis- 
fles conditions (4-7.33) and (4-7.34). 

Therefore, the sought vector A satisfies the boundary condition (4-7.22). 
Now a vector A; is to be determined which satisfies the following conditions: 


rot A; =0 See (4-7.37) 
gcd =0 inside of G (4.7.38) 
Ax ls = S(M) = Ain \s ioe Aon ls = f*(M) on S - (4-7.39) 


It is clear that the function f*(M) is uniquely defined. From (4-7.37) 
there follows 


A; = grad@. 
If we substitute A; into (4-7.38), in the interior of G we obtain 
40=0, (4-7.40) 
which yields 
ob = f*(M), (4.7.41) 
an Ss 


i.e., for the determination of @ we have to solve the second boundary-value 
problem. A is therefore uniquely determined. 
The problem therefore possesses exactly one solution, 


A=A,+ A,+ A;. 


5. Conformal mapping in electrostatics 


1. For the solution of two-dimensional electrostatic problems the theory 
of functions is often used. We shall consider the following problem as an 
example: 

Determine the electric field of several charged conductors whose potentials 
are equal to 2), t@2, °°. 

This problem, as is known, leads to the equation 


4u=0 (4-7.42) 
with the boundary conditions 
wis, =U, (4-7.43) 
where S; designates the surface of the ith conductor. If the field can be 
regarded as a planar field which does not change along the z axis, then Eq. 
(4-7.42) and the boundary conditions assume the form 


LS ve A ae (4-7.44) 
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u le; = tt; (4-7.45) 


where C; is the contour of the bounded region S;. 
We write the potential « as the imaginary part of an analytic function 


F(z) = v(x, y) + tux, y) , z=x+1y. (4-7.46) 
Therefore the Cauchy-Riemann differential equations must follow: 
Vp = Uy, Dy =— lly (4-7.47) 
and 
Vidy + Muy = 0. (4-7.48) 


From the boundary condition (4-7.45) it follows that the imaginary part of 
f(z) on the contour C; is constant. 
From the conditions (4-7.47) we know that 


v(x, y) = const. (4-7.49) 


represents the equation of the lines of force,'’® and the lines of equipotential 
can be described by the equation 


u(x, y) = const. (4-7.50) 


because of (4-7.48). 

To solve the problem under consideration it is sufficient, therefore, to 
find the conformal mapping of the z plane (z = x+7y) on the w plane (7 = 
u + tv) for which the boundaries of the conductor are mapped into the straight 
lines 


u = const. 
or 
Im w = const. 


If such a mapping function w = f(z) is known, then the sought potential 
is determined from 


u= u(x, y) = Im f(z). 


The knowledge of these potentials permits the calculation of the electrical 
field strength 


(4-7.51) 
and the calculation of the density of the surface charges along the z axis: 
2 3 
p27 Bae oe (=) +(44) 
An 4x Ox oy 


19 The equation of the lines of force results from dx/u, = dy/uy. If one replaces u; 
and uy according to (4-7.47) by —vy and v,, respectively, then we obtain v,dz + vydy = 
dv =0, or v(x, y) = const. 
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Also, on the basis of the Cauchy-Riemann differential equations we obtain 
c= fal. (4-7.52) 
ue 


2. We shall now determine the field of a 
one-sided bounded plate condenser, using as an 
example a condenser which is formed from two 
infinitely thin metal plates y=—d/2 and y=d/2. 
The plates lie in the regions x <0. We avoid 
the construction of the conformal mapping func- 
tion which maps the region represented in Figure 
71 onto the region | Im w| Sz, and, instead, apply FIG. 71. 
this mapping directly for the solution of the 
problem.'”° 

The mapping defined by 


z= Lw +e”), w=9p+ i (4-7.53) 


carries the lines z=+ d/2, x <0, which cuts the 
z plane (z =x + iy) into the region |¢| Sz of the td 

w plane (w = gy + id) (Figure 72). For the complex 

potential we choose the function 4 


iy. (4-7.54) 
2n 


where wz, is the potential difference between the FIG. 72. 
condenser plates. The potential of the electric 
field is then represented by the function 


u(x, y) = oe ; (4-7.55) 


Here ¢ is connected with x and y by the relations 
d ° 
x= —(¢ + e* cos ¢¥) 
2n 


(4-7.56) 
y= iy + & sing). 
an 
Figure 73 shows the equipotential and the lines of force of a one-sided 
bounded plate condenser. We now investigate the field in the neighborhood 
of the boundary of the condenser. 


We see from formula (4-7.56) that as g— — o 


x2—yp, yr—d?d, (4-7.57) 


120 See Ph. Frank and R.v. Mises, Ch. XV, $5, op. cit. fn. 113. 
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i.e., inside the condenser at large distances from the boundary the field is 
planar; but as y—oo 
p=Ve+ y we’, O=arctg xg, (4-7.58) 
TT ’ 

i.e., outside the condenser, at large distances from the boundary, the equi- 
potential lines are circles. 

If instead of w the complex potential / = (7#)/2z)w is introduced so that 
w = (2z/to) f, then the relationship between z and f(z) is given by 


— a(t + ao) 1 


lly Qn 


From this it follows that 


dz d aes): 


ap Uo 
on the other hand, for f = (a/2z)(p + zi) we obtain 
dz d ' Uo 
ELL Seen Ae § Ree ag es 
Gag OE AA ae 


If we assume w% =1, then for the density, of the charge oa, according to 
formula (4-7.52), we obtain the value 


ere Cs) eee eee (4.7.59) 


4x 4And|1—e*| 


From this we see that as p—— co 


and as g—>0o 


eo 
4zde® ’ 


i.e., in this case, the density of the charge 
on the outside of the plate decreases as 
1/p. 
FIG. 73. Formula (4-7.59) shows that for ¢ =0 
(on the boundary of the condenser) ¢ = o. 
The boundary of a plane plate possesses an infinite curvature; therefore, in 
order to charge the plate to a definite potential, an infinitely large amount of 
charge must be placed on it. 

A wide range of problems can be solved with the help of conformal 
mapping. With this method, for example, the question regarding the in- 
fluence of the boundary of thick-walled plates of a plane condenser can be 
answered successfully, as well as a series of questions which are related to 
the influence of deformation in condensers. The method of conformal mapping 
can also be used for the treatment of dynamic problems. Its disadvantage 
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is that it can only be used in plane problems which lead to the two-dimen- 
sional Laplace differential equation 4,2 = 0. 


6. Conformal mapping in hydrodynamics 


1. For the solution of problems of the motion of a solid body in a liquid, 
the boundary conditions on the surface of the body play an important role. 

In the case of an ideal fluid, the boundary condition is that the normal 
component of the fluid velocity 


VAX, ¥, Z) = V(X, ¥, 2) COS (2, x) + 0,(x, Y, 2) COS (72, y) + v(x, Y, 2) COS (2, 2) 


for all points on the surface of the body must be equal to the normal com- 
ponent of the velocity of motion of the body. If the body does not move, 
then the boundary condition on the surface of the body assumes the simplest 
form 


dn =O. 


If the motion under consideration possesses a potential, i.e., a function y 
exists such that 


v = grady, 
then the boundary conditions read 


say 


ra 0 in case the body does not move; 

ely 

se = Un in case the body moves with the velocity wu. 
Nis 


From hydrodynamics it is known that the velocity potential for an in- 
compressible fluid satisfies the equation 


4p =0. 


Therefore the determination of the potential for the streaming about a solid 
body in an incompressible ideal fluid is reduced to the solution of the Laplace 
differential equation 

4p =0, 


where on the boundary of the streaming body the boundary condition 


must hold, i.e., the second boundary-value problem for the Laplace differential 
equation must be solved. 

If the motion is planar, then the solution of the problem can be obtained 
by using function theory. 

For planar motion of an incompressible fluid the continuity equation is: 


Ov, _ A= dy) : 
ae eye (4-7.60) 
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We describe the equation of the stream lines 


ax _ dy 
Us Vy 
in the form 
v,dy — vydx = 0 (4-7.61) 
an introduce a new function @ by the relations 
ele ate 


From Eq. (4-7.60) it then follows that the left side of expression (4-7.61) is 
the total differential of the function ¢: 


v,dy — v,dx = dd. 
The one-parameter family of curves 
(x,y) =C 


therefore represents the stream lines of the incompressible fluid motion. 
If a velocity potential exists, then the equation rot v =0 is equivalent to 


Ag¢= 0, 
From the relations for v, and v, it then follows that 
op ay op sso 
ax Oy ’ dy —s x 


l.e., the functions ¢ and ¢ satisfy the Cauchy-Riemann differential equations. 
Consequently, the complex function 


w(z) = o(x, y) + I(x, y) 


is an analytic function. 

Therefore, every irrotational (rotv =0) planar motion of a fluid has a 
corresponding definite complex analytic function, and conversely every analytic 
function corresponds to a definite form of fluid motion, i.e., two motions 
correspond to an analytic function, since the roles of the functions g and ¢ 
can be interchanged. 

2. In conclusion, we shall treat a concrete example of the application of 
the theory of functions to the solution of problems for the streaming of a 
body—here, a circular cylinder—in a planar fluid. 

On a circular cylinder at rest of radius y= a, let a planar fluid stream 
impinge which at infinity has the constant velocity «w. In the case of a 
Static fluid, we would consider the motion of the cylinder moving with the 
constant velocity # with respect to the stationary fluid. 

As a reference system, we choose a rectangular coordinate system (x, y, 2) 
attached to the cylinder in which the x axis is chosen parallel to the direc- 
tion of the velocity of the cylinder. 

On the surface of this moving body, the boundary condition 
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must be satisfied, where ds is the element of arc on the boundary of the 
body. 

In the case of a motion propagating with the velocity u this condition 
can be integrated over the surface of the body. We then obtain on the 
surface of the body 


g=uyt+C. 
Therefore, our problem amounts to the solution of the equation 
dp =0 
with the following boundary conditions: 


on the surface of the cylinder yg=uy+C 
ay 


at infinity —= and ay. approach zero. 
Ox oy 


The last condition means that 


dw _ ab , ab 


dz ay ax ee 


exterior to the circle C is a single-valued analytic function, which vanishes 
at infinity. The function w can therefore be represented in the form 


Pee on i ee ee oe ee 
F4 F4 
Now we set 
Cy = Ag+ 1B 


and determine the constants A, and /, from the boundary condition 
g=uasino+C, 


which are transformed to polar coordinates by z = ae’’. 
For the constants then we obtain 


A,=0, A, = ua’, Be =O", A,=B,=0, B=-—., 


From this there results 


wv nie nee y 
2Qnt z 
at phe 
3 Qn 
r ; a 
=——I|Inr sind —, 
~ On nr+wust 5 


The first term in the expression for w denotes the circulation around the 
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cylinder with the intensity 7. Where there is no circulation, we obtain 
v4 
a 
w=—~uU—., 
Zz 
For the flow about a static cylinder, which at infinity has the velocity «, the 
complex potential has the form 
2 ' 
ud I 
w= uz+— + ——Inz. 
2 2nt 
3. With the results for a streaming about a circular cylinder we can 
solve the problem of the streaming about an arbitrary contour by using the 
method of conformal mapping. We consider its application to the problem 
of the flow aboul a rectangular plate. 
On the x axis let us place an infinitely long plate of width 2@ (Figure 74). 


FIG. 74. 


On the plate a constant planar flow occurs which at infinity has a velocity 
c with components z and v. By means of the analytic function 


a Dy. 
22 rote) =l0 


We obtain a reversible single-valued mapping of the region exterior to the 
plate in the z plane onto the region exterior to the unit circle in the ¢ plane. 
Here the point z= co corresponds to the point € = o, and 


—=—>0 for C= 0, 


We shall now investigate the nature of the mapping of the condition at in- 
finity. For the complex potential 


10(z) = 9 -+ 1 


div : a 
— =u—-—W=te, 
dz /2 « 


i.c., the conjugate value of the complex velocity. 
We determine now the value of the complex velocity of the fictitious 
flow in the € plane: 


we have 
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wQ)=wf(2))},  —=—-—. 


From this we obtain 


The fictitious flow therefore represents the flow about a cylinder of unit 
radius and at infinity has the complex velocity kv». For such a motion, the 
complex potential has the form 


PT ee a ee 
C nt 
From z= f(C) there now follows: 
pa2tVB=F 1 _ 2a VFae 
a ; Ce a . 


By use of this expression, we obtain, for the complex potential of a fluid 
streaming about a plate, the expression 


w(z)= uz—WwYf2—a + oo in( tyes eee : 
a) a 


If no circulation occurs, we have instead the following relation 


w(z) = uz—iwY2*—a’. 


From these relations it is seen that the velocity at the ends of the plate 
becomes infinitely large. Under real conditions, of course, this is not the case. 
Our conclusions can be explained on the basis that we have assumed an ideal 
fluid. With the use of the Bernoulli equation an expression can be found 
for the forces which the fluid exerts on the streaming body. 

The investigation of those forces with which air acts on a wing of an 
airplane constitutes the subject of aerodynamics. Toward the development 
of this theory Russian scholars have made outstanding contributions, fore- 
most of which were Joukowski and S.A. Tschaplygin. A paradox arises in 
the simplest case of a circulation-free flow about a cylinder by a planar fluid 
in that the flow exerts no force on a cylinder. If, for the propagating flow, 
a circulation of the velocity about the cylinder exists, then a force appears 
which acts on the cylinder perpendicular to the fluid velocity at infinity. 

The theory of functions can be applied only to planar motions. In the 
three-dimensional case we must turn to other methods in order to treat the 
problem of streaming about a solid body by a fluid. The solution of this 
problem in complete generality is very difficult. Let us consider, for example, 
the motion of a sphere in a Static fluid. Let velocity of the sphere be con- 
stant. The problem then consists of solving the equation 


4g = 0 


with the boundary conditions 
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at infinity. The solution has the form 
1 
y = Au grad— . 
r 


By using the boundary condition, we obtain 


__ @ur 
emai. 
as a solution of the problem. 

An ideal fluid was assumed in al! the cases considered. For viscous fluids 
the boundary conditions take another form, and on the surface of the body 
the so-called adhering condition must be satisfied. This condition states that 
directly on the surface of the body the velocity of the fluid must coincide in 
both magnitude and direction with the velocity of the corresponding boundary 
points of the body. ; 

The problem of flow about a body by a viscous fluid leads to great mathe- 
matical difficulties. In the development of this part of hydrodynamics, bound- 
ary-layer theory plays a significant role. 


7. Biharmonic equation 


In Section 2-6§1 we found 


a2 4 
Se + ash =0 (4-7.62) 


as the equation of a transverse vibrating rod. The vibrations of an unloaded 
thin plate whose boundaries are fixed can be described by the analogous 
equation’”’ 


2 4 4 4 2 
eee a(S ete sepia :) 0: cops gta 0.4-7.63) 
ot Ox ot 


oy ox oy 
Here the boundary conditions 
u=0 and St =0 (4-7.64) 
must be satisfied. 
Moreover, the function #« must satisfy the initial conditions 


Hey iewes,- “Hb N= eGo, (4-7.65) 


ot 


121 V.J. Smirnov, Part IIIn, op. cit. fn. 15. 
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If external forces act on the plate which are distributed with the density 
(x,y), then the deformation of a plate whose boundaries are fixed can be 
described by the equation 


4au=f, (4-7.66) 
with the boundary conditions 
u=90 and one 0. (4-7.64) 
on 
The equation 
Adu = 0 (4-7.66’) 


is called the biharmonic equation and its solutions biharmonic functions. These 
functions must possess continuous derivatives up to and including the fourth 
order. 

The fundamental boundary-value problem for the biharmonic equation 
reads: 

Determine a function «w(x, y), which including its first derivatives in the 
closed region S$+C is continuous, in S possesses continuous derivatives up 
to the fourth order, in S satisfies Eq. (4-7.66) or (4-7.66’), and on the boundary 
C satisfies the boundary conditions 


ule= as), 24| =Ws), (4-7.67) 
On |g 
where g(s) and f(s) are continuous functions of the arc length s on C. 
For the solution of the above-formulated initial value problem (4-7.63)— 
(4-7.65) by means of separation of variables, we usually set 


u(x, y, t) = v(x, y)T(e). (4-7.68) 


If we introduce this expression into (4-7.63) and separate the variables, then 
for the determination of the eigenvalues we arrive at the equation 


Adv — kv =9 (4-7.69) 
with the boundary conditions 
py. ee sek: 2G: (4-7.70) 
On 
1. Uniqueness of the Solution. We shall prove that the biharmonic equation 
ddu=0 
with the boundary conditions 
u\c = g(s), | = h{s) (4-7.64') 
on fo] 


has at most one solution. 
Let us assume that two distinct solutions 2, and mw, exist. We consider 
their difference 
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Vv = lly — lle, 


which obviously also satisfies the biharmonic Eq. (4-7.66) and the homogeneous 
boundary conditions 


vile =0 


By application of Green’s formula 
| 4e — papas =| (932 — 9 8 \as 
G C on On 
to the functions g =v and ¢ = 4v, we obtain 
| (dv)’dS = 0 
G 


and hence 
4v=0. 
Now, however, vlc = 0. Consequently, 
v=0 and ly = Ue, 


i.e., the biharmonic functions are uniquely determined by the boundary con- 
ditions (4-7.64). 

2. Representation of a Biharmonic Function by Harmonic Functions. We first 
prove the theorem: 

Theorem. If uw, and wu, are two harmonic functions in a region G, then w= 
xu, + mu, is a biharmonic function in G. 


For the proof we use the identity 


Ay) = pdb + bdo + 2( OOM: 4 OO. Oe ) (4-7.71) 
Ox Ox oy yy 


With 
g=x, g=t% 
it follows that 
A(xuy) = 27 | (4-7.72) 
Ox 
By repeated application of the J-operators and by consideration of ddu, = 0, 
we obtain 
AN xy + 2) =O. 
If the region G is so chosen that each straight line parallel to the x axis 
cuts the boundary of G at two points at most, then the converse of the 
above-proven theorem also is valid. 


For every biharmonic function « in the region G, two harmonic functions 
uw, and #, can be found such that 
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uU = LU; + U2. 


For the proof of this statement it is sufficient obviously to consider a 
function u, which satisfies the two conditions 


4u, = 9 (4-7.73) 
and 
Au — xu,;) =. (4-7.74) 
From condition (4-7.74) and formula (4-7.72) we find 


du = A(xu,) = 224 . (4-7.75) 
ax 
Eq. (4-7.75) is satisfied by the function 


z 


Lays | saul, yd. 


i 


Since 


4it, depends only on y: 
4, = v(y). 
We now define a function u(y) so that 
au, 


4uy = -m 2 =—vu(y) 
ay 


holds, and set 
uy, = uy + uy, ° 


This function then obviously satisfies the conditions (4-7.73) and (4-7.74), which 
was to be proved. 

We shall now give another representation of a biharmonic function. Thus 
we assume that the origin of coordinates lies inside of the region G and each 
line from the origin touches the boundary of G at only one point. Under 
these assumptions the following is valid: Every biharmonic function u in G 
can be represented by two harmonic functions uw, and uw, in the form 


u=(r*>— ri)uy tu. (4-7.76) 


Here r’? = x’ + y’, and r, is a given constant. 
The proof here proceeds analogously to the preceding one by means of 
the identity (4-7.71) and the relations 


auy OU, GX . Guy 
ar ax Gr dy or 


3. Solution of the Biharmonic Equation for the Circle. Givena circle of radius 
r, about the origin of coordinates, we seek a biharmonic function which 
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satisfies the boundary conditions (4-7.67) for r=7,. As was shown above, 
the sought function can be written in the form 


u=(r?— rilu, t+ ie, (4-7.76) 
where uw, and uw, are harmonic functions. From the boundary conditions we 
find 

te |r=r, = G- (4-7.77) 
From this we recognize that w, is a solution of the first boundary problem 


for the Laplace differential equation. Therefore, u, can be represented by 
the Poisson integral 


i ea (v6 — r°) gda 
ae se 4-7.78 
Qn | r’ + ro — 2rr,cos(a — 0) ( 
From the second boundary condition we obtain 
Died 24) - She (4-7.79) 
or r= 
By differentiation we find that the function 
2rott + a oue (4-7.80) 


ro Or 


also satisfies the Laplace differential equation and therefore can be expressed 
by the Poisson integral 


A ] Qn (ri < r’) hda 
Qrot, +— t= 5 eee kee eee 4-7.81 
i » Or 2x \o r +73 — 2rr, cos (a — 9) ( ) 


{f we differentiate (4-7.78) with respect to rv and substitute the value obtained 
for du,/dr in (4.7.81), then we obtain w,. Finally, if we substitute in (4-7.76) 
the expression found for mu, and u,, then we obtain the sought function: 

2a 


2279 2), r4+7r3—2rr.cos(a— 6) 


" ( giro — rcos(a — O)\da | 
o [r’ + 73 — 2rr,cos(a — 8)? J" 


“n= 
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TABLES OF ERROR INTEGRALS AND SOME CYLINDRICAL FUNCTIONS 


In the following pages we list tables of some special functions used for 
the solution of boundary-value problems of mathematical physics. These tables 
consist of a compilation of the simple properties of the functions considered. 

The error integral 


The error integral is defined by 


D(z) = Fe \‘e**da ‘ 
0 


For small values of z, it has the series development 


An asymptotic representation for large values of 2 


If we introduce a new variable f in the integral 


1 — @(z) = ve [eda 


by means of a =z + (§/2z), then we obtain 


22 te 
Peadjaa 8 | en P—(82422 IB 
0 


Vr z 
Consequently 
. 1— Q(z) 
] — ee 
sh ] e7?? 
Van z 
i.€., 
1 e-? 
1 — @(z) ~—= 
2) Vn z 


multiply this series with e* and integrate from zero to infinity, then we 
obtain the divergent series 
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This divergent series represents the asymptotic development of the function 
1 — @z): 


Lge 1 3:4 4-5-6 
1 - (2) = Fe (1— 5 + af os ey 


CYLINDRICAL FUNCTIONS 


Series 


Asymptotic representation 
1. 


Bessel functions 


Jax) = — LE 12)" 


7 ne I(x) = f= cos (« = *) + 
(x) 7 [2 = iar I(x) = yj Zsin (« — +) + 
* eo] 
no =(4) pe Ia) = of cos x Sv =) 4 
2. 


Neumann functions 


Vee ae as 
ola) 


N(x) 2 N(x) = — 2 cos(x— 4) + 

mx 1 

4 
+ = Hx) (In 4+) + 

ee ee ee 
Nex) S= =i) (n—1)l +e>> Nox) = / 2 sin(x—n 5-4) + 

(2 > 1) 
iG =O057 7215.4, i 


is the Euler constant.) 


3. Hankel functions 


Hy(x) = Jax) + iN, (x) HS(x) = <= ei(x-Eo-4) 4... 
Hy (x = J(x 


— iN) 11) = yf Zens) 4. 
UX 
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4. Functions with imaginary arguments 


= Jo(ix) I(x) = = Sis 
(x/2)?  (x/2)' ‘ 
=] 
+ Qn _ 
L(x) = — if\(ix) hw = yo ss 
DAT AEE) car BEN 
= a[\ste +7323" | i 
anes ar = tale i eee 
L(x) = (—21) dd ix) L(x) jm? + 
xX 
7 ©) I'(v + 1) ¥ 
K, - 0 = ™ re ene 
(x) = > 7 is” (ix) K,(x) xe 4 
2 
= —(In5 +0) M0 + (+) toe 
K(x) = er Mig oy... K(x) = yuo core 
x 2X 
Kila) = 2 ce! (ix) Kix) = [Zot te 
2 2x 


AS Ae 
oe &, 7 
5. Functions of one-half order 


Sipe(x) = yj Zsin x; J-iplx) = y/ Zcos x 
Jaj(x) = /2(222- cos x) ; J-ap(x) = /=(- ar sin) ; 


6. Recursion formulas 


“1x? Ja) =x" fyalx) and 5-(] = fs?) : 


dx | x x” 
(HOTS = Kx), 
Hie) = — Jin), | ft) dx =1—Jix), 
“fx ](x)] = xfix), | Efex = x] Ax 
x 


Analogous formulas are also valid for other cylindrical functions with 
real arguments. 
For functions with an imaginary argument we have: 
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hats) — hue) == be), Kyi(2) — Kul) = — 2 Kya), 
Is(x) = 1,(x) , K4(x) = — Ki(x) . 
7: 


The Wronski determinant for the cylindrical function 


MMx)NUx) — Nixie) == ; 


mx 
In particular, 


Jolx)Nilx) — Node) = — 2 


mx 
8. 


Integral formulas 


Tntx) = ids: \ e7it sln g4 ine dp 
on \_x 


(— 1)” \" eix cos otiny dup = (— 1)” 
on iy ria 
K,(x) = ae 


x 
e**°S % cos ngdy , 
5 | e7* cosh &—in€ dé : 


0 


In particular, 


Ki ee dé. 


0 


9. 


Integrals which contain Bessel functions 


edhe —_ 1 
["eJolte) di = ater (20), 


) 1 ¥ 
—tr2ayvt1 JQ — — £) —p2/at 
[" Alapre-etamrda = (LY ¢ 


es ge VAP= RE 12) git vetez git 
\ mee Vie V p+ 2? 


10. Differential equations which lead to Bessel’'s 
equation 


differential 


2 
y+ Sy (1t+4)9=05 y = Alix) + BEKi(x): 
'! =—0 5 2 73). 
y + xy = > y=VxLin 3 Vx ’ 
6 gee ca eee 


bs 2 
y= Villalon) , 
Here Z denotes a solution of the Bessel differential equation. 
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TABLE 1. The Error Integral 


2 Zz 
o2) =F. eda 02528 
( Vale 
Zz (bz) Zz D(z) z P(z) z D(z) 

0.00 0.0000 0.40 0.4284 0.80 0.7421 1.20 0.9103 
0.01 0.0113 0.41 0.4380 0.81 0.7480 1.21 0.9130 
0.02 0.0226 0.42 0.4475 0.82 0.7538 1.22 0.9155 
0.03 0.0338 0.43 0.4569 0.83 0.7595 1.23 0.9181 
0.04 0.0451 0.44 0.4662 0.84 0.7651 1.24 0.9205 
0.05 0.0564 0.45 0.4755 0.85 0.7707 1.25 0.9229 
0.06 0.0676 0.46 0.4847 0.86 0.7761 1.26 0.9252 
0.07 0.0789 0.47 0.4937 0.87 0.7814 1.27 0.9275 
0.08 0.0901 0.48 0.5027 0.88 0.7867 1.28 0.9297 
0.09 0.1013 0.49 0.5117 0.89 0.7918 1.29 0.9319 
0.10 0.1125 0.50 0.5205 0.90 0.7969 1.30 0.9340 
0.11 0.1236 0.51 0.5292 0.91 0.8019 1.31 0.9361 
0.12 0.1348 0.52 0.5379 0.92 0.8068 1.32 0.9381 
0.13 0.1459 0.53 0.5465 0.93 0.8116 1.33 0.9400 
0.14 0.1569 0.54 0.5549 0.94 0.8163 1.34 0.9419 
0.15 0.1680 0.55 0.5633 0.95 0.8209 1.35 0.9438 
0.16 0.1790 0.56 0.5716 0.96 0.8254 1.36 0.9456 
0.17 0.1900 0.57 0.5798 0.97 0.8299 1.37 0.9473 
0.18 0.2009 0.58 0.5879 0.98 0.8342 1.38 0.9490 
0.19 0.2118 0.59 0.5959 0.99 0.8385 1.39 0.9507 
0.20 0.2227 0.60 0.6039 1.00 0.8427 1.40 0.9523 
0.21 0.2335 0.61 0.6117 1.01 0.8468 1.41 0.9539 
0.22 0.2443 0.62 0.6194 1.02 0.8508 1.42 0.9554 
0.23 0.2550 0.63 0.6270 1.03 0.8548 1.43 0.9569 
0.24 0.2657 0.64 0.6346 1.04 0.8586 1.44 0.9583 
0.25 0.2763 0.65 0.6420 1.05 0.8624 1.45 0.9597 
0.26 0.2869 0.66 0.6494 1.06 0.8661 1.46 0.9611 
0.27 0.2974 0.67 0.6566 1.07 0.8698 1.47 0.9624 
0.28 0.3079 0.68 0.6633 1.08 0.8733 1.48 0.9637 
0.29 0.3183 0.69 0.6708 1.09 0.8768 1.49 0.9649 
0.30 0.3286 0.70 0.6778 1.10 0.8802 1.50 0.9661 
0.31 0.3389 0.71 0.6847 1.11 0.8835 1.51 0.9671 
0.32 0.3491 0.72 0.6914 1.12 0.8868 1.6 0.9763 
0.33 0.3593 0.73 0.6981 1.13 0.8900 1.7 0.9838 
0.34 0.3694 0.74 0.7047 1.14 0.8931 1.8 0.9891 
0.35 0.3794 0.75 0.7112 1.15 0.8961 1.9 0.9928 
0.36 0.3893 0.76 0.7175 1.16 0.8991 2.0 0.9953 
0.37 0.3992 0.77 0.7238 1.17 0.9020 2.1 0.9970 
0.38 0.4090 0.78 0.7300 1.18 0.9048 2.2 0.9981 
0.39 0.4187 0.79 0.7361 1.19 0.9076 2.3 0.9989 

2.4 0.9993 

2.5 0.9996 

2.6 0.9998 

Qt 0.9999 

2.8 0.9999 
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TABLE 2. Values of Bessel Functions of the Zero and 


Jo(x) 


+1.000 
+0.997 
+0.990 
+0.977 
+0.960 


+0.938 
+0.912 
+0.881 
+0.846 
+0.808 


+0.765 
+0.720 


First Order from x =0 to x = 12.00 


Ji(x) 


4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 


NINNN~ NNN S ARMAND AMMDM noon anno 


x 


Jo(x) 


—0.397 
—0.389 
—0.377 
—0.361 
—0.342 


—0.321 
—0.296 
—0.269 
—0.240 
—0.210 


—0.178 
—0.144 
—0.110 
—0.076 
—0.041 


—0.007 


Ji(x) x 
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CYLINDRICAL FUNCTIONS 


FIG. 75. Graphical Representation of the Bessel Functions or 
Cylindrical Functions of the First Type Jo(x) and Ji(x). 


FIG. 76. Graphical Representation of the Neumann Functions or 
Cylindrical Functions of the second type No(x) and Ni(x). 


TABLE 3 
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Roots of the Equation J.(u,) = 0 and the corresponding values of | J/i(y,) | 


3 


ONPWMe 


Ln 


2.4048 
5.5201 
8.6537 
11.7915 
14.9309 


Si(en) 


0.5191 
0.3403 
0.2715 
0.2325 
0.2065 


3 


OoOCaNm 


18.0711 
21.2116 
24.3525 
27 .4935 
30.6346 


Si(ten) 


0.1877 
0.1733 
0.1617 
0.1522 
0.1442 
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TABLE 4. Values of the Functions A,(x) and K,(x) 


0.1 9.8538 3.1 
0.2 4.7760 3.2 
0.3 3 3.3 
0.4 2. 3.4 
0.5 1. 3.5 
0.6 1. 3.6 
0.7 I 3.7 
0.8 0. 3.8 
0.9 0. 3.9 
1.0 0. 4.0 
1.1 0. 4.1 
1.2 0. 4.2 
1.3 0. 4.3 
1.4 0. 4.4 
1.5 0. 4.5 
1.6 0. 4.6 
1.7 0. 4.7 
1.8 0. 4.8 
1.9 0. 4.9 
2.0 0. 5.0 
2 0. 5. 
2 0. 5. 
2. 0 5. 
2. 0 5. 
2 0 5. 
2 5. 
2 5. 
Zu 5. 
2. 5. 
3. 6. 


1 
2 
3 
4 
5 
6 
7 
8 
9 
0 
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